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PREFACE 


rjTHE present volume is intended to take the place of my 
previous hook entitled “The Elements of Applied 
Mathematics.” It- includes, however, only Dynamics and 
Statics, the Hydrostatieal portion of the earlier work being 
now issued separately. 

The revision has been carried out by my colleague Dr 
T. H. Havelock, who has re-arranged and largely re.- written 
the subject-matter; the scope of the former book lias been 
enlarged by the addition of a chapter on “ The Energy of 
Rotating Bodies,” while sections on Bending Moment, Simple 
Harmonic Motion, &e,, have been included, and many fresh 
examples inserted. 

It is hoped that the book in its present form will be 
found to deal adequately with all those portions ot Element- 
ary Mechanics which can be studied with advantage without 
the aid of the Differential Calculus. 

C. M. JESSOP. 


April Uh, 1909 . 
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ELEMENTARY MECHANICS 


CHAPTER 1. 

MOTION IN A STKAKJIfT LINK. 


1. The ideas which form the basis of our subject are 
those of space and time , which, without attempting to define, 
we shall regard as primary notions. 

2. Another idea which is fundamental is that of matter. 

Matter may be defined as that which affects our senses 
so as to produce such ideas as resistance t, size, shape , Ac.* 

The first of these, namely resistance, is that which" is most 
closely connected with Mechanics ; in this respect, matter is 
ftaid to possess the property of thtrtia. 

The measure of this property for any given body is called 
the mass of the body. The masses of two or more bodies may 
be compared in various ways such as weighing, or lifting. 

3. The Measure of a quantity. 

In what follows we shall have occasion to use the word 
measure. The measure" of any quantity such as a length, 
a time &c., is the number of times it contains that quantity 
of the same kind which we have agreed to call the unit. 
Thus the measure of a line 6 inches long is 12 if we agree 
that half-an-inch shall be the unit of length. If the unit of 
time is one second ther,i the measure of half-an-hoyr is 1800, 
and so on. 

* * Whatever can occupy space ’ is sometimes given as the definition of 
matter. Tait, Z*ropertie* of Matter . 
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4. Units of length. 

Tliero are two units of length in common use, one is the 
foot , the other, which is used mainly in scientific measure- 
ments, is the centimetre . 

A centimetre is the - t( V^ part of a -metre, a metre being 
8JKJ7 inches. It is the length of a certain bar of platinum, 
kept at Paris, when at the temperature 0°O. 

5. Velocity. 

The velocity of a moving point is its rate of motion, or 
its rate of change of position. Thus velocity may be of any 
magnitude and be in any direction. In the present chapter 
we shall only consider the motion of a point which always 
moves in the same straight line . 

When in what follows wo speak of the motion of a body, the motion 
considered is quo of translation, i.e. one in which the velocity of each 
particle of the body is the same at the same instant, in other words 
the body moves without rotation. The velocity of the body is then 
that of any one of its particles. 

6. Uniform velocity. 

The velocity of a body is said to be uniform when it 
moves over equal distances in equal times, whatever those 
times may be. It is measured by the space moved over 
in the unit of time. 

1 Velocity is said to he variable, when distances passed 
over iu equal times are not equal. 

It is measured at any instant, by the distance which would be 
passed over by the body in a unit of time if the velocity were to 
remain the same as at the given instant tor a unit of time. 

The more advanced student will be able to see that tins definition 
of variable velocity mny bo replaced by the following: if x is the 
measure of the space described in t seconds after the given instant, 
then, when s and t arc very small, the velocity of the body is the limit 

of the fraction » . 

7. Unit of velocity. 

The unit of velocity is the velocity of a body which 
moves over a unit of length iu a unit of time. A body 
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is said io have a velocity 10 (or generally v), when 10 (or v) 
units of length are passed over in the unit of time. 

The units tyf space and time are generally a foot and a 
second. These are sometimes called “ standard n units. 

We shall call the velocity of one foot per second one 
foot-seoond. 

A velocity of one centimetre per second is called a km*'. 

8. Space described in t seconds. 

The foot and the second being the units of length and 
time a body which moves uniformly with a velocity v , jkimkck 
over v feet each second, and there foie vt feet in t seconds. 

Hence if a is the number of feet described in t seconds 


a — vt, and 


•s* 

V 


9. Average velocity. 

The ( iverufjft velocity of a body whose actual velocity is 
variable is that velocity which would have carried the body 
through the distance actually described in the same time at 
a uniform rate. J 

For instance, suppose a body to pass over 2, 3, 4, o feet 
respectively in 4 consecutive seconds, 'flic entire distance 
is 14 feet. The average velocity is feet per sctftuid. 

If the velocity is uniform the average velocity is the' same as the 
actual velocity. 

Ex. 1. A point moves with a uniform velocity of 12 feet per second, 
find the whole space described in 3 minutes. 

Twelve feet are passed over each second, therefore in three minutes, 
or 180 seconds, 180 times that distance will be described. The answer 
is then 12 x 180 feet, or 720 yards. 

Ex. 2. A point moves for 10 seconds with an average .velocity of 
5 feet per second ; during ‘tho first part of the time the velocity is 3 feet 
per second, and during the latter part it is 7 feet }>er second; what is 
the length of t his part ? 

Let 9 be the space descvilied in 10 seconds ; thus *=*50 feet. 

1—8 
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Lot *1 an<l denote the spaces descril>cd in the first and second 
intervals lespet 1 1 \ of /, ami /> .second*, 


thou 


*i 

h 


-3, 


1 Ay 

and i ; 

t > 

hence f 7/fS - *| +-*2 * 50, 

and t\-\~ t £ - 10, 

from winch it follows that 

t>, '‘MS, . . # 3 > 1< < t. 


Kx. 3. A hod} deseiihes (» foot m 1 seconds; if the unit of time be 
two luinuUs, what mud Iks the unit of length m older that the measure 
of tho velocity liny be unity l 

Since 0 feet are deseiibod in 4 seconds, f toot are described in one 
second, and J x 120 loot m two minute s who h is hero tlie unit of tune. 
In, order that too measure oi this \chxit\ in *\ be unit} tho distance 
described in tho unit oi tune must be the unit of length; tho unit of 
length is then loio J x 120 let t oi 00 yards. 


EXAMPLES. 1. 

1 A tiain mining uniformly uoes 300 liiiltM m 3 houis; find ill 
velocity in feet per second. 511 ’ 

2. How lout; would a tiam take to go 220 }ard-> if moving at the 
rr to of 30 miles an hour t 

3. \ train takes 2 hours mid 20 minutes to go 1 if* miles; find its 
average velocity. 

4. Assuming the velocity of sound to be lloo loot j>er second, find 
the distance of the point of discharge, if 21 seconds el ipse between 
seeing the lightning and hearing tlie thuudci. 

5. A train t raids 205 miles *n 7 his. 31 minuter; find its average 
velocity m feet per second. 

C. How long does it take light to travel from the sun to the earth, 
the distance of the sun being 91,000, UOO miles, and the velocity of light 
186,000 miles per second i 

7. A gun is fired on l>oard a ship at sea, an echo is heard from ft 
cliff after a lajxse of 1H’2 seam as ; titui the distance of tho cliff, using 
tho velocity of sound given above. 
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10. Velocities are represented by lines. 

Since a velocity is completely determined by its direction 
and magnitude it can be represented by a straight line, . 
for a line can be drawn 

(i) in any direction, and therefore in the direction of 
tlio velocity ; 

(ii) of any length, and therefore of a length to repre- 
sent tho magnitude of the velocity, the lino containing as 
many units of length, as tho \<*locity contains units of 
velocity. 

11. Acceleration. 

A body is said to have uniform acceleration of its velocity, 
when equal changes of velocity occur in equal intervals of 
time, whatever those times may be. 

It is measured by the number of units of velocity added 
or subtracted in each unit of time. 

In the latter case the velocity is diminished, and tho 
speed of the body is therefore retarded ; tho rate of change, 
however, is still termed an acceleration, but it has a negative 
value. 

Variable acceleration occurs when in equal intervals of 
time unequal changes of velocity occur ; for the present we 
consider only uniform acceleration. 

12. Unit of acceleration. 

The unit of acceleration, is the acceleration ot a body 
which moves so that its velocity is increased by the unit of 
velocity in each unit of time. 

When a body is said to have an acceleration 32, or 
generally a, the meaning is that its velocity increases by 
32, or a, units of velocity in each unit of time. If the units 
of length and time are a foot and a second, a body whose 
velocity is increased every second by a units of velocity, is 
said lo have an acceleration of a foot-second units. 

For instance, it will be seen subsequently that h falling 
body has an acceleration of 32 foot-second units. This means 
that 32 units of velocity are gained each second of the body’s 
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motion, a unit of velocity being a velocity of one foot per 
second, or a foot-second. 

A change of velocity like a velocity is completely deter- 
mined by its direction and magnitude, henoe accelerations 
can be represented by lines. 

13. To prove that v = u + at. 

To find the velocity after a time t of a body moving with 
constant acceleration a. 

The velocity is increased each second by a units of 
velocity. 

Hence at the end of the first second the velocity is a, 

next 2 a, 

third 3d, 

and so on. 

Thus at t}je end of t seconds the velocity is at \ denoting 
the velocity after t seconds by v we therefore have 

v = ut, (i). 

If the body had at first a velocity u> or an initial velocity 
u, we see in like manner that 

v~u. + ut (ii). 

If the direction of the Acceleration is opposite to that 
of the initial velocity, in t seconds at units of velocity will 
be lost, thus in this case 

at (iii). 

Ex. 1. A body {starting with a velocity of 1 foot per second has an 
acceleration 3, find it* velocity after o seconds. 

From (ii) we see that 

r~4 + »x5 = I9, 

henoe the required velocity is 10 feet per second. 

Ex. 2. A body starting with a velocity of 12S feet per second has 
an acceleration 32 m the direction opposite to this initial velocity, wlion 
will the Inxly be brought to rest '( 

After t seconds we Lave 


when r is zero 
or 


r- 128-3 2t, 
O — 1 2S — 32(, 
seconds. 
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Ex. 3. A train having a uniform acceleration srarta from re»t and 
at the end of 3 seconds lias a velocity with which it could travel 
through one mile in the next . r > minutes. Kind its acceleration. 

If a Ini fcho acceleration, the velocity fit the end of 3 seconds is 
3a feet per second^ With this velocity the train would p&ss over one’ 
mile in 5 minutes, or 1700x3 fret m *» > tiU seconds. 

1 700 x 3 
3 "~ :.x«) ; 

lienor «»- ft '86 foot -sees. per second. 


K\AM I'LKS. II. 

}. A hody start. mg with a velocity of OO fret per second aftfcr 
ft seconds has a velocity of 50 iret per second; what is its acv 
coloration I 

2. A body wIiom* initial velocity is 10 foot i»c.r second an<l final 
velocity ftO feet. per second, lms an acceieiation of 10 ft.-sec. units; in 
what time will it gain this final velocity i 

3. A point starting from rest, after 0 .seconds has a velocity of 

IS fret per second ; find its accele ration. • 

4. A point whose initial velocity is 20 fret per second, has an 
acceleration of 32 ft.-sec. units, find its velocity after ft seconds. 

ft. The initial velocity of a body is 11 feet per second, and the 
body's velocity is increased each second by a velocity of 7 feet per 

second; find when if will be moving at the rale of 00 miles an hour. 

» * 

6. A body lias a velocity of n feet per second at the beginning, and 
of 10 feet per second at +ho end of a given second ; what will bo its 
velocity after ft more seconds? 

14. Representation by an area of the space de- 
scribed. 

On a given straight line OA 
measure oft' a line OP containing t 
units of length, and on a perpen- 
dicular line OH measure off a line OQ 
containing v units of length. 

Complete the rectangle OPRQ . 

The area of this rectangle is 0I J x OQ 
or viy hence since vt = s, the area of 
the rectangle measures the space described by a body 
moving for t seconds with a uniform velocity v. 



P A 
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15. Lines representing the velocity of a moving 
point. 



Fi a. 2. 


Let the line OK be of length t and bo divided into equal 
portions OA, Al\ BC , CD &c. 

, Draw the vertical line A a to represent the velocity of 
the point at ♦-the end of the first portion of time. Join Oa 
and produce it, drawing verticals through B, C, ... to meet it 
at/3, 7, .... 

Then wo easily see that 

B/3 — 2 A a, Cy = 3A a, &c., 

Thus the lines /la, /f/S, (7y ... represent the velocities 
of the point at the ends of the first, second, third ... portions 
of the time, KL representing its final velocity or at. 

. 16. To prove that s» £at 2 . 

In the figure of hist Article draw horizontal and vertical 
lines through a, J3, y ... forming two sets of rectangles, one 
within and the other without the triangle* OKL. 

Consider the roetaugles on the base BC. The smaller 
one measures the space described by a point in a time re- 
presented by BC, if moving with constant velocity J3/3, 
Art. 14; or a smaller space than that actually described by 
the point since its velocity during the time BC is greater 
than B$. 

Again the larger rectangle measures the space which 
, would be described if the point moved with constant ve- 
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locity Cy, during the time BC, or a greater space than the 
actual one since the point's velocity is less than Gy during 
the time BO, Hence the true space described by the point 
in the time BC is between these values. During each of the 
times represented by OA, AB t BO ... a similar result is true. 
We have therefore that the 

measure of the sum of the inner rectangles is<spaee described, 
outer > space described. 

Now if we divide OK into a very great number of equal 
parts, the sum of each set of rectangles will approach the 
area of the triangle OK L very closely, as we see from tlfo 
figure on the right. 

In tact the difference of each sum from the area of OKL is equal to 
\KL x OA which becomes indefinitely small as wo inermse the number 
of divisions. 


The measure of the space actually described is therefore 
the area of the triangle # 


OKL •■= £0A r x K]j x at = fyit'K 


Thus s = \at\ 

If the body has initially a 
velocity ?/., draw OM perpendicular 
to OK and of length u, compUte 
the rectangle OMNK, 

In this case the velocity of 
the body at each instant is greater 
than its former value by u , and the 
space described will be measured 
by the sum of the areas OLK and 
OMNK, that is 

s = £ at 2 + ut 
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17. Alternative proof for the formula 
s = ut + ^at 3 . 

To find the space passed over in the time i i>y, a body 
moving with an acceleration a , And possessing an initial 
velocity we may also adopt the following method. 
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Divide the given time t into n equal intervals, each of 
length ^ ; the velocities at the beginnings of the first, 

7L 

second, ... ??th of those intervals are 

t 0 t , t . t 

n , 7i | a - , u H- 2u, — , ... , u -f (n — 1 ) a -- : 

?/ n 


since a velocity a - is added during cmcIl interval, Art. 12. 

Now if the body moved nmfonnli/ during each interval 
with the velocity which it actually has at the beginning 
of that interval, each space so described would be less than 
the space actually described in that interval. 

And the sum of the spaces described in this supposed 
maimer is 


it -- + (it + c*- > ) ~ -f (u 4- 2a . 

n \ nj n \ n,> n 

-b (71 + (n — 1 ) a ~ Art. 8, 

- n I + 2 + 3 + . . . + ) 

71 11? x 


= at 4- 


11 


at 2 n ( n — 1 ) 
v 2 2 


since 1 + 2 4- 3 -f- . . . 4- n — 1 = 


)l (?i — 1 ) 


==* at + ^ lit 2 



Again, if the body moved uniformly throughout each 
interval with the velocity it- has at the end of that interval, 
each space so described would be greater than the space 
actually described in that interval. 

The sum of the spaces described in this manner is 


{ t\i / t\ t { * t\t 

( u 4- a ~ ; + ( n -b 2a. - ) 4- . . . + 1 u .4- ua -- ) - 

f n / n \ 71 / n * \ nj n 

+ n) 


t at- .. . 

— mi - 4- - r (14-2 4- 
n u 1 
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*?i 2 2 

-trf+iar(l + l). 

The space actually described lies therefore between 
ut 4- k/£ 2 ^1 — - j and nt f \at* -f . 

By making the intervals small enough, and therefore 

v large enough, wo can make as small as we please*, 

thus causing these two expressions to continually approach 
each other in value. The actual space ,s* described is therefore 

vt + la*t A (iv ), 

as this is the limiting 'value to which each expression 
approaches as n increases. m 

18. If the direction of the acceleration is contrary to 
that of the initial velocity u , we get in the same way, 

s~ nt— \ai'\ 

N.B. If the body started from rest or with initial ve- 
locity zero, putting a equal to zero in the formula just 
proved we obtain 

s = ^at? (v). 

We could ef course have got this value ikr s by going 
through the pi oof of the last Article omitting u throughout.* 

Ex. 1. A bjdy has an initial velocity of 100 foot per second, and 
moves with an acceleration of 10 ft. -sec. units; what is the distance 
passed over in 5 seconds t 

If s Vm j Ihe re<piired distance 

ju- 100x5 + 4x10x5* 

= 625 feet. 

Ex. 2. The initial velocity of a body is 40, and it moves with an 
acceleration of —2; find when it will t>e 400 feet from the starting- 
point. 

We have 400=- 40 t — tK 

Solving this quadratic equation wc obtain 20 as the required number 
of seconds. 
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Ex. 3. A body starts from rest and moves with a uniform accolera T 
tion of 18 ft. - hoc. units. Find the time required by it to traverse the 
first, second, and third foot respectively. 

For the first foot wo have 

1 ~ dt'\ t ~ J of a see. 

Tho time required to traverse the second foot is that taken to 
traverse 2 feet — (tho timo taken to traverse 1 foot.), hence it is 

/<> 1 l 

Similarly we find as tho time for the third foot. 


EXAMPLES. III. 

1. With an acceleration of 32 ft.-secTunits, how far will a particle 
move in 10 seconds starting from rest, and what will be its velocity at 
the end of that time V 

2. A particle moves with uniformly increasing velocity. Show that 
tho whole space is proportional to Lho square of the whole timo. 

3. A body moves over 3 ft., f> ft., 7 ft., 9 ft. respectively, in 4 con- 
secutive seconds ; find its average velocity. 

4. A body lias an initial velocity of 20 feet per second, and a 
positive acceleration of 32 ft.-soc>units ; how long will it take to pass 
over 1800 feet ? 

5. Starting with a velocity of 200 centimetres per second, a body 
has an acceleration of 2 centimetre necomlHuiits. Find when its 
velocity i* zero and how far it has gone in the time. 

6. In what time will a body acquire a velocity of 00 miles an hour, 
if it starts with a velocity of 28 feet per second, and moves with the 
foot-sec. unit of acceleration ? * 

19. To show that v a = uM-2as. 

We have seen that a = tt 4 at, 
and that s — ut 4- hit 2 . 

From the first equation 

v 2 — u* 4* 2uat 4- aH 2 t 
i* = « 2 4* 2a (,{t -f 


or 
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hence from the second 

v 2 — ?/ a -h 2 as (vi). 

Ex. 1. A body has an initial velocity of (5 foot jier second and moves 
over a distance of 4 feet with an acceleration of 8 foot-secs, per second ; 
what is the final velocity '{ 

Hero i ,2 -- (r + 2 x 8 x 4, 

^3<i+04--100; 
r~ 10 feet per second. 


Ex. 2. if the velocity of a body increase from 12 f<*et to 13 feet 
l>er second while it moves over a distance of 5 foot, what is the 
acceleration 'i 


Applying the formula, 


we have that 


13*=12*+10rr; 
13*- 12* UP 
10 - 


Ex. 3. The speed of a railway train increases uniformly for the first 
three minutes after starting, ami during tins time it travels one mile. 
">Vhat speed in miles per hour has it now gained, and what space did it 
describe in the first two minutes ? 

Since the train passes over one mile in three minutes we have 
3x 1760=-% (3x00;*; 

A 

3 x 17fi0x 2 tT . 

• \ ft. -sec. units. 

(3x00)- 135 

The velocity gained in passing over a mile is by Art. 19 
\/2 x * 3 >. 1700, 

=-- ij* 2 feet per second, or 10 miles per hour. 

The space described in the first two minutes 
-dx ft. x (2 x ooy^ 

« feet 

~ ^ of a mile. 


EXAMPLES. IV. 

Ex. i. A railway train whose mass is 100 tons moving at the rate 
of a mile a minute, is brought io rest in 10 seconds by the action of a 
Uniform force. Find how far the train runs in the time during which 
the force is applied. 
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Ex. 2. A body whose initial velocity is 30 feet per second, passes 
over a distance of 50 feet and has then a velocity of 60 feet per second, 
what is tho acceleration ? 

Ex. 3. A body which has an acceleration of — *32 ft. -sec. units has 
an initial velocity of 32 feet per second; find liow far it will go before 
coming to rest, and in what time it will do so. 

Ex. 4. A body moves lor 6 seconds with a constant acceleration 
during which time it describes 81 feet, the acceleration then ce;ises, and 
during the next 6 seconds it describes 72 feel ; find its initial velocity 
and its acceleration. 


20. Recapitulation. 

Collecting tho results of the last three Articles we see 
that 

if the body starts from rest 

v --= at (1), 

» = (2). 


s = \at" (3). 

v 1 - 2 as (4), 

or 


(1) the velocity gained in t seconds is t times the ve- 
locity gained in one second, 

(2) the distance passed over in t seconds is t times the 
hi erago^distance passed over in one second, 

(3) the space described varies as tho square of the 
time, 

(4) tho space described varies as the square of the 
velocity. 

If the body has an initial velocity v 


t' = «4 -at (5), 

u + v, 

A ‘= 2 1 W- 

s~ ut + $at 2 ( 7 ), 

v* =r u 2 -b 2as (8). 
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21. Velocity-time curve. 

Consider a particle moving in a straight lino with a 
velocity which varies in any manner but without any sudden 
changes. Suppose we can measure the velocity at any given 
instant, that is, the average velocity during a very short 
interval of time including the instant in question (§6). Let 
us choose a scale on which a unit of length is to represent 
one second, and mark on abase line' OX points representing 
given instants; thus 0 represents the instant from which 
the time is measured and, if OX is t units of length on the 
scale, X represents an inslant t seconds later. We choose 
another (or the same) scale such that unit length represents 
a velocity of one foot per second ; from K draw a perpeu- 
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dicular NP representing the velocity of the particle at the 
instant given by A 7 . \Ve obtain thus a point P, anrjnif we 
perform the operations ior a sufficient number of instants we 
obtain a series of points which can be joined by a continuous 
curve. This curve is called the velocity-time curve ; it 
represents graphically the change of the velocity with the 
time. 



le 
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Now acceleration is the rate of change of velocity with 
the time, so we see that the acceleration at any instant N 
depends upon the steepness, or elope, of the velocity-time 
curve at P ; thus fig. 4 must refer to a particle whose accele- 
ration is not uniform but. varies in magnitude, being some- 
times positive and at other times negative. If we know- the 
law according to which the particle is moving we can find 
accurately the form of the velocity -time curve. For instance, 
we have seen that if the particle is moving with uniform 
acceleration, the velocity-time curve is a straight line, that 
is, a line of constant slope. Let fig. 5 represent this case. 
Then since the acceleration a is constant, we have from the 
definition of acceleration 

V — u 



We have soon that the space described is represented by the 
area AQRB\ hence the average velocity in the interval t is 
equal to i (u + v). In this' case the average velocity during 
the interval is the actual velocity at the middle instant of the 
interval. 

Hence we have, for uniform acceleration, 

# * • 
s = (average velocity) x (time) = £ (u -f v ) t — ut 4- 

V -" u V 8 — tt* 
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It can be shown further that in genet nl fur fig. 4 tho space 
described is represented by the aiea enclosed by the volooity- 
tiiuo curve, the base line AH, and the initial and iinal 
ordinates t^l au<l RH . But in general tin' average velocity 
is not the arithmetic mean of the initial and final velocities, 
nor is it tho actual velocity at tho middle instant ; these 
statements hold only for motion with constant accelcial ion. 

22. Space described in a given second. 

We find the ^ price d< odad in the /?tli second after the 
start, when the boil} begins with \cloeitv h and moves witlr 
i oust ant accileiation n, as follows: hince the space describes! 
equals (a\**rage velocity) / (tune), tho space described m 
the ??th s(»oond is equal numericM'lv to the a v» j ago velocity 
dunng the /ah second, but the aooi lcia< ion is constant, 
hence tin 1 a\erng'» vtlocit} is tin ait mil velocity at the 
middle ot tho nth second, that is, the actual \elocit} at (// — J) 
second** aftir the stall, 01 • • 

v 4 (// - i)a. 

Heine Ihe spaces describ'd m the first, second, thud, .. /till 
seconds an ie«pi efi\<»jy 

u - f Jo, // + / f 'O, ...» //+<« — £)</, 

22 a If the di tame j> in imeied hv a partjrJo fr >m rest m 
f seconds is p\on h} the o<j .turn * Ut~ 9 to c '-t nn * t«- the veloi it} of 
bhe part u If* 4 seconds aftir the st irt. 

Space ' ov eri d n 1 nnds <? 0^1/ 1 tl It 

' 1 T ) Hl»< omls 

i.' ft 

Hence the space mvered m r n interval T bog lining with the instant 
m question \1 - 4 , - — s— 1HT I 97 r2 . 

Average veiorit} during the interval T 

-*f S - (72+9r>ft IK. S.K. 

Hence tho avi »\igo \elnntv during 

Y^yth sec. after the instant t 4 is 72 5) ft per see * 

aeo.. 72*00 

sec 72*009 . ... 


2 
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By taking T smaller and smaller, we see that the average velocity 
during the interval approaches more and more closely to the value 72. 
But when the velocity is variable, the velocity at any instant is defined 
as the limiting value of tho average velocity during a short interval 
beginning with the instant in question. Hence in this case the velocity 
at 4 seconds after the start is 72 feet per second. 

Ex. For the above example, estimate the velocity at the end of I, 
2, 3, 4 and 5 seconds from the start, and draw the velocity -time curve. 

EXAMPLES. Y. 

1. A body moving with uniform acceleration describes f>20 foet in 
the 7th second from rest ; find tho acceleration. 

2. Starting from rest a body describes 330 feet in the 6th second of 
its motion ; find tho space described in the ninth second and in nine 
seconds. 

3. A body whose initial velocity is zero has an acceleration of 
32 ft. -sec. units; compare the distances passed over in tho 6th and 12th 
seconds. 

4. A body moving with uniform acceleration describes in the 
seventh and twelfth seconds after starting 23 and 33 feet respectively; 
find its initial velocity, its acceleration. 

T>. A body moving with uniform acceleration describes in the Inst- 
second of its motion $ of the whole distance. It started from rest aud 
described (5 inches in the first second ; find how long it was in motion 
and the distance it described. 


23. Falling bodies. 

Experiments show thai if a body fall it will move with 
an acceleration which is always the same in the same lati- 
tude and which is due to the attraction of the Earth. It is 
called the “ acceleration of gravity/’ 

Its measure is denoted by the symbol g” When a foot 
and a second are the units the value of g is 32*2 approximately. 

32*2 x 12 

32*2 feet are equal to * .3.^3 centimetres or 981 centimetres, thus 
when a centimetre is the unit of length g is,981. 

Thus from what has gone before we see that, taking g 
as 32, 

velocity gained by a falling body in t seconds — 32 1 ft. secs.. 

• • distance fallen through =* 1 6t‘* feet, 

velocity gained in falling through a height h = 8 yVj, ft. secs., 

time occupied in falling through n height h ~ \ fh secs. 
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24, Motion under gravity. 

The acceleration, due to gravity, of a body projected 
vertically upwards is opposite, iu direction to the velocity 
of projection, and is therefore denoted by — */. 

In the formulae already proved put a equal to — g, we 
thus get 

fi ~ ut - yt~, 
v = u — <jt, 

V“ - ur — 2<JS. 

When the body is projected (townward# we have the 
equations 

s — ut h~ hgt 2 . 
v -- u -f i ft, 
if .= ip -f tigs. 

If the body is let fall wo have 

5 = hgf\ u » //f, v l - 2 </,V. 

25. Time to reach a given height. 

If the given height be h, then writing h for s in the first 
equation of last Article, we have* 

It — nt — 

This is a quadratic equation to find t, whose root.j if real 
are both positive. If the roots .are imaginary n is not great 
enough for the body to reach a height A. 

The smaller root is the time at which the body is at the 
given heigh 6 when ascending, the larger root giv<is the time 
at which it is at the same height when descending. 

Ex. 1. A body is projected vertically upwards with a velocity of 
BO ft. per sec.; when will it be at a height of 01 feet t 

04-80^-16^, 

from which, or 4. 

It is therefore at the given height one second or four seconds after 
the beginning of its motion. 

2—2 
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Ex. 2. A body is projected vertically upwards with & velocity of 
64 feet per second, how high will it rise iri 2 seconds ? 

If a’ be the required height, 

,r~64 x2“ 16x4 
— fi t feet. 


26. Velocity at a given height. 

If h is a given height and u the velocity of projection, 
we have 

v 1 = u u — 2gh, or v = i Ja' z — 2 gh. 

Now n and h are the same whether the body is ascending 
or descending, hence the velocity is the same in magnitude 
blit opposite in direction in these two cases. 

Ex. 1. A body is projected with a veloc ity of 120 feet per second ; 
what will be its velocity at the height of 200 feet ? 

# Tf v be the* required velocity 

r a -( 120)*- 64x200, 

or v — 40 foot x>er second. 


Ex. 2. If the upward velocity of projection he 00 feet per second, 
find when the velocity will bo 20 feet, per second. 

If h be the height at which the velocity is 20, 

(20)“ — ((JO)* 1 — 04 x h ; 

(ft))* -(20)* 

64 =;,0foet - 

The tunes at which the body is at this height are found from the 
equation 

50=60*- 16* 2 , 

from which Z = 1 \ or 2 \ seconds. 


27. Greatest height of a projected body. 

At the highest point the velocity is zero; therefore if h 
is the height of the highest point the body reaches, 

0 = w a - 2gh, or = 

Hence the velocity with which a body must be projected so 
as to just reach a height h ia \ f 2gh. 
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Ex. ]. A IxkI) jr props led \oitu ilh uj \ uds with a mW ity of 
61 feet per set on d, hu\v hi n h will it n i htforo Ik to d< umdf 

If h is the ictjuiud hiifht, 


/ 


hi 


(.4 hit 


Ex J A ball n jillo \( d to fil 14 o tin ground fiom a (oit nn height, 
and at tho suno instant mother hill is thrown upw ads with just 
Mith< ltnt \oloutv to cmj it to tin hoi d it fjem which tho other tails 
Show where and when the two 1 tit 4 will pi si «h utliei. 

Let the gum la uht hi /. The l ill thiownupv uds with a velocity 
just hufluunt to < in) it thi'- la iJit must U* thiowu with \c Inert j 
Let tho tune up M> Mu in 'ant <f ims tin» hi smoihL m 
Lot si bo the lstuie at i mIh I b v the tilling 1ml m I s 2 that 
(hsaibed 1 ») tho one thiowu upw uds dunii; 1 He Mum /, 
then H»/ , 

< \ ,> /f t- 


honce wldnig 
Tut 


m 1 


Si M - \fj, if t 
h s i I » 



/ 


28 Time to teach the greatest height. 

At til* Light at point, tin vi h*uty is /» «» , 


,\ 0 (t -(ft, ot / 


29. Time ot flight. 

When the body has n tinned to t h» sf ithng point the 
total space cL scribed is /a uj, Iht im >i< it t be the whole tune, 

0 - Mi- l<jt\ 


The loots of this (pi nil at k t rju.it ion an 0 and 


V 


2 n . 
9 


The root 0 c >t it spends to th< turn of starting, the root 
Ls =* time of afccent 4- time ot disc ent — w hoh turn of flight 


But U was found to be tho tune of ascent, hence ° is also 

9 9 

tho time of devout. 
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E>c 1 A body projected upwud l of unis to the point of piojection 
at tho end of si\ seconds, find the height loathed and Hit vclotity of 
piojt ctiou 

Since tin time of flight 1 1 6 seconds, 


lull t taking <j is P, tin \tl> it\ ni piojttfion is ( H> ft ( i jh i second 
r l lie pi eat c st lie lglit - '' ^ ^ 114 f t e t 

2t/ f) 1 

1 \ 2 A 1) ill flu own \ c 1 1 ic illy upw uds uses 200 feet m 1 seconds, 
in what turn will it it tutu to tilt ]»omt of pn j< < tioiW 

!»} Ait 24 v< find tic iiiitnl velocity t) he 111 feet |>tr second. 
The u foil the time of flu 1 1 is 01 7 s *< < nds 

30 Tin vi lot it v g lined by a fa.ll from lost through a 
he lghl li is 8 fjh 

The vtlocity with which a body must be ptojocted to just 
leach a hug*nt li j by Art 20 also 8 \ h 

lienee tin \elocity guilt d by a fill thiough any height 
from rest is - velocity with which a body must be piojc ctcd 
to ,ust leach tint lit ight 

K\ I A tone is tlnowi \oitu 1II3 iij»w irds witn siuh i\elocity as 
will ju ttiilvi to tlu h\ti of tin top of 1 tower lOOieethiAi Two 
set >nd «ift« 1 w in! t ui >tht 1 shift t nown *17 > fi >ni tin 01 t p \ « 
with tin line velocity L)t toi mine vht 1 uid wlme tlu stones will 
nit 1 1 

Tilt \tlouty of piojctiion >1 the in t don 1 sottet pci set 
The thne of it nil ty the top is 0 01 Jit seconds 

It thuitoio lei 1ft the top lnlf 1 tt ontl iftti tho pio)eetion of 
the second shine 1 ) is 1 it It 1 will in li ilt 1 set ontl it uh the height 

SO x | 1C (J)- It it, or feet 
its vt loutv is now 80 32 x o* (*4 feet per see >nd 

It is t nut foie moving with tins in ti il velccio> it tLo instant when 
the tit t stmu is lie 'inning to fill 

Thus the spaces dts nhed tho two ->toih s together with, tlio 
spaet ftheidy dcstubul hy ilie second stenr eu 30 feet is the height of 
the towei • • 

3b -f 6U-1f>f -4 If t -100, 
from whit h t is found to he i setond 

The finu from wl n rht nrst stone v is t hi own up is 3^ HMonds 
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Ex. 2. A stone is thrown upwards with a velocity due to a fall 
through a height ^ , from a point at a height h above the ground. Find 

when it will strike the ground. 

* h 

The velocity due to a fall through a height is Jgh. Art. 23. 


The time of flight is therefore 2 ■ Art. 28. 


Time of falling through the height h with the initial velocity *Jgk is 
given by 

h — V ght- + ^ gt‘ £ . Art. 23. 

The whole time before it strikes the ground is therefore 

.'Jr «*•!*>& 


EXAMPLES. VI. 

[<j is taken to be 32 unless it is otherwise stated.] 

1. How far will a body fall from rest m four seconds? Find 
with what velocity a body must be thrown upwards to return to the 
hand in four seconds. 

2. A stone after falling for one second strikes a pane of glass, 
in breaking through which it loses half its velocity. Ilow far will it fall 
in the next second % 

3. A body moving from rest with a uniform acceleration passes 
over 10 feet in the first two seconds after starting, how far will it be 
from the starting-point at the end of the third second ? 

4. Through what vertical distance must a heavy body fall from 
rest to acquire a velocity of 1(51 feet per second ? If it continue falling 
for another second after haviug acquired the above velocity, through 
what distance will it fall in that second ? 

* 

5. A stone projected vertically upwards has risen 120 feet in one 
second. What was its initial velocity of projection, and how far will it 
rise during the next second ? 

6. If a stone reaches the ground again 6 seconds after it has been 
projected upwa rda, what was its height above the ground at the end of 
the first second ? 
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7. A heavy particle is dropjjed from a given point, and after it has 
fallen for one second another particle is dropped from the same point. 
What is the distance between the two particles when the first has been 
moving for 5 seconds ? 

t 

8. A balloon ban l>een ascending vertically at a uniform rate for 
4‘5 seconds and a stone let fall from it reaches the ground in 7 seconds. 
Find the velocity of tho balloon, and its height when the stone is 
let fall. 

[The stone when let go has the velocity of the balloon (upward). If 
this be u the distance through which the stone falls is 

. — wx7-f!6x7 2 . 

But this is the height to which the balloon rose in 4*5 seconds, or 
u x 4*5. Hence 

u x 4*5 = 16 x 49 — lu ; 

.*. ?« = 68*2 feet per second. 

And height of balloon =88*2 x 4 5 feet 

i » =306*9 feet.] 

9. From a balloon which is ascending with a velocity of 32 feet per 
second a stone is let drop which reaches the ground in 17 seconds. How 
high was the balloon when the stone was dropped 1 

10. A rifle-bullet is shot vertically downwards from a balloon at the 
rate of 400 feet j>er second. Tiow many feet will it pass through in two 
seconds, .and what will be its velocity at the end of that time ? 

11. A stone dropped into a well I'eaches the water with a velocity 
of 80 feet per second, and tho sound of its striking the water is heard 

seconds after it is let fall. Find from these data the velocity of 
sound in air. 

12. A bjill is let fall from a height of 256 feet, and at the same time 
a ball is thrown upwards to meet it : find this velocity of projection if 
the balls meet at a height of 112 feet. 

13. The space passed over in any given time may be represented by 

an area. Ex]>lain clearly the meaning of this statement and under 
what conditions it is true. Show how to employ it to determine the 
space passed over by a body in 10 seconds after it starts from rest, and 
has its velocity increased by one foot per second at the beginning of 
each secou^jL • 

14. Explain by reference to a diagram why a stone only falls 16 feet 
during the first second w hile yet the force of gravity generates in that 
time a. velocity of 32 feet per second. 
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16. Find the distance traversed in 10 minutes by a train which has 
at first a velocity of 20 miles per hour, and which has its speed in 
that time diminished at a uniform rate to 5 miles per hour. 

16. A train mulling 60 miles an hour is pulled up by its brakes in 
900 yards. At what rate would it be running if it could bo pulled up 
in 100 yards ? 

17. Prove that if a body is projected vertically upwards with the 
velocity of 64 feet per second and 3 seconds afterwards a second body 
is let fall from the point of projection, the first body will overtake the 
second body 11 seconds later, 30 feet below the point of projection. 

* 

18. Prove that space described from rest in the n 2 +^P'lth second 
is —the sum of the spaces described in the first n seconds and in 
the first n + 1 seconds. 

19. A body moving with uniform acceleration f passes over a &peu;u 
s in a time T, show that its velocity at the beginning of the time was 


20. The space described by a body in the f>th second of its fall from 
rest was to the space described in the last second but three as 9 : 11. 
For how many seconds did the body fall ? 

21. Supposing the moon to be a sphere of 2000 miles in diameter 
which rotates on its axis in 27 days, and that the circumference of a 
circle is to its diameter as 22 • 7, coin] Are the velocity of a particle in 
the moon’s oquator with that of a railway train which travels 57 miles 
in an hour and a half. 

22. At the ends of successive seconds the velocity o^a body 
moving in a straight line has the following values : 4, 4 5 , ft, 4, 2J, 1, 
0, — 1, — 1, 0, Draw the velocity-diagram, supposing the motion con- 
tinuous, and estimate the space passed over. 

23. A body is moving in a straight line ; its distances from the’ , 
start at the end of successive seconds are 0, 5'4, 10'5, 12*0, 11*5, 8*1, 0. 
By means of a diagram estimate the velocities at these points, and by 
charting the velocities determine the greatest, least, and mean accelera- 
tion throughout the motion. 

24. Draw the velocity-time curve for a body thrown vertically 
upwards with a velocity oMO ft.-sco. - Use it to find (a) the 4inje when 
the body is moving downwards with a velocity of 1 ft.-see,, (6) the 
distance of the particle from the point of projection at that time. 
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THIS LAAVS OF MOTION. 

31. Force and Mass. 

Hitherto we have been dealing with the motion of a body 
without considering the means by which the motion has been 
produced, and the only quantities we have had to measure 
have been lengths and times; but when we consider the 
causes of tlie motion of bodies we have new quantities to 
define and measure. The science of Dynamics, then, treats 
of the forces acting on bodies and the motion produced by 
these forces ; if the forces are in equilibrium and the bodies 
are at rest, the problem is referred to as one in Statics. 
As a result of common experience we know that, speaking 
generally, force or effort must be applied in order to produce 
motion in a given body. Again, we may have two bodies of 
the same size struck by blows of equal strength, but such 
that different velocities are produced in them ; we recognize, 
then, that there is some property of the body which plays 
an important part in determining the effect of a given force. 
This property is that of Inertia, and its measure is called the 
Mass of the body. We must now obtain accurate definitions 
of these two quantities Force and Mass; the science of dy- 
namics will, then, consist in the formulation and application 
of laws connecting the forces in operation with the masses 
and motions of the bodies acted upon. A set of propositions 
containing definitions of force and mass was first given by 
Sir Isaa<; Newton (1642 — 1727); these laws have been used 
as the* basis of theoretical mechanics, and results calculated 
by them have been found to be consistent with observation 
and experiment. We shall state and discuss these laws. 
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32. First law of motion. 

Every body continues in its state of rest or of uniform 
motion in a straight line , except in so far as it is compelled 
to change that state by impressed force . 

The first part of this law is a matter of common observa- 
tion, namely, that force is required to produce motion in a 
body at rest. We can also recognize the grounds for the 
second part in ordinary experience. For instance, if a stone 
is projected along a surface of ice, it is brought to rest at 
last by the slight resistances due to the air and the friction * 
between the stone and the ice; but if these arc diminished 
more and more the stone goes continually further before 
being brought to rest. Hence we say that if a body is 
once set in motion with a given velocity and is afterwards 
not acted upon by any forces it will continue to move with 
that velocity uniformly in a straight line. 

Now if a body is either at rest or moving \vith # a velocity 
of unchanging amount and direction, it has in either case no 
acceleration. Thus the first law tells us to recognize force by 
acceleration. If we have a body whose velocity is changing, 
either in magnitude or direction, we know that some force is 
acting upon it; and conversely if force acts upon a body we 
look for its effect in acceleration. The second law must show 
a definite relation between these two quantities. 

33. Second law of motion. 

Change of momentum is directly proportional to tKe im- 
pressed force and to the time during which it acts , and is in 
the direction of the impressed force , 

We have first to define the meaning of the term Momen- 
tum. It is the product of mass into velocity; e.g. if a body 
whose mass is m units is moving at any time with a velocity 
of v units, it is said to have mu units of momentum. 

Now suppose a body of mass m to be initially at rest and 
to be acted on by a constant force F for a time t 9 and Jet} v be 
the velocity of the body at the end of the time t ; then the 
second law is one of direct proportion between the product Ft 
and the product mv, and may be written 
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Ft x mv. 


or 


T , mv 
F ‘- t - 


m- 


But, by hypothesis, F and m are constant; hence vjt is the 
constant rate of change of the velocity during the time t> or, 
in other words, the acceleration . Hence the definite relation 
which the second law gives may be stated thus: the force 
acting on a particle is directly proportional to the product of 
the mass and the acceleration ; hence we may write the law as 

F = Gma (2), 

where C is a numerical constant which is the same for all 
particles. 


34. Measurement of Mass. 

We can now specify accurately the measure of the mass 
of a given body. For w r e can compare the masses of any two 
given bodies by acting on them by equal forces (applied, for 
instance, by equal springs kept equally extended); then, if 
we measure the accelerations produced in the two bodies, it 
follows from the second law — since the forces F are the 
same — that the two masses are inversely proportional to 
the two accelerations. To obtain a measure of any mass 
we choose, then, some unit mass and suppose the given mass 
compared with this standard unit. There are two standard 
units of mass : one is the muss of a certain piece of platinum 
kept in London, and called the British Imperial Pound ; the 
otherHs the mass of a cylinder of platiniridium kept at Sfevres, 
and called the Kilogramme. In the latter case masses are 
usually measured as a certain number of grammes, a gramme 
being the y 0 Vffth part of the standard mass. 

But the second law justices a more practical method of 
comparing the masses of two bodies. For w T e know that if 
the only force acting on a body is its weight W, then it falls 
vertically with a constant acceleration g independent of the 
mass, constant for ail masses at a given place. Then W is 
directly proportional to the product mg, and g is constant ; 
hence W is directly proportional to m, and conversely. Thus 
to compare two masses we need only compare their weights 
at the same place ; the masses arc in the same proportion. 
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36. Units of Force. 

We have to specify now the units in which force is 
measured 

Returning to equation (2), it will clearly be convenient 
in theoretical work to make the constant G equal to 1 ; this 
means that when m and a are each 1, the measure of F must 
also be 1, 

Thus, if we write 

F - = ma , (3), 

the unit force is that force which, acting on unit mass, 
produces in it unit acceleration. F is then said to be 
measured in absolute units of force. 

If the unit rnafcs is one gram, and the unit acceleration 
is one centimetre per second per second, the unit force is 
called the Dyne ; this is the absolute unit of force which is 
used in scientific work. 

If the unit mass is one pound, and the unit acceleration 
is one foot per second per second, the unit force is called the 
Poundal. 

Since W equals mg absolute units of force, we see that 
the gram weight is g Dynes, or about 981 Dynes; while the 
lb. weight is g Poundals, or approximately 32 Poundals. 

Another unit of force is used in England in practice, as 
for example in Engineering calculations ; this unit is the 
Pound Weight, or the force with which the Earth attracts a 
lb. mass at its surface. 

Now the lb. weight depends upon the value bf g, the 
acceleration due to gravity, and we know that g varies 
slightly for different parts of the Earths surface. Conse- 
quently, to make the lb. weight a definite unit of force, we 
define it to be that force which acting on the mass of 1 lb. 
produces in it an acceleration of 32*2 feet per second per 
second, that is, in the formula (2) we must have 

F—lj wheh 7/i=l, and a = 32*2. 



Hence 
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Then, if we use the equation 


ma 

32*2 


W, 


we express m in lbs. mass, a in fb.-sec. units, and F is given 
in lbs. weight. * 

We have chosen the number 32*2, because the acceleration 
due to gravity at London has very nearly this value ; thus the 
unit force just defined is practically the weight at London of 
the standaid lb. mass. 


36. Another way of writing the second law is worth 
notice in regard to the question of units. Suppose we 
observe a certain body moving in a straight line with 
acceleration a , and we require to estimate the force which 
must be acting on this body to produce in it the observed ac- 
celeration. Now we know another force, namely* the weight 
W of the^body, which acting on it would produce a known 
acceleration, namely g. But the second law states that the 
ratio of two forces acting on the same body is equal to the 
ratio of the accelerations produced by them; thus we have 
the simple proportion 

F _ a 

W“g- 

m 

Hence F = -W (5). 

9 

. * In these equations a and g must be measured with the 

* . a . 

same units of length and time ; then - is a number, the ratio 

of two quantities of the same kind. Consequently F and W 
are also in like units; hence in whatever units we measure 
the weight W of the given body, F is given as a certain 
fraction or multiple of W measured in the same units. 

36 a. If 1 foot, 1 second, and 1 lb. \vt. are the units of length, time 
and force respectively, the equation F— ma gives F in lbs. wt., provided 
the unit of mass is 32*2 pounds. For we have here m=(mass in 
pounds)-* 32*2 ; hence from (4) F is given in lbs. wt. 

If we write (5) in the form 
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and compare (6) with (3), we see that W/g has taken the place of the 
mass m ; then if (6) is to he the same equation as (3), we have 


If the unit mass is one pound and g is 32*2 in foot-sec. units, 
JF=32*2 units of force when m = 1 ; or the weight of 1 pound is 32*2 
poundals. Similarly, if the unit mass is one gram and g is 981 in 
cm. -sec. units, the weight of one gram is 1)8 1 dynes. On tho other 
hand, if the unit force is one lb. weight, then with W— 1 and <7 = 32*2 

we have from (7), m = -i-. Hence the mass of 1 lb. \vt. is of a 

oJt'Jt o2‘2 

unit of mass; or the unit mass is 32*2 pounds. 

37. Third law of motion. 

To every action there is an equal and opposite reaction . 

We have seen by the first law that we recognize the 
action of an unbalanced force by the production of accelera- 
tion in the body acted upon ; then in the second law we 
found a definite relation betweeu these two quantities. Now 
the third law states that all forces with which we have to 
deal occur in pairs. Thus every action between two bodies 
is of the nature of a pull or a push, a tension or a pressure ; 
whether viewed as acting on one body or on the other it is in 
either case a given force in a certain straight line, but is in 
opposite directions in the two cases. If we have two bodies 
A and B acting on each other, for # examp!e by being pressed 
together or by means of the tension of a string, then the 
action of B on A is a force T in a certain line, and the action 
of A on B is an equal force T in tho same line but in tte* 
opposite direction. These actions, if A and B were operated 
on by no other forces than their mutual action, w # ouid pro- 
duce opposite accelerations in the two bodies along the line 
of action and inversely proportional to the two masses ; but 
in general both A and B will be acted on by other external 
forces, so that the total effect may be quite different. Of all 
the forces which may act upon the two bodies A and jB, their 
mutual action consists of pairs of equal and opposite forces. 

38. Illustration ojf the laws of motion. . 

When two bodies are in motion connected by an inelastic 
string which remains stretched, the tension of the string is 
constant along its length provided the mass of the string is 
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so small that it may be neglected. Any straight portion of 
the string is acted on by three forces : the tensions at the 
two ends and the weight of the portion; and these three 
must be equivalent to a force given by the product of the 
mass and acceleration of the portion of string. Neglecting 
then the mass and weight of the string, we see that the 
tensions at the two ends must be equal and opposite forces. 
It can also be shown that the tension of a string is unaltered 
by passing over a j>erfcctly smooth surface with which it is 
in contact. 

Let two masses m and m- be connected by a light inex- 
tensible string passing over a fixed smooth peg. Let Tbe the 
tension of the string in absolute units of force, and suppose m 
greater than m'; then since the string remains stretched and 
of constant length, the velocity of m downwards at any instant 
equals the velocity of m' upwards at the same instant and 
consequently the accelerations of the two masses are numeri- 
cally equal. Let a be the numerical value of the common 
acceleration at any time during the motion. 

The mass m' if acted on only by its weight, equal to m'g 
absolute units, would fall downwards with 
acceleration g ; but it is made to move 
upwards with acceleration a. Hence the 
tension*? 7 of the string is certainly gi’eater 
than m'g. Again, if the mass m were 
hanging at rest from the string, the tension 
would be mg ; but the mass m is moving 
downwards, hence 1 7 is clearly less than 
mg. 

And similarly we see that a must be 
less than g. 

But by the second law of motion we 
can write down accurately the relations 
that hold for each body separately, and 
find the actual values of T and a, knowing 
the values of m , m , and g. 

Fig. 6. The actual forces acting on m are mg 

vertically downwards and T vertically up- 
wards. But the particle is a mass m moving with vertical 
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acceleration a downwards ; hence the total force acting on it 
must be ma absolute units in the direction of a. Thus we 
have the two diagrams iu fig. 7 representing two equivalent 
sets of forces. 



Actual forces Effective force 

Via. 7. 



Actual forcoa Effective force 

Fig. 8. 


Hence we write down this equivalence as 

mg — T — ma (1), 

Similarly for the mass m we have the diagrams oi 
equivalent systems in fig. 8. 

Hence T — m'g — ma (2). 


We have now two equations involving the two unknown 
quantities T and a. Solving these algebraical equations, we 
obtain 


2mm 

(3), 

I — — - — ,g 

m -f- m J 

• 


m — m' 

W 

a — . — , g 

m -4- m J 


From these actual values we see that, as we expected, 
a is a certain fraction of g, while T lies between mg and mg. 

If lb.-foot-second units have been used then 2* is given 
by (3) in poundals; while if m, m\ and g are in c.G.s. units 
then T is given in dynes. 

We can also write down the equations in terms of the 
weights w and w f of the two bodies in the manner of Art. 36. 

The equations corresponding to (1) and (2) are evidently 
• w — T a 



34 


ELEMENTARY MECHANICS 


Hence 




2 ww r 

W -f w 


w — w 

,q 

w + w * 


•(5), 

( 6 ). 


In these equations w and w' are expressed in terms of the 
same unit, and T is given also in terms of this unit. If w t w' 
are measured in absolute units, these expressions of course 
reduce to the previous results. 


39. If we wish to solve any dynamical problem by direct 
use of Newton's laws we proceed as in the above example. 
We consider each mass of the system separately; we draw a 
'diagram representing all the actual forces acting on the part 
and express that the combined effect of these is equivalent 
to a single force (mass) x (acceleration) in the direction of 
the acceleration ; in general the actual forces on each mass 
will act in different directions, so that we shall have to see 
later how to combine together such a system. We shall 
then have obtained the dynamical equations of the system. 
There are also in addition geometrical equations representing 
the way in which the parts of the system are connected ; for 
example, in the previous Article the geometrical relation is 
the constancy of the length of the string, and wo use this 
fact in writing the accelerations of the two masses as 
numerically equal. 


Exs 1. A body weighing 4 lbs. starts from rest and is acted on by a 
force equal to the weight of J lb. for 8 seconds, find the distance 
described. 

The body lias the mass of 4 lbs., m = 4. 

The force equals | lb. w T t., or 8 poundals, F—8. 

Hence the equation F—-Ma gives 

F 8 0 
a ~ M~ 4 = ^' 

Also «=4a< 2 =--i.2.8 2 = 64. 

THe space described equals 64 feet. 


Ex. 2 A body whose weight is 1 cwt. is acted on by a force 
which produces in it an acceleration of 36 it. -secs, per hour, find the 
magnitude of the force. 
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Aii acceleration of 36 ft. -secs, per Lour is an acceleration of 

foot-secs, per second, 

60 x 60 1 ’ 

or ft.-secs. per sec.; hence a^- T J (5 . 

Thus the measure of the force — 112 x ^ 1*1 2. The force is 1*12 

poundals. 

Ex. 3. A force equal to the weight of 3 grammes acts on a body for 
10 seconds, and causes it to describe 10 centimetres in that time, find the 
mass of the body. 

If a is the acceleration, then since lOcnis. are described in 10 seconds 
we have 

10— Ja(10) 2 , or a — l in c.o.s. units. 

The equation F—ma gives us that the force equals v - Dynes, but it 

o 

is also equal to the weight of 3 grammes or 3 x 081 Dynes, 

.*. ^ =3 x 981, 
o 

«i~ 3 x ft x 981 

— 14715, or tlio mass is 14715 grammes. 

Ex. 4. A mass of 10 lbs. foils from rest through a distance of 10 feet 
and is then brought to rest by penetrating mud to the depth of 
2 feet: find the resistance of mud (supposed uniform). 

The velocity acquired in falling through 10 feet is 8 v /10, Art. 23. 

Also if F measures the force of resistance of the mud and a the 
resulting acceleration, we have F— 10/; — 10a. • 

The body enters the mud with velocity 8^10 which is reduced to 
zero in passing through 2 feet, lienee since v 2 ~2 as, Art. 20, 

640 = 2 a . 2, or a — 1 60 ft. /(sec.) 2 . * 

Hence F— 10</— 1 0a— 1 600 poundals, 

F— 60 lbs. weight, nearly. 


EXAMPLES. YII. 

1. Find the force which acting on a cwt. for 1 second gives it a 

velocity of 5 yards per minhte. • 

2. A mass of 10 lbs. is placed on a smooth horizontal table and is 
acted on by a force equal to the weight of 10 lbs., find the distance it 
will describe in 1 second. 


3—2 
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3. A mass of 400 tons is acted on by a force of 11^000 poundals j 
how long will it take to acquire a velocity of 20 miles an hour ? 

4. In what distance will a force equal to the weight of 1 ounce 
be able to stop a mass of 40 lbs. which at the time the force begins to 
act has a velocity of 60 feet per second ? 

5. A bullet moving at the rate of 200 feet per second is fired into 
a thick target, which it penetrates to the extent of 6 inches ; if fired into 
a target 3 inches thick with equal velocity with what velocity would it 
emerge, supposing the resistance the same in both cases ? 

6. A mass of 10 lbs. hills 100 feet and is then brought to rest by 
penetrating 1 foot into sand. Find the resistance of the sand. 

7. If a force equal to the weight of 10 lbs. act upon a mass of 
10 lbs. for 10 seconds what will be the momentum acquired? 

8. A certain force acting on a mass of 1 0 lbs. for 5 seconds produces 
in it a velocity of 100 feet per second. Find the force and the accelera- 
tion it would produce in the mass of a ton. 

9. A train of 200 tons weight is urged forward with a force equal 
to the weight of i ton, while it is retarded by a force equal to the 
weight of 10 lbs. per ton. What is its acceleration, and in what time 
will it acquire a velocity of 10 miles an hour? 

[If F is the impelling and F' the retarding force, F— F' 

10. While a train travels half a mi le on a level line its sjieed increases 
uniformly from 15 miles an lioitt* to 30 miles. Find the ratio of the pull 
of the engine to the weight of the train. 

11. A body resting on a Muootli horizontal table is acted on by a 
horizontal force equal to the weight of 2 ounces, and moves on tbe table 
over a distance of 10 feet in 5 seconds starting from rest. What is its 
mass ? 

t 

12. A force equal to tlie weight of a gramme acts on a body whose 
mass is 27 grammes for one second. Find the velocity of the body and 
the space passed over. 


40. Atwood's Machine. 

This machine is used to verify the laws of motion and 
also to ^determine the value of g. # lri an actual machine 
there* are various mechanical refinements introduced to 
ensure accuracy of working and to diminish friction, but 
a diagrammatic sketch is sufficient ‘to illustrate the theory 
of the machine. 
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A light string passes over a pulley and carries at its 


ends two equal masses each 
of weight P. On a graduated 
pillar AB a platform D and 
a ring E can slide up and 
down and can be fixed in 
any required positions. One 
of the weights P can pass 
through the ring, and there 
is also a bar of weight Q 
which is too long to pass 
through E* 

The bar Q is placed upon 
P at some point G, the parts 
being held at rest and then 
allowed to move. On the 
right we have now a weight 
P 4- Q and on the iefb a 
weight P ; consequently the 
weight P 4- Q descends with 
acceleration 

Q 

2P'+Q ff ’ 

Let Abe the measured dis- 
tance CE , then the velocity 
acquired when P -h Q reaches 
E is equal to 

2Qgh 

21* V Q 

Q is now caught off by 
the ring, so that after this 
instant there are equal 
weights P at both ends of 
the string. Hence after this 
instant the system moves 
with constant velocity equal 
to its velocity at E given 
above. Then, if we observe 



Fig. 9. 
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the time t taken by P to move from the ring E to the 
platform D, and measure the distance k from E to D, 
we have 


~ v 2 r 


+ Q' 


or 


k 1 = 


2 Qght* 

2 P + Q- 


In this equation all the quantities have been measured 
except g\ hence we can determine the value of g . 

The first law can be verified by moving the platform D 
and testing whether the system does move with constant 
velocity in the second part of the motion when there is no 
unbalanced force acting on the system as a whole. 


The second law could be tested by varying the weight 
of the rider Q t adjusting the ring E so that the same time is 
occupied from G to E in each case, and then find whether 
the subsequent uniform velocity is exactly proportional to 
the weight Q. 


If these two laws are verified by the machine, then the 
third law is also ; for it has been assumed in supposing the 
string to act upon the two masses with equal and opposite 
actions. 


It must be noticed that in an actual machine, in spite of 
precautions, there will be some slight friction. We have also 
neglected the mass of the pulley which is set rotating by the 
motion ; a more complete theory for an actual machine would 
take account of the rotation of the pulley as well as of the 
motion of the weights P and Q. 


Ex. 1. The two ends A and B of a string passing over the pulley 
of an Atwood’s machine are loaded as follows*. A with ounces, 
B with 15£ ounces. Find the tension. 

The forces acting on A are the tension T and the weight of 
36i ounces, or 33 poundals, its mass is pounds, hence 

33 — T 

acceleration of A - ■- ■ ■■ ■ ■ , 

33 
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acceleration of B— 


T- 31 



similarly 


•VI x 31 

or T=*'' - — })oundals=16 oz. wt. : nearly. 

Ex. 2. In Atwood’s machine one of the two weights m heavier than 
the other by half an ounce. What must be the weight of each in order 
that the heavier one may fall through one foot in the first second ? 

Since the weight falls through one foot in the first second its 
acceleration is 2. Also if ounces bo the weight of the lighter weight, 
that of the heavier is tP| + 1. 


Hence by Art, 38, 


wrfi-w, 

V>l+\+ W \ 

2 ^Tj 32 ’ 


w | = 3j o/. 

Thus the lighter weight is 3J oz. 
heavier .... 


Ex. 3. A weight Q on a smooth table is connected by a string 
with a weight P which hangs vertically. Find the acceleration of V 
and Q . • 

Q 

JZL 


If / is the acceleration of either 


-f^p-r, 

g J 




t : 




Hence by addition (P+Qy~—P, 


or 


/= 


Pg 

p+V 


C— IP 


Fio. 10. 


EXAMPLES. VIII. 

1. Two masses of 48 ahd 50 grammes respectively, are attached to 
the string of an Atwood’s machine, and starting from rest the greater 
mass falls through 10 centimetres in one second. Find the acceleration 
due to gravity. 
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2 A muss of 7 lbs ih attached to one end of i string passing over 
a pulley, and two masses of 3 lbs and 6 lbs to the othci end After 
*4 onds the sin illest miss is detached How much farthei will the 
6 lb» f ill, and when will it he brought to rest ? 

3 M issos of 3 lhs and 5 lbs respot tu ely are connected by a string 
pissing mor i pulky , aftu one second the stung breiks, foi how long 
and lu>w fai will the 3 lbs ascend ? 

4 Two weights of 7 o/ and 9 o/ are < otinecltd by a stung 40 feet 
long w hi< h is hung o\ or a Htnooth pulley so that the 7 o/ wc lght tone lies 
the ground When the system h is been in motion for two serouds the 
string is cut, and both weights letch the ground at the sune time 
Kind the height of the pulley tioin the ground 

41 Further Illustrations of the Laws of Motion. 

* (l) A shot of mass m leaves the bai/el of a gun of mass 

M with a horizontal velocity v, while the \clocity of recoil of 
the gun is V, the gun being horizontal During the time 
the shot is m the ban el oi the gun the vertical forces acting 
on the system are the two weights and the upw r ard reaction 
of the horizontal plane on which the gun stands; but then 
is no voitual motion, hence the piessure on the plane is 
equal to the sum of the two weights 

Again the explosive force of the powder acts equally* 
forward on the shot and backward on the gun, and for the 
sdme tirn< Hence the ftrward momentum of the shot it 
equal to the backward momentum of the gun, that is 

?/f /; — MV 


If we legxid the shot and gun as one system during the 
tune in question, then the only horizon t il foie© acting is an 
internal foice which acts equally and oppositely on the two 
parts of the system , hem e, ou the whole, the total horizontal 
momentum is unalteied, or 

Afl r - mv =» 0. 

(iiy ‘When a heavy body rests on a horizontal platfomi 
the pressure of the platfoim on the body is equal and 
opposite to tl e piessuie of the body on the platform. If 
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the platform is at rest the pressure is equal to the weight 
of tne body. If the platform is made to move vertically 
downwards with acceleration a, the pressure will clearly be 
less than the full weight w of the body; let it be P, ex- 
pressed in the same units as w. Consider now the body 
separately as under the action of two forces, w vertically 
downwards and P vertically upwards; then its acceleration, 
^downwards must be a certain fraction of g, namely 

w — P 

aj 

But its acceleration is made to be a downwards ; hence 
w — P 


or 


7 , (/ — a 

P = - w> 

9 

thus the pressure is a certain fraction of the full vieight w. • 

Again, suppose the platform to be made to ascend with 
acceleration a. The pressure P exerted on the body by the 
platform must be greater than w ; and by the same reasoning 
as before we have 

P-w 

9 = a > 


w 


or 


w 9 + a 
1 = - w, 

9 


the pressure being a certain multiple of the weight w. ,, 


Ex. 1. A body whose weight is 10 lbs. is placed on a horizontal 
plane moving vertically upward ; if the pressure of the U>dy on the 
plane is equal to the weight, of 10 lbs. find the acceleration. 

Here « = — (32)=19-2. 

Ex. 2. A balloon ascends vertically with uniform acceleration, so 
that a weight of 2 pounds exerts a pressure on the bottom of the car 
equal to the weight of 32£ oz. ; find the height the balloon will reach in 
one minute. 

The force on the body *ls 65 - 64 poundals, or one poundaU The 
mass of the body is 2, the acceleration is therefore Hence the 
height reached in one minute is 

£ . $ (60)* feet, or 300 yards. 
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EXAMPLES. IX. 

1. A b<xly whoso weight is 1 12 ]})s. is placed on a lift which moves 
with a uniform aeceleiation of 12 tt.-sec. units. Find the pressure ou 
the floor when the lift is descending 

2. The pressure on the bottom of a bucket which K being drawn 
up the si i aft of a mine is equal to the weight of 133 lbs. ; if the contents 
of the bucket weigh J cwt wh.it is tliu accoh ration l 

3. A h<Kly whoso weight is t stone is placed on a lift, moving with 
uniform acceleration of 12 ft. -see. units ; find the pressure on the floor 

' of the lift when it is (i) descending, (ii) ascending. 

4. A mass of 10 11m. rest** on a horizontal table which is made to 
t ascend, (i) with a constant velocity of 2 feet per second, (ii) with a 

constant acceleration of 8 ft.-sec. units; find in each case the pressure 
on tho plane. 

5. A man suddenly jumps off a table with a 201b weight in his 
hand, whatvis the pressure of the weight on his hand while lie is in 
the air? 

(». A balloon ascends with constant acceleration, so that a mass of 
50 lbs exerts a pressure of 81 lbs. on tho bottom of tho ear. When 
will it he 200 feet high and what will Ihj its velocity at that time? 

7. A cord passing over a smooth pulley supports two scale-pans, 
the weight of each being 3 ounce* If weights of ] and C ounces be 
placed in the scale-pans lind the acceleration and tic* tension ol the 
string, also tho pressure between the masses and the scale-pans 

8. Of two forces one icts on a mass of 5 lbs. and produces in it a 
velocity of 5 feet per second in ^ of a second, the other acts on a mass 
of 625 lbs. and produces in it a velocity of 18 miles per hour in one 
minute, cojnpurn the forces. 

{1 A hall w’hose mass is 3 lbs lsmoMiigat the rate of 100 feet per 
second. What, force expressed in lbs. weight will stop it (i) m 2 seconds, 
(ii) m 2 feet ? 

10 A cannon-ball weighing GOO lbs and moving with a velocity of 
1000 feet ptr .second penetrates ,i taiget to a depth of 15 inches. Find 
the prcssuio on tho target, suppo ing it t<* be uniform. 

* • 

11* A shot of 1000 lbs. leaves a gun with a velocity of 1500 feet per 
second. How long must the shot have boon under the action -of the 
powder supposing tho «\erage pic^suio upon it h«,»*« been equal to 
the weight of 120^ tons? 
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12. A balloon is moving upwards witli a speod which is increased 
at the rate of 4 feet per second in each second ; find l»y how much the 
weight of a body of 10 lbs. as tested by a spring balance in the balloon 
would differ from its weight under ordinary circumstances. 

13. In what time will a weight of 16 lbs. draw another of 12 lbs. 
over a fixed pulley through 32 ‘2 feet, and wliat velocity will the weights 
have at the end of the time 'l 

14. The two weights in an Atwood’s machine are 240 grammes 
each, and an additional weight of 10 grammes being placed on one of 
the two it is observed to descend through 10 metres in 10 seconds, 
show that ^ — 980 nearly. 

15. A man of 12 stone weight and a sack of 10 stone weight are 
connected by a rope over a smooth pulley. The man pulls himself up t 
by the rope and diminishes his downward acceleration by find the 
upward acceleration of the sack and show that the acceleration of the 
man relative to the rope is 3*2. 

16. A rope hangs over a smooth pulley and a man of 1«2 stone let* 
himself down with acceleration /', while a man of 11| stone pulls him- 
self up with acceleration / Find /' in order that the rope may remain 
at rest. 

17. Two weights of 5 lbs. and 7 lbs. respectively arc fastened to the 

ends of a cord passing over a frictionless pulley supported by a hook. 
Show that when they are free to move the pull on the hook is 11 J lbs. 
weight. * 

18. Two equal weights A and B connected by an inelastic, thread 

3 feet long are laid close together on a smooth horizontal table 3 5 fqpt 
from the nearest edge, and B is also connected by a stretched inelastic ‘ 
thread with an equal weight C hanging over the edge. Determine the 
velocities of the weights when A begins to move and also when B 
arrives at the edge of the table. * 

19. One end of a string is fixed, it then passes under a moveable 
pulley to which a weight W is attached. The string then passes over a 
fixed 'pulley and a (smaller) weight P is attached to the other end, all 
the 3 sections of the string are vertical. Prove that the acceleration of 

IF— 2 P 

TF is j The the pulleys are neglected. 

* • m 

20. A man hangs by a rope passing over a fixed pullev to the other 

end of which a weight equal to that of the man is attached. Prove that 
he cannot raise himself up above the level of the weight as he climbs up 
the rope. 
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21. To one end of a string passing over a fixed pulley hangs a 
weight P, and to the other end a pulley over which passes a string at 
one end of which hangs a weight and at the other a weight R resting 
on a table. The system being allowed free motion find the pressure on 
the table supposing R so heavy that it is not raised from the table. 


22. To one string of an Atwood’s machine a mass of P lbs. is 
attached. To the other string a mass of Q lbs. is attached where 

in qi 

V > Q. Above the mass of Q lbs. is placed a mass of - - lbs. which 

w 

can be detached in the ordinary manner during the motion. The 
system starts from rest and moves for t seconds, at the end of which 
jn _ Q'i 

time the mass of — - — - lbs. is detached. Show that in t seconds more 


the system will be for an instant at rest, and that the motion will then 
l)e reversed in direction. 


23. A train of mass 120 tons is travelling with uniform speed, the 
resistance due to friction, etc. being 14 lbs. weight per ton. If a portion 
of mass 20 tons is slipped, how much will the other portion have gained 
on it in 1 2 ^seconds, assuming the pull of the engine and the resistance 
per ton to be the same as before ? 



CHAPTER III. 


COMPOSITION AND RESOLUTION OF VECTORS. 

42. Resultant. 

When two or more forces act on a particle the single 
force which would produce their combined effect is called 
their resultant. If the forces are all in the same straight, 
line the resultant is obtained by adding or subtracting the 
components according to their directions; we have now to 
obtain a method of combining force's which act along different 
lines on a particle. We can do this by a fuller interpretar 
tion of Newton's second law of motion. For each separate 
force acting on the particle would by itself produce an ac- 
celeration in its own direction proportional to its strength ; 
consequently the resultant acceleration is the combination 
of component accelerations in the directions of the com- 
ponent forces and proportional to them. Also the resultant 
force must be in the direction of*the resultant acceleration 
and proportional to it. Therefore component forces acting 
on a particle are combined together by the same rules as for 
compounding accelerations, that is, by the Parallelogram Law- 
to be proved shortly. 

We can class together Forces, velocities, accelerations as 
examples of physical quantities which, to be known, must be 
given in direction as well as in magnitude. Such quantities 
are called Vectors ; other examples we have had are Displace- 
ment and Momentum. 

On the other hand physical quantities such as Mass, 
Volume, Temperature, which we know completely on speci- 
fying their magnitude, *are called Scalars . Any twQ scalars 
of the same kiud are “ added ” by arithmetical addition or 
subtraction. But two vectors of the same kind are always 
added by the parallelogram rule. 
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43. The Parallelogram Law. 

(i) Two Displacements . Suppose a particle is to be given 
two displacements of specified magnitude and direction. Let 0 
represent the initial position of the particle and draw OA , OB 
in the given directions representing to scale the corresponding 

d i splacemenls. C< >m pleting the 

B ^ parallelogram OACB (fig. 11), 

/ it is obvious that O represents 

y ^ / the final position in whatever 

^ / order the component displace- 

q A ments are made. Hence the 

Fm diagonal 00 represents in mag- 

nitude and direction the single 
displacement which would effect the same change in position 
as the two given displacements combined, or 00 represents 
the resultant displacement. 

(ii) Two Velocities. Suppose now the two displacements 
represented by OA, OB to be carried out concurrently at a 

uniform rate during one second, so 

a that at the end of the second the 

j particle is at 0 . We may imagine 

Yp^ /, this to be performed in the following 

I / manner. Let a line O' A' move so 

Q-yi A that it is always parallel to OA with 

p ia jo. the point 0' moving uniformly over 

the length OB in one second, while 
at the same time a point P moves uniformly along the line 
O' A '"from O' to A ' (fig. 12). Then the motion of the point 
P represents the motion of a particle under the combined 
effect of tovo component velocities represented in magnitude 
and direction by OA and OB; let these component velocities 
be u and v units respectively. 

Let P be the position of the moving point after any 
fraction T of a second, and draw PK parallel to OB. Then 
since the velocities are uniform we have 

OK = uT ; PK = vT. 

„ • * PK v 0 A * 

Hence -rjy = ~ = yyj . 

OK u OA 

Therefore P lies on 00 and hence at every intermediate 
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instant the particle is on the diagonal OG, and describes the 
diagonal OCT uniformly in one second. Thus OG represents 
in magnitude and direction the resultant velocity equivalent 
to the two component velocities u and v . 

(iii) Two Accelerations . Again, let the velocity of the 

particle be changed by an amount represented by OA , and 
after that by an amount represented by 013, in magnitude 
and direction. From the previous section it follows that 
the diagonal OG represents completely the final change in 
the velocity of the particle. Now suppose these two changes 
in velocity to be carried out concurrently, uniformly, and in * 
one second. Then OA and OB represent completely two 
component accelerations, and we see that the diagonal OG 
gives the resultant acceleration in the same way. * 

(iv) Two Forces . We have seen that the separate 
forces would produce component accelerations in their own 
directions and proportional to them. Hence if 0; {L and OB 
represent now the component forces in size and direction, 
OA and OB represent also the accelerations produced, of 
which OG represents the resultant, so that tne resultant 
force is represented fully by 0(7. 

A simple experiment can be made to verify directly the 
parallelogram of forces. * 

44 . Verification of the Parallelogram of Forces. 

Take three flexible strings and tie them together. Let 
two of them pass over smooth 
pegs at any distance apart, the 
third hanging freely. Attach 
weights P, Q, and II to their 
ends. 

Let the system right itself; 
when it has settled, measure off 
on the strings lengths OA, OB 
and OG proportional to P, Q 
andP; then the tensions in the 
three strings, being equal to P, 

Q, and It are proportional to 
OA, OB and OG. 

Complete the parallelogram 



R 


Fia. 13. 
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AQBD. It will be found by measurement that OD is equal 
in magnitude and opposite in direction to 00. 

But the effect of the force represented by 00 is equal 
and opposite to the joint effect of the forces represented by 
OA ana OB, since the forces balance each other ; hence OD 
represents the resultant of the forces represented by OA 
and OB. 


45. Special cases of the Parallelogram Law. 

The following simple cases are stated for two component 
velocities of a point ; they hold equally for all vector quan- 
tities, for example, for two component forces acting on a 
particle. 

(i) When the velocities are at right angles to each 
other. 

Let OA and OB represent the 
velocities u and v. 

Then since 00 3 = 0A* + AC*, 
(resultant) 2 — u 2 - f v 3 , 
or if w is the magnitude of the resultant, 
m w — V it 2 + v 2 . 

(ii) When the contained angle is 30°. 

a 

O AD 

Fiq. 15. 




Draw CD perpendicular to OA. Then since CAD (or 
BOA ), is 30°, A CD is (i0 g , and the triangle CAD is half 
an equilateral triangle; 


GD*= 


AC 


v 

2 ’ 



AC ft 
4 


VS A (~t VSf> 
2 J( - - 


AD 
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But 

or 

hence 


OC* = OD* + GD\ 

0C> = ( OA + A D)* + CD 3 , 

*“-(*+ T*)' + S J 

, to 2 = U 2 4 . yS -f */3. 


(iii) When .dOi? is 45 



Since .402? is 45°, ACD is 45°, and AD= CD. 


Hence 

A&-2JJ*, or AD — -~- 

V A 

Thus 


Or, 



= u 1 4- w* 4- « y a/2. 
(iv) When .402? is f>0°. 



Here 40Z) is 30°; and ACD is half an equilateral tri- 
angle, hence as above 


j. 


4 



,)i) 
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AD=-f, cd-'&ac. 

Of*- (OA + A I))‘+ GD‘, 

«’'=(« +2) 

(v) When u4 0iy is. 120°, 


4 . = M* + z 1 * + */!>. 

4 




J 10. 18 . 


D A 


YM< r ib6(>°nii<l 00 OJ) +CJ) -(OA -A /;)-4- CD 

# r / o\* 3r- 

• *. //•**= | -ict-r-wn. 

(vi) When ^ OK is i:r>°. 



2MC;is 45’, (aid AD-- DC A ^. 


= (it — ^ « 4 v—ut \/2. 


(\n; When ^4 0// is I ~0 . 

B _ _ C 



O D 

Fia. 20. 


£ wfi* 
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Here DA (7 =3 0°, and 

CD=\AC, AD=y~AO. 

A 

/ */3 \2 v 2 

Hence w 2 = ( u — vj 4 ^ = it 2 4 v* — VShv. 

45 a. All the preceding cases can be got from the relation 
OC' 2 = OA' 2 4- OB 2 4 20 A . OB cos a, 
where a is the angle between OA and OB . 

This gives w 2 — v? 4 v 2 4 2v«; cos a. 

EXAMPLES. X. 

1. Find the resultant velocity in the following cases: 

(i) u-~- 1, v— 2, including angle 30°. 


(ii) u= 3, v— 3, 4.0°. 

(iii) w — fi, 11, 6*0". 

(iv) v=20, 150°. 


2. From the top of the interior of a railway carriage a stone is let 

fall. If the train is moving at the rate of 20 miles an hour, show that 
the velocity of the stone is lectio per second when it has fallen 

one foot. 

3. A balloon rising vertically with a velocity of 30 feet per second 
is also carried by the wind over a horizontal distance of 40 feet ifi a. 
second. Find its total velocity. 

4. Find the resultant of two velocities, of 10 feet awl 20 feet j>er 
second respectively, inclined at mi angle of 120". 

5. A ship sailing westwards with a velocity of 10 knots receives 
an additional velocity of 16 knots from a current so that its velocity 
is still 10 knots. What is the direction of the additional velocity ? 

6. A man walks in 12 seconds across the deck of a ship which is 

sailing due north at the rate of 4 miles an hour, and iinds that he has 
moved in a direction 30° east of north, liow wide is the deck and 
what is his actual velocity? • # 

7. ■ If two velocities of 9 feet and 7 feet per second respectively, 
possessed by a body, include an angle whose cosine is }, show that the 
resultant velocity is 12 feet per second. 


4—2 
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8. Find the resultant of the following forces : 

(i) forces of f> and 1 1 lbs. acting at an angle of 30° ; 

(ii) 1 ... v/2 60°; 

(iii) V3 ... V3 60* ; 

(iv) 1 ... 4 150°. 

f). Show that the resultant of two equal forces bisects the angle 
between their directions. 

10. Two forces acting at right angles are to each other in the ratio 
.of 1 to Jl, and their resultant is 8 lbs. ; find the forces. 

11. Two forces acting at an angle of 120° have a resultant equal 
to 2*/3 lbs. weight; if one of the forces is 4 lbs. weight, lind the other. 

t 

12. Kind the magnitude of two forces such that if they act at right 
angles their resultant is 4 lbs. weight, while when they act at an 
angle of 120° their resultant is N /1 3 lbs. weight. 

,13. A farce equal to the weight of 15 lbs. acting vertically upwards 
is resolved into two forces, one being horizontal and equal to the weight 
of 10 lbs. ; find the other force. 

14. The magnitudes of two forces aro as 4 : f>; the direction of 
their resultant is at right angles to the smaller force; find the ratio 
of the larger force to the resultant. 

15. The resultant of two forces P and Q acting at a certain angle 
is P, the resultant of P and t/ acting at the same angle is P- ; what 
would be the resultant of P and a force equal and opposite to P"{ 

, l(i. lu a trianglo A B( )), E and F are the middle points of the 
sides, ^ihow that forces acting at a point and represented by 2 A]J> 2BE 
and 2i‘F are in equilibrium. 

17. A ^vertical force of 10 lbs. is resolved into two equal com- 
ponents, one of them making an angle of 30 with the vertical; find 
the magnitude and direction of the other. 

18. If the directions of two forces he inclined to one another at an 
angle of 135°, find the ratio of their magnitudes that their resultant 
may be equal to the smaller force. 

10. Kind the components in directions due E. and N.W. of a force 
equal to £he weight of 12 lbs. acting N.E. « * 

20. If a given force acting at a given point in a given direction be 
resolved into two equal forces, piove that the cAtremities of the lines 
representing the equal forces always lie on a fixed straight line. 
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2L The resultant of forces of 5 lbs. and (5 lbs. is 7 lbs. ; find the 
cosine of the anglo between the forces of 5 and 6 lbs. 

22. The direction of a force of 10 lb*, weight makes an anglo a 
with the horizon such that cos« = §; find its 'horizontal and vertical 
components. 

23. A Z>, AC represent forces of 33 and 25 lbs. respectively. If CD 
wero drawn perpendicular to A B, AD would represent on tho same 
scale 15 lbs., prove that the resultant of the forces in AB and AC is 
52 lbs. 

24. A force 8iP is resolved into two forces, each of which is equal* 
to 5i J , find the sine of tho anglo l»e tween the equal components. 

46. The Triangle Rule. 

In the figure (Art. 43) the two component vectors are 
represented by 0A y OB; but AG is parallel and equal to 
OB, hence we have the method of combining vectors as a 
triangle rule: if two vectors acting at a point are repre- 
sented in magnitude and direction by two sides of a triangle 
taken in order, the third side taken in the opposite way 
round the triangle will represent their resultant. 

47. The Polygon of Vectors. 

When there are more than Iwo component vectors a 
continued application of the triangle rule leads to the final 
resultant. For example, consider a particle which possesses 
any number, say four, component velocities u ly u 2t vf, 
From a point A draw AB representing to scale and in 
direction the component velocity u { ; from die end point B 
draw BG representing u 2 . _ Then draw Cl) to represent 




Fio. 21. 
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and finally I)E representing u A in size and direction. Then 
by the triangle rule we have 

Resultant of AB and BC is AC, 

AC and CD is AD, 

AD and DE is AE . 

Hence the line AE required to close the polygon, drawn 
from the initial point A to tin? end point E , represents 
completely the resultant velocity. The method evidently 
‘holds for any number of components and for all other 
vectors, such as forces and accelerations. 

• 48. Equilibrium. 

If the end point E is found to coincide with A, the 
polygon is closed and the resultant is zero. For component 
velocities possessed by a particle, this means that the particle 
iS at rest* For component forces acting on a particle, the 
forces are then in equilibrium; the following case is of 
special importance. 

49. Triangle of Forces. 

Given three forces acting at a point we proceed to draw 
the polygon of forces. If. the end point, coincides with the 
starting point the figure is a triangle ABC. Then the 
resultant' of R and P is represented completely by AC, 


r 

* 



Fin, 2‘2. 


But Q is represented completely l>y OA. Hence the re- 
sultant, of R, P and Q is zero and, we have the following 
theorem : 

if three forces acting at a point can. he represented by the 
sides of a triangle taken in order , they are in equilibrium . 
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60. Converse of the Triangle of Torees. 

The converse of the triangle of forces is also true, viz. that if three 
forces acting at a point are in equilibrium , any triangle which has its 
sides parallel to the forces will have those sides also proportional to the 
forces . 



Let the sides of the triangle abc be parallel to the forces 1\ Q y ft 
which are in equilibrium, it is required to prove they are also propor- 
tional to 1\ Q and ft. 

Let the sid^s HC and CA of the triangle A BC represent the forces 
P and Q in magnitude and direction. Then since forces represented 
by BC, CA and AJi are in equilibrium by the Triangle of* Forces, the 
side A B must represent R in magnitude and direction. 

Hence BC : CA : AB—P : Q : ft. 

Also the sides of the triangle abc are parallel to those of A BC, 
therefore abc and ABC are similar triangles, and 

BC : CA : AB—bc : ca : ah . 

Therefore P : Q : It —he : ca»: ah. 

61. Lamias Theorem, 

When three forces are in equilibrium each force is proportional to the , 
sine of the angle between the directions of the other two. * 

The forces P, Q and R are in equilibrium, and ABC is any triangle 
having its sides parallel to their directions (fig. 22). Thun by the 
Converse of the Triangle of Forces 

P: Q : R-BC : CA : AB. 

The angles of the triangle A BC are supplementary to those between 
the directions of /*, Q and R , and since 

BC : CA : j4Z?=sin A : sin B : sin C y 
we have P : Q : R ==sin A : sin B : sin C 

or, P : Q: /£=» sin QOR : sin ROP : sin PGR. 

Ex. 1. Three forces acting at a point are in equilibrium ; if they 
are equal find the angle between their directions. 
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By the Converse of the Triangle of Forces, the forces can be repre 
sen ted by tho sides of an equilateral triangle. 

They therefore make angles of 120° with one another. 



Fio. 24. 


Ex. 2. A weight of 21 lbs. is suspended by two flexible strings on< 
of which is horizontal, and the other is inclined at an angle of 30° ti 
the vertical ; what is the tension in each string ? 



A I) and AC being the strings, the sides o 
the triangle ACB are parallel to the forces 
which are the tensions of the strings and tin 
suspended weight. 

The angle CAB is 30°, the angle ABC it 
90°, hence 

BC^AC, AB—J^BC. 

Therefore tension in A C : suspended weigh' 

=AC:AB~? S ; 


tension in A C= - 7 - x 54 lbs. — lb x /3 lbs. 
v« 


And tension in Al) : suspended weight =BC : AB- 




or, 


tension in ^4 7)=-^ x 24 lbs. — 8 x /3 lbs. 
v® 


Ex. 3. Three forces whose magnitudes are 3, 6 and 9 lbs., act at £ 
point in the directions of the sides of an equilateral triangle taken ir 
order, til id their resultant. 





B 0 c 

Fig. 26. 


By the triangle of forces, the forces 3, 3, 3, in the 
assigned directions are iii| equilibrium, they iua^ 
therefore be removed. * 

There are left forces of 3 and 6 lbs. acting a t ar 
angle of 120°. 

Their resultant is therefore 3 */3 lbs. 
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EXAMPLES. XI. 

1. Three forces acting at a point are in equilibrium; the greatest 
forco is 5 lbs., the least 3 Tbs., and the angle between two of the forces 
is a right angle. Find the other forco. 

2. Three forces represented by the numWs 1, 2, 3, act on a 
particle in directions parallel to the sides of an equilateral triangle 
taken in order; find their resultant. 

3. A weight of 10 lbs. hangs fastened to the ends of two strings, 
the lengths of which are 3 and 4 feet, the other ends of the strings 
being attached to two points in a horizontal lino distant 5 feet from 
each other; find the tension of each string, 

4. Three forces cannot be in equilibrium if the 8 urn of any two is 

less than the thiftl • 

5. At what angle must two equal forces act so that their resultant 
may equal each of thorn ? 

G. If three forces i J , 1\ (J act at a point in directions such tlmt 
each force is equally inclined to the directions of the other two, find 
their resultant. 

7. A body is acted on by three forcos, one of 2 lbs. due west, one of 
4 lbs. north-east, and one of 2 \ n l lbs. due south , find their resultant. 

8. When two of three forces in equilibrium arc given in magnitude, 
the third force increases as the angle tietweeu the first two forces 
diminishes. 

9. Give a geometrical construction for resolving a forco into two 
others inclined at a given angle, one of which is to be of gfven 
magnitude. 

10. A weight of 10 lbs. is supported by two forces, one of which 
is horizontal and the other inclined at 30* to the horizoif. Find tlio 
forces. 

11. Forces of 5 lbs., G lbs. and 7 lbs. acting at a point are in equi- 
librium; find the cosines of the angles between them. 

12. A machine of B tons weight is suw>orted by two chains, ono 
being inclined 20° and the other 73° to the horizontal ; find' the pulling 
forces in the chains. f # 

51 a. Having givm that the direction of the resultant of two forces 
is that of the diagonal of the parallelogram of which the lines repre- 
senting the forces form two adjacent sides, we may prove that this 
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diagonal represents the resultant in magnitude also in the following 
manner. 



Let OA and Oil represent two forces, then assuming that the 
direction of their resultant is that of 0(7 wo have to show that its 
^magnitude is represented hy OC. Produce CO to I) so that 01) re- 
presents tho magnitude of the resultant. Complete the parallelogram 
A ODE. Join OK 

Then the forces represented hy OA t OB and OI) are in equilibrium, 
bonce OB is in the same line with the resultant of the forces repre- 
sented by OA and OB ; but we are given above that OE, the diagonal 
of the parallelogram A ODK, is the direction of this resultant; hence 
B, 0 and K are in tho same straight line. 

Then since the figure A COE is a parallelogram, OC is equal to AE, 
and sir.ee the figure AO BE is a parallelogram, OJ) is equal to AE, 
therefore 0J> is equal to OC, which was to be proved. 

Ex. Five equal forces act oy a particle in directions parallel to five 
consecutive sides of a regular /wagon taken in order; find the magni- 
tude and direction of tho resultant. 

l»v the Polygon of Forces the resultant is represented by the line 
el ns the figure drawn from the starting point ; lienee it is equal to 
any one force and is para! lei to the last side. 

Notice that the converse of the polygon of forces does not hold good, 
since two polygons inav have their sides parallel atid yet not propor- 
tional. 

Ex. 1. Throe forces acting at a point are represented by adjacent 
sides of a regular hexagon taken in order; find their resultant. 

yl?u>. That diameter of the circum-oirclo which is parallel to the 
middle side. 

Ex. 2. Find the resultant of four forces oL4, 5, 7 arid 8 lbs., acting 
on a pafthdo, and represented in direction by* the successive sides of a 
square. 

An*. 3 lbs. bisecting the angle between the forces of 7 lbs, and 

8 lbs. 
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Ex. 3. In the hexagon ABCDEF \ the lines AD, DE \ EB, BC\ CF 
represent in magnitude and direction live forces acting at a point ; find 
their resultant. Arts. A F. 

Ex. 4. Taking an inch to represent in magnitude a force of 1 lb. 
weight, by means of an ordinary foot-rule and a diagram, find the 
resultant of the following forces acting at a point : 

3^ lbs. due E., 4 lbs. due S.E., 1 lb. due N.E., 6J lbs. due N. 

52. Resolution of a Vector into Components. 

A velocity may be resolved into two component velocities* 
in an infinite number of ways, for tlio straight line represent- 
ing the velocity may be the 
diagonal of an infinite number 
of parallelograms. Similarly 
a force oau be resolved into 
equivalent pairs of component 
forces acting at the point. 

I f the directions of the com- 
ponents are given, their mag- 
nitudes can be found at once. Q A 

Let OX, OY be the given Fio. 28. 

directions, OC the given vector. 

Through C draw OA, CB parallel to OF, OX respectively. 
The OA and OB are the required components. 

53. Resolved Part of a Vector. * 

In the important case when the directions OX , OF are 
at right angles, OA and OB are rect- 
angular components of 00) they are 
called the resolved parts of 00 in the 
directions OX, OY respectively. We 
see from the figure that the resolved 
part in any direction OX is represented 
by the projection of 00 on that direc- 
tion, that is, by OC co£60X. Similarly 
the resolved part OB in the direction 
OF is equal to OC cos COY, that is, 

00 sin COX. 
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64 . As an example of the resolution of a force into components 
take the case of the tuition of the wind on the sail of a vessel. *■ 

First resolve the force exerted by the wind into a component R 
perpendicular to the sail and another com- 
ponent along the sail, the latter component 
will have no effect. Next resolve It into 
components P and Q in the direction of the 
length of the vessel and perpendicular to it 
respectively. 

The coinjmnent Q produces merely a 
slight broadside motion called leeway, the 
component P causes the vessel to move in 
the direction of its length. We easily see 
that by setting the sail so as to be nearly parallel to the direction of 
the wind the vessel may be made to go in a direction nearly opposite 
• to that of the wind, neglect ing the effect of leeway. 

55. Resultant of any number of Velocities. 

When a body has several simultaneous velocities in 
Afferent (fireetions its resultant velocity may be found : — 

(i) By repeatedly using the parallelogram of velocities, 
viz., by finding the resultant of two velocities and then the 
resultant of this and a third velocity, and so on. 

(ii) By the Polygon of Velocities. 

(iii) A third method 1 given in Art. 57. 

It is sometimes useful to remember that since the diagonals 
ofjx parallelogram bisect each other, the resultant of two 
Velocities OA and OB is 2 . 0D, where D is the middle point 
of AB. 

56. The Resolved Resultant equals the sum of 
the Resolved Components. 

Consider any number of component vectors acting in 
lines which pass through a point, for example, any com- 
ponent forces acting on a particle. From Art. 47, if lines 
are drawn in order representing the component vectors, the 
line whi^h closes the polygon represents the resultant vector. 
Fig. 31 is a vector polygon for three components represented 
by PQ, QR, RS and the resultant is given by PS. Let AB 
be any given direction in which the vectors are to be resolved. 
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Now from Art. 53 the resolved part of any vector along AB 
is represented by the projection upon A B of the corresponding 
side of the polygon. From the figure we have 

pq + qr 4- rs = ps. 

Hence the sum of the resolved parts of the components is 
equal to the resolved part of the resultant in the same direc- 
tion. Fig. 32 represents another case of three component 
vectors and their resultant, resolved along any given direction 
AB . Here the component vectors have the directions PQ, 
QR , RS ; hence the resolved parts (which are also vector* 



quantities) have the directions pq, qr , rs . In this case pq , qr 
are in one direction along AB , while rs is in the opposite 
direction; if the former are called! positive, rs is negative. 
The algebraic sum of pq , qr and rs is equal to ps. 

The resolved part of a vector along a lino is also a vector ; 
hence in forming the sum of the resolved components «fiong* 
any line, account must be taken of the direction of each along 
the line. The argument may be extended to any number of 
component vectors acting through a point, and we obtain the 
general theorem stated above. 

57. Third method of finding the Resultant Ve- 
locity. 

If a is the inclination of a velocity V to OX, then we 
have by the precedii^f; * . 

resolved part of V along OX = projection of V on OX = V cos a, 
0F=*... OFs=Fsina. 
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Tf there are several velocities F , V', ... whose inclinations 
to OX are a, a', the components of the resultant _R are 



F cos ex + F ' cos a + = X, 

Fsin a -f F' sin a + = Y. 


Also t R ~ +"F\ 

Tf 0 be the angle which 7^ makes with 0A% 


_ F __ V sin a + V' sin a + . . . 
A Fees a + F' cos a' + ... * 


Ex. 1. Find the horizontal and vertical components of a velocity 
of r feet per second when inclined at an 
angle (i) of 30°, (ii) of 45% (iii) of G0° to 
the horizon. 

Lot AC represent tlie given velocity 
in the three ca*<vs ; draw CD perpen- 
dicular to J/>, AD and DC represent 
the required components. 

(i) When BA C is 2H)\ Thoangl oACD 
is GO", and ADC is half an equilateral 
triangle, hence 

AI)-^AC, DC— hAC-, 



and the components are 


>/? v 4 r 
2 ’ 2 ' 


(ii) 


When HA C is 4; 

AD 


. The angle A CD is also 45% hence 

7i AC ’ :K Af'- 

7°- ’■ 7\ Vm 


the conn* incuts are 
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(iii) When liAG is 60°. The angle ACD is 30°, anti 
AI)=\AC, !)('-= J O ; 

/3 

the components are J F, - * F. 

Ex. 2. Two velocities v, and v 2 in the directions OA and OB include 
an angle of 30°, find the resolved part of 
their resultant . along a line which makes 
an angle of 6*0° with the direction of OA 
and 30° with the direction of OIL 

Drawing periJOtidiculars from A and IS 
on the given line Ol) we s<w as before, since 
the angle between 0A and 01) is 0(>°, 

the resolved part of i\ along 01) is J ; 
and since the angle between OB and OD is 
30°, the resolved part of v 2 along OD is v 2 . 

Hence resolved part of rnfil taut — sum of resolved parts of OA and OB 

* 

Ex. 3. Velocities of 0, 7, and 8 feet per second are possessed by a 
body in directions making angles of 120* with each other; iiml their 
resultant. 



R 

Ftg. 36. 



Take for the line OX of Art. 5 7 the direction of the velocity of 
fl feet per second. Let OQ and OR represent the other two velocities. 
Draw QAf and RN perpendicular to A O produced. 


Then since J , 

Q0X=nQ% Q0M=m°, R0X= 120", BOX =60°* * 

the components along OX are * w 

OP, t U)Q, 
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The components jierpendicular to OX <ire 


s/3 




V3 


on. 


Tho negative; sign denotes as usual that a lino is measured either to 
the left or downwtrda. 

The component of the resultant along OX is therefore 
0P-\0Q-\01l~1>-l-l=* - 2 . 

The component of the resultant perpendicular to OX is 


f (7-«)- 

If OS be their resultant, 


v'3 
2 * 


aS r2 = J + j-3 or 0S-J9. 

'The resultant velocity is one of >/3 feet per second in the direction 
indicated in the figure. 


Ex. 4. Four equal velocities each of magnitude u acting at 0 make 
angles «, ft, y, 8 respectively with a line OA , such that 

cos a— J, cos cosy = — 4, ce,s S -= — ■& . 

Find tlie resolved part of their resultant along OA. 

Tho required sum is 

n \ J +« x j - u x l - n x £ ■= - — v— — $}u. 

Or a velocity of magnitude Ji u in the direction AO. 

EXAMINES. XII. 


1. Find the components of a velocity of 30 fw+. per second resolved 
along two lines inclined at angles of 30“ and 60° respectively to its 
direction on opposite sides of it. 

2. A bodv has a velocity of 40 feet per second in a direction which 
makes an angle of 4o” with tho horizon ; find the horizontal and vertical 
components. 

3. A boat is rowed across a river, flowing with a velocity of 3 miles 
an hour, so that the direction in which it is rowed makes an angle of 

with either bank. If the velocity with which it is propelled be 
8-8 feet per second, show that it will reach the other bank at the point 
immediately opposite that from which it started. 

4. A boat is rowed across a river which t fT jws at the rate of 2 miles 
per hour/ If its breadth be 300 feet, find how far down the river the 
boat will reach the opposite bank below the point at which it was 
originally directed ; the boat being propelled at the rate of 6 miles an 
hour. 
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6. Three velocities 12, 15, 24 are inclined at angles of 30% 45°, 120“ 
respectively to a given straight line ; find the sum of their resolved 
parts along and perpendicular to it. 

6. A point is moving with a velocity of 3 feet per minute along 
the diagonal of a square which is itself moving with a velocity of 4 feet 
per minute parallel to a side. Find the actual velocity of the point. 

7. A ship is sailing due south at the rato of 4 feet per socond ; a 
current is carrying it due east at the rate of 3 feet per second, and a 
sailor is climbing up a vertical mast at the rate- of 2 feet per second. 
What are the velocities of the ship and the man ? 

8. Four velocities of 30, 40, 50, and 60 feet per second make angle* 
of 30% 90% 120% 150° with a given line. Find their resultant. 

9. Two velocities u and v make angles a, ft with a given straight 
line ; show that their resultant is 

V v? -f v* 4* 2 nv cos (a — j8), 

10. Three velocities p, q, r make angles a, ft y with a given straight 
line ; show that their resultant is 

[p 2 +q 2 + r 2 -f 2 pq cos (a — ft) + 2 qr cos {ft - y) -f ~P r coh (a - y)]^. 


58. Resultant of any Number of Forces. 

As in the case of velocities we» may find the resultant 
of any number of forces acting at a point in either of the 
following ways; viz., by use of 

(i) repeated applications of the paral lelogram-law'* 

(ii) the polygon of forces, 

(iii) resolving the forces along two lines at right angles 
and then compounding the forces acting in these lines, see 
.Art. 57. 

The following examples show the application of the third 
method. 

Ex. 1. The directions of three forces, acting at 0, of 2, 3, and Mbs. 
make angles of 30% 45% and 60° respectively with a line OA , find their 
resultant. 

Let OP, OQ and OR represent the forces, we resolve aloug and per- 
pendicular to OA. 
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*/3 1 

The components of OP along OA and OB are 2 x ~ , 2 x j , p. 59. 


OQ 

3 *ji- 3+ js 

OR 

5 *I> 5 *ir- 



Hen co the 
spoctively are 

* f 


resolved ]>arts of the forces along OA and OB re- 


*/3+~ + - 5 


V2 




Therefore the resultant is 


- 1 V 1 52j40;>3 + 4^^+^) 
- 9*8 lbs. nearly. 


2 


, 3'ix. 2. A particle is acted on by three forcer, of J\ 2J2P, 3^2 Plbs., 
thcvingles lm tween the first and second, and the second and third being 
4fV J and 90° respectively; find the resultant. 



Fig. 38. 


Tt shortens the work if wc resolve the forces 
along and perpendicular to the directions of one of 
the forces themselves, let this be the force P. 


Let X bo the sum of components of all the 
forces in the direction of P, and Y be the sum of 
components of all the forces perpendicular to P. 


Then AW*+ 2 J2P x i - 3 «/ 2 ^’ x ^ 2 = °> 


I, 


r~S * 2P x +3 S /2P x - 7 £ - 


&P. 


Thus the resultant is perpendicular to the force P , 
and equal to the weight of 5P lbs. 
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EXAMPLES. XIII. 

1. Throe equal forces each of 2 lbs. weight act on a particle. The 
angle between the directions of the first and second is 30°, between the 
second and third is G0 Q . -Find their resultant. [Resolve the second 
force.] 

2. A particle is acted on by three forces, one of 2 lbs. east, one of 
2 lbs. north, one of 2 ^2 lbs. north-west. Find the resultant. 

3. Three forces act at a point, the angle between the first, and 
second is 90°, and between the second and third is GO 1 . The second 
and third forces are each equal to F and the first is N '3/* T . Find the* 
resultant. 

4. Forces of 1, 2 and v'3 pour dais act at a. point O in flic directions 
OA, OB and <)C ; the angle AOB is 60°, and the angle A 00 is 90“, find* 
the resultant. 

f). Find the resultant of the following forces acting on a particle: 

lbs. due E., 4 lbs. duo S.K., 1 lb. duo N.E., lbs. due X. 

» * 

6. Four forces of 12, 10, (J and 8 lbs. weight act on a particle. The 
angle between the first and second is 30”, between the second and third 
120% between the third and fourth 90 J . Show that the components 
along and perpendicular to the direction of the first force are 

8 + 2 V3 lbs., 8-4 v /3 lbs. 

7. In the quadrilateral A HOD the forces represented by AB> HI) 
and DC have the same resultant, as tliofte represented by AD, DH and 
BC \ the forces being supposed to act at a point. 

8. Forces aro represented by the radii of a circle drawn to the 
angular points of a regular inscribed polygon, show by the Poly go tf of 
Forces that these forces are in equilibrium. 

9. ABC, A'B'C' are 1 wo triangles in one piano, show that a hexagon 
can be constructed each of whose sides is equal and parallel to one of 
the sides of the two triangles. 

10. Forces acting at a point are represented by the sides A /I, BC } 
CD and the diagonal DB of a square, find the resultant force. 

11. A BCD is a parallelogram, show that the resultant of two forces 
represented by A 0 and DB is represented by 2AB. 

12. Forces of 2, 5 and 8 lbs. act parallel to consecutive sides of a 
regular hexagon taken in cycler ; show that the sum of their confJx*ients 
parallel to the middle force is one of 10 lbs. 

13. A BCD is a square and forces acting at a point are represented 
in magnitude and direction by AB, 2 BC, 2 CD and 3 DA, what line 
represents their resultant ? 
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14. Six forces act at a point parallel to the sides of a regular 
hexagon taken in order, the forces being of 3, 4, 6, 8, 10, and 11 lbs. ; 
find their components parallel and perpendicular to the first force and 
show that their resultant is 1 1 lbs. 

15. Forces P, Q, R, S acting at a point 0 are represented in 
direction by the sides AB , BO, CD, DA of a square taken in order. 
Find the magnitude of their resultant. 

16 . Forces P, <?, It act at a point and are parallel to the sides of 
an equilateral triangle taken in order. Find the magnitude of their 
resultant. 

• 

17. Tho angles between the directions of three forces in equilibrium 
are 120°, 150°, 90°, find the ratios of the forces. 

• 18. Three forces respectively equal to 10 lbs. wt., 10 lbs. wt. and 

IOa/ 2 lbs. wt. are in equilibrium, find the angles between their directions. 

19. Forces of 3 and 3 */3 lbs. wt. act at a point, the angle between 
them being lf>0 u , fmd their resultant force and its inclinations to them. 

20. Two forces of 3 lbs. and 4 lbs. wt. respectively, act at an angle 
of 60°. Find the sines of the angles their resultant makes with them. 

21. A heavy particle is held at rest by means of two strings attached 
to it, one of which is horizontal. If the tension of one string is double 
that of the other, find the inclination to the vertical of the string which 
is not horizontal. 

59. Relative Velocity. 

Let two bodies A and B be moving in different directions, 

. and with different velocities a and v. 

* 

The velocity of either viewed from the other will appear 
to be different both in magnitude and direction from either 
u or v. # 

To determine the motion of B as seen from A. 

Apply to each body a velocity equal and opposite to that 
of A. 

The relative motion will be un- 
changed, but A w ill be brought to 
rest, and B wiilhave a resultant velo- 
city along BO, i.e. B as seen from A 
will appear to move with a velocity 
represented in magnitude and direc- 
tion by BC, 


C 

.'V 




B 


A 

Fio. 39. 
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Thus in all cases tlie relative velocity of a point* B, with 
reference to a point A, vis found by combining with the 
velocity of B a velocity equal and opposite to that of A . 

Ex. 1 . A ship is steaming due south with a velocity of 10 knots, 
while another is steaming north-east at the rate of 15 knots. Find 
the velocity of the second ship with reference to the first. 

Let a velocity equal and opposite to that of the first bo given to 
each vessel ; the first is brought to rest and the second has two 
velocities ; viz. 

a velocity of 10 knots northwards, 

.. 15 knots north-eastwards. 

The included angle is 45°, hence the resultant is 

Vl00 + 225 + 150 knots, or 23 knots nearly. 

Ex. 2. A ship is sailing due north at the rate of 7 miles an hour ; 
in what apparent direction, as seen from the ship, and with what 
velocity must a man run on its deck that his actual direction may 
be due west and his actual velocity 7 miles an hour? 

If the ship be brought to rest, the man will be moving duo west 
with a velocity of 7 miles an hour, he has also a velocity of 7 miles an 
hour south. His apparent direction is therefore south-west and his 
relative velocity 7^2 miles an hour. 


EXAMPLES. XIV. 

* 

1. A. railway train moving at the rate of 30 miles an hour passes 
another moving at the rate of 5 miles an hour in tho same direction. 
Find the apparent velocity of tlio first train from tho second train. 

2. If the trains in tho last question arc going in opposite direction!* 
find the apparent velocity of either viewed from the other. 

3. A train moving at the rate of 00 miles an hour if struck by a 
stone moving at right angles to the train with a velocity of 33 feet per 
second. Find the magnitude of tho velocity with which tho stone 
appears to strike the train. 

4. Two straight lines of railway contain an angle of 60° ; twe 
engines run, one on each line, each from the point of intersection ol 
the lines at the rate of 30 miles au hour, rind the magnitude ol 
their relative velocities. I ^ 

5. A ship is sailing north-east with a velocity of 10 miles ah hour, 
and to a passenger on board the wind appears to blow from the north 
with a velocity of 10 ^2 miles an hour. Find the true velocity of the 
wind. 
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6. The velocity of a ship iu a straight course is 8^- miles per hour, 
a ball is rolled across the deck perpendicular to the ship’s length with 
a velocity of 3 yards in a second, show that it will pass over 5 yards in 
one second nearly. 

7. A steamer is going due north with a velocity r, the smoke 
from its funnel points $ a south of east. If the wind is due west find 
its velocity. 

8. A cricket-ball is moving in the line of wickets with a velocity of 
30 feet per second and is struck by a blow which had the ball been at 
rest would have sent it with a velocity of 40 miles an hour at right 
angles to the line of wickets. In what direction will it go? 

• 9. A company of soldiers is marching along a road at the rate of 

3 miles an hour, the column is 3 yards wide and there is just room for 
one man between two consecutive ranks. A man crosses over from 
one side of the column to the other walking at the rate of 5 miles an 
%)ur. In what direction docs he walk and how long does he take to 
cross over? 

10. Two men A> Jl walk along two straight paths at right angles 
to one another with velocit ies of 8 feet per second and 0 feet por second 
respectively. « A passes the intersection of the paths at the instant when 
B has still TOO foot to go to roach it. After what interval of time will 
the distance between A and B be again 100 feet ? 

31. Two motor cars arc moving uniformly on two straight roads 
perpendicular to each other at 40 and 20 miles per hour respectively. 
At a certain instant they are both 5 miles from the point of intersection 
of then 1 paths and are moving towards it; how much time will elapse 
before they are at their shortcut distance from each other, and what is 
that shortest distance? 

60. Motion down an Inclined Plane. 

A& an example of the resolution of forces take the case of 
a body which falls down a smooth inclined plane. 

The forties acting on it are its weight W which is vertical 
and the reaction of the plane R which is per- 
^ pendicular to the piano. 

W may be resolved into two components 
at right angles to each other, 

W cos a perpendicul|r to the plane, 

* • TFsin a along the pllme. 

The force W cos a is* balanced by R f hence 
W cos a —12, 
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because there is no motion perpendicular to the plane; 
there remains a force W sin a or mg sin a along the plane. 

The acceleration alone the plane is therefore 

m 

or g sin a, Art. 35. 

If v is the velocity gained by falling down the plane a 
distance s, 

v* =- 2r/sin a . s Art. 19 

“V‘» 

where h — s . sin a = vertical height fallen through. 

Hence the velocity gained by falling a vertical height A, 
is always the same, whatever the inclination a of the plane 
may be. 

Kx. Two bodies, one on each face of a doublo inclined plane, are 
connected by an inextensiblo string, which passes over the \wrtox; to 
find the motion. 



Let T be the tension of the string and P and Q the weights of the 
bodies, /the acceleration of each body along the plane. 

Suppose P to be the body which descends and Q that which ascends ; 
the forces on the bodies along the planes in the direction of motion are 


Therefore 


hence 

or 


P sin a - T and T - ty sin ft 
— /-= i 1 sin a - T, 


2f=T-Q»mp; 

9 J 

f~- P s i Q a - 9 sin ft 
Pain a- $nin/3 


/- — 


p+y 


9- 
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61. Motion down Chords of a Vertical Circle. 

Let a body whose mass is m slide down a chord AP of a 
circle in a vertical plane, starting from A 
the highest point. Let the angle which 
AP makes with the vertical be 0 . 

The force acting on the body in the 
direction of AP is mg cos 0. 

The body’s acceleration along AP is 
therefore g cos 0. 

Hence if the body starts from rest at A 
and takes a time t to reach P 



AP — lgcosO.t 2 . 

But AP = AB cos 0, 

AB cos 0~%g cos 0 .t 2 , 

2 AB , . /2 AB 

or t* = , and t = \/ . 

9 V g 

Thus the time taken to reach P does not depend upon 
0 and is therefore the same for any other chord drawn 
through A. % 

We thus see that the time taken by a body to slide 
down any chord of a vertical circle starting from the highest, 
point is the same, and equal to that taken to fall freely 
through the distance AB , the diameter of the circle. 


EXAMPLES. XY. 

1. The sides of a quadrilateral are 1, 3, 5, 6. Forces of 2, 6, 9 and 
1 Si lbs. wt. respectively act on a particle parallel to the sides of the 
quadrilateral taken in order. Find their resultant. 

2. If the component of a force P in the direction OA is equal to 
that of y in the same direction, and if their components in another 
direction OB are also equal, prove that P fc equal to Q. 

ft. Three forces acting at one point are in equilibrium, one of them 
is turned round this print through a given angle, find the direction of 
the resultant of the Ihroe forces. 
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4. A train weighing 200 tons is running at 40 miles an hour down 
an incline of 1 in 20, find the resistance necessary to stop it in half a 
mile. 

6. A train ascends a gradient of 1 in 40 by its own momentum for 
a distance of J mile and then stops, the resistance from friction, etc. 
being 10 lbs. per ton and the weight of the train 250 tons, find its 
initial velocity. 

6. A stone leaves the top of a tower 320 feet high with the velocity 
acquired by sliding down an inclined plane (of inclination 30°) for a 
distance of 32 feet. Show that it strikes the ground about 111 feet 
from the foot of the tower. 

• 

7. Find what force a horse has to exert to prevent a railway truck 
weighing 5 tons from descending a smooth incline of 1 in 300. 

8. If the resultant of two forces PA , PB pass through a point Q» 
the resultant of the forces <JA y QB will pass through P. 

9. If the greatest possible resultant of two forces P and Q is 
m times the least possible, their inclination when their resultant is 

ra 2 4- 2 

* their sum is «, where cos a = - --7- - . ' * 

2 (wr-l) 

10. A weight is supported by two strings fastened to two points in 
the same horizontal lino, the strings being equally strong, but one 
rather longer than the other. If more weights be continually added 
to the first one which string will break first ? 

11. The resultant of two forcos of 12 lbs. and f> lbs. weight is 13 lbs. 
weight, what will the resultant be if fcHte forces receive an increase in 
Tnagnitude of 3 lbs. weight ? 

12. At what angle must the forces A + B and A — B act, in order 

that their resultant may be 4* 3 B l ? « 

13. A body P is attracted towards the points A and C the opposite 
extremities of the diagonal AC of the parallelogram ABQD bv forces 
proportional to PA and PC' respectively, and is repelled from B and 1) 
by forces proportional to PB and PD. Show that it is in equilibrium 
wherever P be situated. 

14. A heavy particle of weight W is supported on an inclined 

plane, whose inclination to the horizon is a, by 3 forces each equal to 
P tending upwards and acting respectively along the plane and making 
angles a and 2a with it. If sin a — £ show that P is equal to \\ W y and 
that the pressure on the A^ne is IF. ^ 

15. A system of forces acting on a particle is represented by 
straight lines in magnitude equal and in direction parallel to straight 
lines drawn fro m the angles 01 a quadrilateral to the middle points of 
each of the opposite sides. Prove that the forces are in equilibrium. 
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16. Resolve ;i force P acting along the diagonal of a given square 
into two components acting along the straight lines joining one end of 
that diagonal with the*, middle points of the opposite sides. 

17. A body starting from rest down an inclined plane describes 
40 feet in the third second, find the plane’s inclination. 

18. A weight of IF lbs. is drawn from rest up a smooth inclined 
plane of height k and length l f by means of a string passing over a 
pulley at the top of the plane and supporting a weight of w lbs. 
hanging freely. Prove that in order that IF may just reach the top 
of the plane, w must be detached after it has descended a distance 

t I V+yy hi 

w h+l* 

19. A and B are two fixed points on a circle, P a point on the 
i circumference, if two constant forces act along PA y PB , prove their 

resultant is constant in magnitude and passes through a fixed point. 

20. At the same moment two particles begin to slide down two 
smooth straight lines in the same vertical plane which slope towards 
the same direction and are inclined at angles 0 and <j> to the horizon. 
Show that each particle as seen from the other will appear to move 
parallel to a lino inclined to the horizon at an angle 0 + (p towards the 
same direction. 



CHAPTER IV. 


MOMENTUM, WORK AND ENERGY. 

62. Momentum. 

Suppose we observe a body of mass m which starts from 
rest and moves in a. straight line for a time i under the 
action of a constant force F absolute} units, attaining a 
velocity v at the end of the time; we know that the 
relation connecting these quantities is 

Ft ----- HIV (1 ). 

The product Ft is called the total impulse of F acting for a 
time t, hence the equation may bo written 

total impulse of a force - gain of momentum, 

both products being measured in the same absolute units 
of momentum. Conversely, if a mass m is moving with 
velocity v, equation (1) gives the time for which it will 
move before being brought to rest under the action eff a 
constant retarding force F. 

62 a. Conservation of Momentum. 

Consider the illustration which was used in Art. 41. A 
shot of mass m is projected horizontally from a gun of mass 
M ; the shot leaves the barrel with velocity v, while the 
velocity of recoil of the gun is V. The explosive force of 
the charge acts equallyjforwards on the shot and backwards 
on the gun for the safne time, hence the products ill^and 
mv are equal numerically. 

We may regard the gun and shot as forming one system ; 
then the force of the charge is an internal force giving rise 
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to equal action and reaction on two parts of the system, and 
during the time under consideration there is no external 
horizontal force acting on the system as a whole. Con- 
sequently there is no change of total momentum of the 
system horizontally ; remembering that the velocities V and 
v are measured in opposite directions, we have 

MV— mv — 0. 

This example is a simple case of a general principle which 
may be stated as follows : If the sum of the external forces 
acting on any system resolved in any direction is always zero, 
the total momentum of the system in that direction remains 
constant during the motion . 

Ex. 1. A hammer weighing 10 cwt. falls through 4 feet and comes 
to rest after striking a mass of iron ; the duration of the blow is ^ second. 
Find the pressure, supposing it uniform, which the hammer exerts upon 

the iron. A ns. 2800 lbs. wt. 

• 

Ex. 2> A gun of 16 tons mass fires a shot of 1 cwt. horizontally 
with a velocity relative to the muzzle of 1000 feet per second ; find the 
velocity of the gun's recoil. A ns. 3*34 feet per second. 

Ex. 3. Two bodies moving in opposite directions with velocities of 
8 feet per second and 10 feet per second impinge directly, and then 
adhering move with a velocity of 2 feet per second in the direction of 
the first body ; compare the trasses of the two bodies. A ns. 1 : 2. 

63. Energy. 

• We obtain now a similar relation involving the distance 
s instead of the time t If the mass m starts from rest and 
covers a distance s, attaining a velocity v at the end of this 
distance, *we know that v , s , and the acceleration a are con- 


nected by 

2 as ~ v\ 

Hence also mas — <2> 

But if F is the force acting on the body, we have 

F= ma J (3). 

flence Fs ~ ^ rnv 9 * .(4), 


both products being in the same absolute units. There are 
special names for both these products. 
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Fs is called the Work done by the force F when its point 
of application is moved a distance s in the direction of i\ 

is called the Kinetic Energy of a mass m which is 
moving with velocity v . 

Hence in this simple case we have the equation 
Work done =* gain of kinetic energy. 

Conversely, if we have a mass m moving with velocity v, 
equation (4) gives the distance for which it will move before 
being brought to rest by a constant retarding force of F ab- 
solute units. 


64. Units of Work and Energy. 

Unit work is done by unit force in moving the body on 
which it acts through unit distance in its own direction. 

In scientific measurements the c.G.S. units of length, 
mass, and time are used. The unit of work is. the Erg, 
which is the work done by a force of one Dyne moving its 
point of application through one centimetre ; if the amount 
of work is large it may be expressed in terms of the Joule, 
which is 10 7 Ergs. 

If in equation (4) we use English measure of the pound, 
foot, and second, then F must be in poundals, and the pro- 
duct Fs is said to be in fooL -poundals ; but this unit is not 
used in practice. 

To obtain the practical unit of work in English units »ve 
measure the force F in lbs. weight ; then instead of substi- 
tuting ma for F in (2) we have to use the relation 

32*2 

Hence we have 




W 


The English unit of work is the foot-pound, the work done 
by a force of one lb.-\*©ight moving its point of application 
through one foot in its own direction, 

We have then 

1 ft.-lb. — g foot-poundals 

= 32 ft.-poundals, approximately. 
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EXAMPLES. XYI. 

1. A man weighing 12 nfcono goes up a staircase of 30 stops so ae 
to rise ono foot vertically each step. How many foot-pounds of wort 
must ho do before reaching the top ? 

2. Show that the work done in raising 1 cwt. through a height o: 
10 yards is equal to the work done in raising L Jb. a height 3360 feet. 

3. Find the work dono in drawing up a Venetian blind, the nuxnboi 
of bars being 50, the distance Ixj tween each bar three inches, and the 
weight of each bar four ounces. 

4. Find the work done by a force which acts for two seconds on c 
body whose mass is m lbs. and gives it a velocity of 10 feet per second 
[Y'k — ma x J «f a .] 

5. A gnu whose weight is one ton is drawn 100 foot along the 
ground ; if the resistance due to the roughness of the ground is jfotl 
of the weight of the gun, find the work done against the resistance. 

65. Work of Component Forces. 

Given a mass m under the action of two component forces 
meeting at a point it will move 
as if under the action of a single 
force R making angles a, ft with 
P , Q to be determined by means 
of the parallelogram law. Let the 
'body start from 0 and move z 
distance s along the line of R ; ir 
the figure we have QO eipial to a 
and CM, ON ' perpendicular to the 
lines OP, OQ. 


Work done in displacement = work of resultant force JB 

- Rs 

= (1 ' cos a 4- Q cos ft ) . s 
= P,s cos a + Q . a* cos ft 

^P.oh + Q.ON. 

If we define the products P x OM and Q x ON as the 
work done by the component forces in the actual displace- 
ment, we shall have 

Work of resultant force B=sura of works of components P, Q 



Then ^ve have 
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Definition, The work of a force 
when its point of application is 
moved a distance S in any direction 
is the product of the force into the 
resolved part of the displacement in 
the direction of the force. 


P acting on a body 



If the displacement is in the same lG * 

line as the force but in the opposite direction, the work done 
is said to be negative ; or, work is done against the force. 


If the point of application is moved at right angles to 
the force, then no work is done either by or against that 
component force. 


66. Work done in falling down Inclined Plane. 

When a body falls down a smooth inclined plane, the 
resistance of the plane being perpen- 
dicular to the plane does no work. Art. 

65. 

The work done by gravity is equal 
to W.h, where W is the weight of the 
body and h the height of the plane, since 
h is the projection of the displacement on th direction of 
gravity. 

Hence the work done in descending an inclined plane 
depends only on the weight of the body and the height* of 
the plane. 

67. Another Expression for Work done / 

From Art. 65 we see that the work 
done by a force F is Fx AG, when its 
point of application moves a distance 
AG in the direction of F. 

Let AP represent the force and AB 
the displacement, dr eft BC perpendicu- 
lar to AP and PQ perpendicular to AB 
produced. 

Then B r G y P , Q are four points on the same circle. 


P 



A B Q 

Flu. 40. 



Fki. 45. 
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Hence AP x AC -- A/? x AQ. Euc. ill. 36. 

But 4Px A C, or Fx A C , is the work done, also AQ is 
the component of F in the direction of the displacement, 

hence work done is -= displacement x component of F in 
the direction of the displacement. 

68. Work of Resultant equals sum of Works of 
Components. 

By the previous Article, when any number of forces act 
at a point which undergoes a displacement, the total work 
done 

displacement x (sum of components of forces in direction 

of displacement) 

— displacement x component of resultant of the 

forces in direction of displacement 

— work of resultant of the forces. 

60. Principle of Virtual Work. 

If, in the last Article, the resultant is zero, or the forces are in 
equilibrium, wo see that the total work done by the forces is zero. 

When the displacement is not actual but it is merely supposed that 
the point of application of the forces receives a displacement, the work 
done by any of the forces is said to bo virtual , and the displacement is 
culled a virtual displacement. 

The Principle of Virtual Work states that when a set of forces is 
in equilibrium the algebraic sum of the virtual work of all the forces is 
zero, the forces being supposed to remain the same during the displace- 
ment. To secure, that the forces may not sensibly alter during the 
virtual displacement it is usually taken very small. 

The displacements are taken so that the work done bv the forces 
which wo do not wish to fmd does not appear, for instance if we take 
the displacement of a rigid body such that the distances l>ctween its 
particles are not altered, the internal forces (see Art. 78 ) will do no 
work. If the displacement consists of a small rotation round any 
point in the plane of the body, it is easy to see that, if the forces are 
in equilibrium, we thus get the equation of moments round the given 
point. f \ 

70. Rate of Work. 

4 

The total actual work Fs performed by F in a displace- 
' - ment « in its own direction does not depend upon the time 
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taken to do it, but if we suppose it to be performed uni- 
formly in a certain time t, we obtain the rate of doing work, 
namely 


Fs 

t 


or Fv units of work per unit time. 


The* rate of work is sometimes called the Power or the 
Activity of the agent or machine which supplies the 
operating forces. 

In the O.GLS. system the unit of Power is the Watt, or 
one Joule per second; that is • 

1 Watt = 10 7 Ergs per second. 

In English units, we have the unit of a font-lb. peri 
second. One Horse Power is defined as foot-lbs. per 

minute, or 

1 ll. i\ = 550 foot-lbs. per second. 


Kx. 1. A train of 100 tons is pulled by a locomotive on the level 
at a constant speed of 30 miles per hour, the resistance amounts to 
1 5 lbs. per ton. Find the minimum horse- power of the engine. 

The resistance to motion is 1500 lbs. ; and *, speed of 30 miles per 
hour is 44 feet per second. 


Therefore the rate at which the engine works is 1500x44 foot- 
pounds per second. • 

ii . . , . 1500x44 

lienee minimum horse-power is — , or 120. 


Ex. 2. If the train described in the last example be m<>ving«at a 
particular instant with a velocity of 15 miles an hour, what is the 
acceleration at th it instant ? 


Tho engine is doing 120x550 foot-pounds of work per second, while 
the train is moving at the rate of 22 feet per second. 

Therefore tho force of the engine, or is hero equal to 

V 22 

pounds’ weight, or 3000 lbs. weight. 

Of this 1500 lbs. weight is needed to overcome the resistance, hence 
the remainder 1500 lbs. wjti^ht is the effective force, 

therefore effective force is 1500 x 32 poundala 


acceleration 


1500x32 _ >500x32 ^ 3 

mass of train ~~ 2240 x 100 14 * 


J. 


6 
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EXAMPLES. XVII. 

L The mans of a complete train is 60 tons, and the resistance 
to its motion equal to 20 lbs. weight per ton. The locomotive has 
240 horse-power ; what is the highest speed the train can have? 

2. An engine is required to raise in 4 minutes a weight of 12 cwt. 
from a pit whose depth is 600 foot. Find the horse-power of the 
engine. 


3. An engine draws a train weighing 06 tons at the rate of 15 miles 
an hour, the resistance to the motion of the train amounting to 8 lbs. 
jjcr ton, find the horse-power of tho engine. 

4. Determine the rate in H. i\ at which an engine must be able to 
work to generate a velocity of 30 miles an hour on the level in a train 

► of mass 60 tons in 3 minutes after starting, the resistance to motion 
being 10 lbs. per ton weight. 

71. Kinetic and Potential Energy. 

* We have seen that a body of mass m moving with 
velocity v can do a certain amount of work, namely 
imv 2 absolute units, against a retarding force before it is 
brought to rest; thus kinetic energy represents capacity for 
doing work due to the motion of the body. 

But thero are other ways in which a body may possess 
energy, or capacity for d&ing work. If we raise a weight 
any height we can obtain work from it by allowing it to 
full under gravity ; again, if a spring is compressed we can 
obtain work by allowing it to unwind itself. In both cases 
there is a capacity for doing work due to the position or 
configurations of the bodies in question. Suppose in every 
case we cBoose some standard position or arrangement of the 
parts of the system ; then the amount of work which is done 
by allowing the system to move from any given position to 
the standard position is colled its Potential Energy in the 
given position. 

For example, the potential energy of a weight of w lbs. 
which has been raised h feet from«fflie Earth's surface is 
wh ftoVlbs., if wo choose the groAid as the standard 
position; for if the body is allowed to fall to the ground, 
' ta weight porfoquH ivh foot-lbs. of work. 
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Let u be the velocity of the body after it has fallen any 
distance x feet. 


Then since n a = 2gx, 

we have, identically, from this equation 

1 w ,, s , 

„ _ 4. w n h __ #) — 

2 // 


But the first term is the kinetic energy after falling x feet, 
and the second term is the potential energy at the same 
point; also the right hand side is the potential energy air 
the starting point. Hence we have at any instant during 
the fall of the body 

Sum of kinetic energy and potential energy 

= potential energy at the starting point 
= constant quantity during the motion. 


As the body falls its potential energy diminishes and is 
transformed into kinetic energy, so that the total energy 
is constant. 


72. Conservation of Energy. 

This example is the simplest case of an important general 
principle which may be stated thus: — If a body, or system 
of bodies, be under the action of forces which depend only 
on the position of the body, or system of bodies, the sum of 
the potential and kinetic energies is constant. 

Ex. 1. A body whose weight is 5 lbs. is thrown vertically upwards 
with a velocity of 32 feet per second ; find its kl. k., 

(i) at the moment of projection, (ii) after half a second, 
(iii) after one second. . * 

(i) At the moment of projection the velocity is 32, hence 

K. \ — v 2 = 80 ft.-lbs. 

§ 2 g 

(ii) After half a second the velocity is 16, . \ K- e. = 20 ft. Jbs. 

+ . ^ 

(iii) After one second the velocity if 0, ft. k.k.=»D. ^ * 
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Ex. 2. A ball weighing 0 lbs. is rolled on a floor with a velocity of 
8 feet, per second ; if the resistance of the floor to the motion of the ball 
is ^ tli of the pressure on it, how far will the ball roll ? 

If s bn the required distance, the work done against the resistance 
is {' u x</x s, and this is equal to the k.. i„ of the hall, lienee 

/ ; o x 32 x s -- 1 x 0 x S 2 ; 

. — 10 feet. 

Ev\ 3. A cannon-ball whose mass is GO lbs. falls through a vertical 
distance of 400 feet; what is its kinetic energy { 

The velocity acquired in falling through 400 feet is 1G0 feet per 
second 

. ■ . k. io. - ■ x GO x ( H 10/ 

— 76^000 ft.-poundals 

— 23851 ft. -lhs. 


EXAMPLES. XVI 11. 

1. A fourteen-ton gun on being tired recoils and is brought to rest 
by a uniform resistance equal to the weight of 3 tons. How far does 
the gun recoil, the velocity of the ball being 1200 feet per second and 
its mass 1 1 2 lbs. i 

2. A Kail wfiosc mass is 100 grammes is thrown vertically up- 
wards with a velocity of 9 m) centimetres per second; what is the 
kinetic energy of the body 

(i) at the moment of propulsion, 

(ii) after halt ^ second. 

(iii) after one sciondi 

3. A shot of 1000 lbs. moving 1 GOO feet per second strikes a fixed 
target ; how far \v»ll the shot penetrate the target which cherts upon it 
an average pressure equal to the weight of 1 2,000 tons? 

1. A ball whose mass is 10,000 grammes is discharged with a 
\oloeit£ of G000 centimetres per second; iind its K. o. in ergs. 

5. A lS,ll whose mass is 3 lbs. is mo\ ing at the rate of 100 feet per 
second ; what force will stop it (i) in 2 seconds, (ii} in 2 feet ? 

G. The mass of a fly-wheel is 1200 kilogrammes and the radius of 
its rim one metre. Supposing the whole mass concentrated in the rim, 
find the energy of the whool when making 7 turns a second. 

73. Work represented by an|Area. 

lji ^Article 21 we saw how to dnn>|a velocity-time curve 
which gave the space covered as an area; we proceed to 
consider in an exactly similar way a force -distance diagram 
winch will give the work done as an area. * 
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74. Constant Force. 

Given a constant force F lbs. wt. acting on a body and 
moving it through s feet, we 
know that the work done is 
Fs foot-lbs. Along a line OX 
take a length ON representing 
to scale the distance covered at 
any time from the start, then 
draw NP perpendicular to OX 
representing the force F in mag- 
nitude ; since F is constant $11 
the points P so found will lio 
on a straight line BO parallel to OX. This line is ihe - 
force-disfance curve in this case. Since CM =6*, and 
AO~F t then the area OAOB — Fs; thus the work done 
by F in the operation is represented by the area contained 
within the force-distance curve, the base line OX, and thp 
initial and final ordinates OB, AC. 

75. Uniformly increasing Force. 

Given a body acted on by a force which increases at a 
uniform rate with the distance moved by the body from the 
initial position ; that is if the force is F after the body has 
been moved a certain distance it? is 2 F after it has moved 
twice the distance, and so on. (Notice that in estimating 
work done we arc not concerned with the variation of the 
distance or force with the time, but with the dependence 
of the force upon the distance.) Suppose that at the be- 
ginning the force is zero, 
and that finally after the 
body has moved a distance 
s the force is F‘. 

Then we take OA re- 
presenting 8 to scale, and 
draw AO at right angles to 
represent F'. At any inter- 
mediate stage let (AAJ be the 
distance travelled and NP 
the corresponding value of 
the f8rce. 



I 8 ' 


Distance 


Fig. 47. 
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Then we know that PN increases uniformly with ON ; 
that is the ratio PN/ON is constant at all stages. Hence 
the cnd-poiuts P all lie on the straight line OO, which is 
consequently the force-distance curve in this case. 

Consider the work done while any small distance NN is 
covered; from Article 74 it is represented by less than the 
rectangle P f N and by more than the rectangle PN\ Now 
divide the whole distance s into small parts and draw' the 
similar pairs of rectangles. Then the whole work done is 
Jess than the sum of the outer rectangles and greater than 
the sum of the inner rectangles. 

SuppOvsing OA to be divided into increasingly smaller 
•parts, we see, as in Art. Id, that ultimately the areas of the 
two sets of rectangles both approximate to the same area, 
namely the triangle OA 0. 

Hence 

Work done in the displacement = area OAG 

— \0A x AC= \F's 
= i (final value offeree) x (total displacement)... (1). 

An illustration of this is to be found in an elastic string, or 
a spiral spring. It has been found that if such a string is 
stretched a distance sc beyond its natural length a, the 
tension or pull in the string is directly proportional to x 
(lip to the elastic limit of the string): tins is known as 
Iliitkes Law. Let T be the tension at any stage, then it is 
usual to write 

T - X l ( 2 ). 

where X is called the modulus of elasticity; X depends upon 
the material of the string and would be the amount of the 
tension if the string were stretched to twice its natural 
length, provided the law held as far. 

Then by (1) the work done in stretching a string (or 
similar •spring) from its natural length a to a length a + m 
is equal to 
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This amount of work could be obtained by allowing the 
string to contract again, consequently this expression gives 
the potential energy of a stretched elastic string. 

76. Variable Force in general. 

Suppose a body is moving in a straight line under^the 
action of a variable force and 
we can measure the force at a 
large number of positions during 
the displacement ; then plotting Y 
the force against the displace- 
ment for these positions we ob- 
tain a number of end-points 
which can be joined by a curve, 
giving a force-distance curve 
such as DPC. It can be shown q 
that in general the work done 
during the displacement AB is 
giveu b} T the area between the curve DPC , the base line A />, 
and the initial and final ordinates AD , BO. 

An example is an indicator diagram for a steam engine. 
Let AB represent the stroke of the piston. At any position 
JV on the out-stroke let PN represent the total steam pressure 



Q X 



i 

on the piston. Then the area DPC# AD represents the work 
done by the expansion of the steam. Let P'N represent the 
pressure at the same positjon on the return stroke; then 
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CV'DABO is the work which lias to he done against the 
steam pressure in the return stroke. 

lienee the work gained in one complete revolution is 
represented by the difference of these two areas, that is, by 
the area DPCP’D. ]f we ran measure this area and if we 
know the time of a revolution, we have the average rate at 
which work is being produced by the steam pressure. This 
is called the Indicated Horse Power; a certain proportion of 
this work is transformed into useful work, depending upon 
t-he efficiency of the engine. 


EXAMPLES. XrX. 


m 1. A spring is found to extend a, distance of Cy2 indies beyond its 
ii«it.iirnl length under a load of 20 lbs. Kind the work done in gradually 
.stretching the spring from its natural length to an extension of 3 inches. 

The tension in the spring is proportional to the extension, hence 
tl^e final tension for a gradual extension up to 3 inches is x 20 lbs. wt. 
The tension increases uniformly from zero up to tin's amount, therefore 
the work done is ^ x x 20^ x ^ ft. -lbs. - 1*2 ft. -lbs. approximately. 

Draw a work diagram, and obtain the additional work required to 
stretch the spring another inch. 


2. if a weight of 131 lbs.^st retches a spring 6 inches beyond its 
natural length, 1’rnd the work done ip gradually extending it from au 
extension of 3 inches to one of 7 inches. 


T A weight is lifted by drawing up a uniform rope attached to it; 
showHiow to draw a diagram representing 1 he work done against gravity. 

4. Est imate, by drawing a diagram, the work done in diminishing 
the distance* between two electrified particles (in air) from 8 cm. to 
4 cm., the charges being like and equal to 10, 20 units respectively. 
(The force of repulsion between two like charges m % m’ at a distance 
mm' 1 

r cm. --- - -a- dynes, m ai r . ) 

/•*- 


77. Units and Dimensions. 

To measure any physical quantity, ^vo must first choose 
some standard quantity of the same ki|d which we use as a 
unit; then the numerical measure is the ratio of the given 
quantity to the selected unit quantity. Thus if l is a given 
length and we clmohc a length L as unit, then the measure 
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of the given length is the ratio IjL . Similarly if t is a given 
time and Tthe unit of time, the measure of t is the ratio t/T; 
and if m t M are similar quantities for mass, the measure of 
the mass is m/M. We see that the measure of a quantity 
varies inversely as the quantity which is selected as a unit. 
In the measurement of all physical quantities the standard 
units for these three quantities — mass, length, and time are 
called fundamental units. For if we consider any of the 
quantities, such as velocity, force, energy, for which we have 
defined an absolute unit, we notice that in each case the 
only quantities referred to have been unit mass, unit length* 
and unit time. All those other units arc called derived 
units and we have to find how a derived unit varies when 
the fundamental units of mass, length, and time are altered 
in any given manner. 


Defining unit area as the square on unit length, we see 
that if L is the unit length, then £ 2 Is the unit area. „ 

Thus the unit area varies directly as the square of the 
unit of length, and the measure of area will vary inversely 
as the square of L . This is expressed shortly by saying 
that the Dimensions of area are (length/’, and this is written 
shortly as , To 

* A — / ; z 


Similarly the dimension*" of volume are written as 
Volume — L*. 


That is, the unit of volume varies as the cube of the unit/of 
length, and consequently the measure of a volume varies 
inversely as the cube of the unit of length. 

Unit velocity being defined as unit length described in 
unit time, it is clear that if the unit length is changed in 
any ratio the unit velocity is changed in the same ratio, 
while if the tmit of time is varied the unit velocity varies in 
the inverse ratio ; hence we have the dimensional equation 

* Velocity — y,. 

Unit acceleration ?s unit velocity, gained in unit time, 
hence we have 

. , , . velocity L 

j^ccele7*ctft'ion ~ . ~ — »v % 
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or the unit of acceleration varies directly as the unit* of 
length and inversely as the square of the unit of time. 

Unit force occurs for unit mass moving with unit 
acceleration, hence the unit varies directly as the unit of 
mass and the unit of acceleration; that is. 


ML 


Force = (mass) x (acceleration) — r ^ : - 


Simihirly, from the definitions wc have given previously 
of the several unit quantities we can write down the dimen- 
sional equations. 


Momentum » (mass) x (velocity) = 


MJ. 
T J 


MI? 


Entry y — work = (force) x (length) = — r ^ 


Power = 


w< >rk 
time 


MI? 
T» 9 


Instead of using a separate name for any derived unit 
with given units of mass, length and time it is often con- 
venient. to write the dimensions of the quantity; for 
instance 

Unit acceleration* in a.o.s. units, = 1 -55^1 

(sec.) 2 

Unit- force = 1 dyne = L '^ l - — , 

J (sec. V 

, ill 11 ‘ - ft - 

1 poundal = 1 , 

r (sec. )“ 


Ex. 1. A certain acceleration has as its measure 11 when 4 feet 
and f) seconds are taken as units, find its measure in foot-second units. 

Lot x lx* the measure m the now units; then since the quantity is 
tlio same whatever the units, we have 

ft. _ , 4 ft.« 

(sec.)* 4 (t> see.^* 

JHi (sec.)* * 
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Ex. 2. Compare the values of the two units of force, a poundal 
and* a dyne, given 

1 Ih. - 43359 gr. ; 1 ft. - 30-48 cm. 


We have 


x cm. _ 1 lb. -ft. _ l (433-59 gr.) (30 48 cm.) 
(sec.) 2 (sec./ (see.) 2 


= 1 3825 


gr. cm. 
(sec.) 2 ’ 


approximately. 


. ■ . 1 3823 dynes 1 poundal. 


EXAMPTiES. XX. 

1. What is the measure of a velocity of ono foot per second when 
a yard and an hour are the units of length and time respectively ? 

2. Find the measure of the acceleration of gravity when the units 
of length and time are a mile and a minute. 

3. If the weight of a lh. is the unit of force, a velocity r»f one yard 
per second the unit of velocity, the mass of 4 lbs. the unit of mass, find 
the units of length and time. 

4. The units of length and time being the same as in question J, 
find the measure of a poundal, the unit mass being one lh. 

5. Having given that the centimetre is •39.37 inch and the gramme 
weighs 0022046 lb., find the measures of the dyne and erg in foot-lb. - 
socond units. 

6. The unit force being the weight of a ton, the unit acceleration 
that due to gravity, the unit velocity that of a body which has fa]fcn 
from rest 6 seconds, find the units of mass, length and time. 

7. If the unit of mass is the mass of a ton, the unit of momentum 
that possessed by one lb. moving at the rate of one mile per hour, find 
the unit of velocity. 

8. If ono poundal is the unit of force and one foot-sec. the unit of 
velocity, show that there are as many lbs. in the unit of mass as there 
are seconds in the unit of time. 

9. The mass of n lbs.J n feet and n 2 seconds being taken as units, 

show that the unit force is ohe poundal. • # 

4 

10. The unit of work is that required to, raise a ton weight through 
a vertical distance of 10 feet, the velocity of 10 miles an hour is the 
unit of velocity, find the unit of mass. 
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EXAMPLES. XXI. 

1. "Kind the ii.r. of an engine able to drive a train of 100 tons on 
a level lino on which the resistance is of the load at a speed of 
30 miles an hour. 


2. A uniform india-rubber cord has a length of 27 inches under a 
tension of 4 Ihs. weight and a length of 23 inches under a tension of 
2 11 is. weight. Calculate the work done in stretching it from its 
natural lenglh to a. length of 30 inches. 

3. The total msistfinee to a ear with the brakes on is y \- of the 
f weight of the. car; ,->how that the car, when running at 8 miles per 

hour, can be stopped in about 1 1 .1 yards. Show also that, if the 
ordinary resistance is of the weight,, each stoppage by the brakes 
and recovery of the previous speed of 8 miles per hour adds to the 
* work of traction an amount approximately equal to 181 foot-pounds 
per owt. of the car mass. 


4. A straight, rod A( 7? without weight has two particles of equal 
weight fastened to it, one at the end 77 and the other at the middle 
point (\ and the rod can swing about A. If it be held horizontally, 
and then allowed to suing, pro\c that the greatest velocity acquired 
by the end B will be the same ns that of a particle which has fallen 
freely from rest through a height— J of the length of the rod. 

5. Prove that a train of TP tons going lip an incline of 1 in m will 

(K'Hdiii) a vol<vity ( ^ <j t , and energy 



foot-tons after ( seconds from rest, P being the pull of the engine in 
toss, and li the resistance on the level m lbs. per ton. 

Tft. Find t he charge of powder required to send a 32 IK shot to a 
range of 2500 yanks with an elevation of 30 \ supposing the initial 
velocity is 1(»00 fc**t per second when the charge is half the weight of 
the shot, ahd that the initial energy of the. shot is always proportional 
to the charge of powder. 


7. Having given that an engine of 00 n.r. is required to drive a 
steamer 80 feet Jong at the speed of i) knots, find the II. i\ of an engine 
which will dine a similar steamer 210 feet long and similarly im- 
mersed at 18 knots, assuming that the resistance is proportional to the 
wetted surface and to toe square of the velofity through the water. 

8* lino string passes through two small fixed rings A and B in 
the satno horizontal plane and carries equal weights at its ends. If a 
thin! equal weight is attached to the middle portion A B of the string 
and w let go prove that it will descend to a dopth ~§AB below AB 
and then ascend again. 
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9. .Find the h.p. transmittal by a belt moving with a velocity of 
600 feet per minute passing round 2 pulleys, supposing the difference 
of tension of the two parts to be 1050 lbs. 

10. An inelastic pile of £ a ton is driven 12 feet into the ground by 
30 blows of a hammer of 2 "tons falling 30 feet. Provo that it would 
require 120 tons in addition to drive it down very slowly. 

11. A train whose mass is m lbs. moves against a constant re- 
sistance equal to p times its weight ; it starts from rest and moves 
with constant acceleration till the steam is shut off and arrives at 
the next station, distant a from the starting point in t seconds. 

Show that the greatest horse-power exerted by t he tram is. 

Q-mpy at w | loro ;i CO |i S t,ant depending on the units employed. 
p(jt* — '2a 

12. Two equal masse,'., connected by a string 0 foot long, are lying 
close together on the ground. One of them is projected vertically up- 
wards with a velocity of 50 feet per second; find the whole time that 
has elapsed when both are back again on the ground. 

13. A, £, ('are masses, weighing 5, 1 and 3 oz. respectively, which, 
are fastened t.» an inelastic thread, passing oxer a smooth hxed hori- 
zontal cylinder, so that A hangs freely on one side, and IS and Care on 
the other side, IS hanging freely and (/lying on a table vertically below 
IS. At a given instant J and IS begin to move, the string between IS 
and C being slack. After two seconds the siring becomes taut. How 
long will it be before V reaches the table again t 

14. A wedge of mass 15 m can slide freely on a .smooth horizontal 
plane, and a particle of mass m slides dftwu its smooth face which is 
inclined at an angle 45“ to the horizon. If h be the initial height of 
the particle aboxe the plane, show that when it reaches the plane, tlio 
wedge will have moved a horizontal distance { l (| /a 

• 

15. A mass of 12 oz. is attached by two string--, fo two equal masses 
of 9 oz. The strings pass over two small smooth pulleys m the same 
horizontal straight line, distant * inches apart. The ,sysU*m*is held in 
equilibrium with the two masses of 9 oz. hanging vertically and the 
mass of 12 oz. situated at the middle point of the distance between the 
puPeys. If the system is released, how far will the mass of 12 oz. 
descend before it begins to rise again t 

16. A cyelivt, who works at a uniform rate and whose mass 
together with that of his machine is 175 lbs., rides at the rate of 
30 feet per sec. on the lcirel and 20 feet per sec. up an incline of 
l in 100. That part of the force opposing the motion of the machine 
which is independent of $he inclination of the road being assumed 
constant aud equal to determine the constant velocity down an 
incline of 1 in 200, and prove that F is equal to 3J lbs. weight. 
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PARALLEL FORCES. MOMENTS. 

\ 

78. The motion of* the bodies wo have been considering 
so far has been merely one of translation, i.e . one in which 
all the points of the body move in parallel lines with the 
same velocity. 

But when a force acts on a body it usually produces 
} rotation . 

For instance a billiard-ball on a smooth table if struck 
at a point begins to rotate as well as to move along the 
table. A blow applied to a smooth cube lying on a table 
renders this rotational movement still more obvious. 

Thus tlie velocities of the different points of the body 
are not the same either 1 in direction or magnitude. 

In the case of a particle or very small body the motion of 
translation is the only one that need be considered. 

Take the case of a body to which a single force P is applied. 
Owiug to tho cohesion of the particles of the body, each particle is 
acted upoh by forces due to its connexion with the other particles, 
such forces are usually called internal forces. 

For each particle the Second Law of Motion holds, viz. that its 
mass-acceleration in any direction is equal to the force acting upon it 
in that direction . Hence by addition we see that the total mass- 
acceleration of the body in any given direction is equal to the sum of 
all the forces acting on its particles in that direction. 

Now it is easy to see that the internal* forces destroy each other, 
for if A and B be two particles of the body, the force on A due to B 
is equal and opposite to the force on B duefto A, by the Third Law of 
Motion, thus the internal* forces taken together destroy each other in 
pairs. 
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Wo arc therefore left with the force 7* bonce it follows that 
the mass-acceleration of tin* body in any dire tion ii t ciju tljo the 
comjtonent of P in that direction, if v< \oril forces k>, A’, ... ire applied 
in addition to l\ we have, in like manner, th.it 

the mass-acceleration of flic body in any directum is tsju.il to the 
sum of the components of 1\ Q, H ... m tb.it devotion 

When a force acts at a point of a body the line through 
the point in the direction of the force, product d both ways, 
is called the line of action of the foice. Thus m the figure 
the force represented by LM acting on the flat body of the 
shape represented in the fig me at M, the line A If is called* 
the line of action of t he Ion e L M. 


A L M, 1 . _} 

c'; > 

Fig. 51. 

• 

We shall show that the force LM pioduoes the same 
effect at whatever point in it^ line of action it a< ts, provided 
the point is in the both. 


79. Transmissibility of Force. 


The body being acted on by a foice P at tin* point (\ lei 
us apply a force at any pond# 
li in the line of a< tion of P so 
as to keep li fixed. 

That being done, the force 
P cannot turn the body about 
P, beuce the body will not 
move, since B is fued. Thu*, 
the body has no accileiation and then foie the force at li 
must, by what was shown in the last aiticle, be equal and 
opposite to the force / J . 

Thus we see that two equal and opposite forces whoso 
lines of action are thofsaiue produce exactly oppose effects 
on a body. * f 


p 



Fio. 52 9 


£ 


M 


31 r 


Fra, 59. 
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Now let a force P act at M, then at any point N in its 
line of action we can suppose to act two equal ami opposite 
forces each of magnitude 1\ for two such forces produce no 
effect. 

By what has just been shown the force at M and one 
of the forces at N destroy each other, and there remains a 
force P acting at N. 

Thus we can replace a force by an equal force acting at 
any point in its line of action. 

This fact is called the Principle of the Transmissibility 
of Force. 

80. The Moment of a Force. 

If a perpendicular be drawn from a point upon the 
line of action of a force, the product of the length of the 
perpendicular and the magnitude of the force is called the 
moment of the force about the point. 

For instance, let A 11 be the line of action of a force whose 



measure is F, from a point 0 draw Oil perpendicular to All. 
The moment of F about 0 is 

Fj>, 

where p is the measure of Off ; e.g. if F is 4 poundals, and 
OH is 3 feet the moment is 12. 

81. The perpendicular vanishes ^f the lino of action of 
the force passes through the point about which the moment 
is taken. 

Hence the moment of a force about auv point on its line 
of action is zero. Conversely, when the moment of a force 
about any point is zero, its line of action passes through that 

OOLIlt. 
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It will be shown in Art. 8G that when a body under the 
action of a force turns round a point the moment of the 
force with regard to that point measures the power of the 
force to produce rotation. 

The unit moment is that of one lb. wt. about a point one 
foot distant from it, and may be called one lb. ft. moment. 

82. Sign of the Moment of a Force. 

The moment of a force about a point is said to be positive 
when the force tends to turn the body in the direction op-* 
posite to that of the hands of a watch, ami negative when in 
the same direction as the hands of a watch. 

When there are several forces the sum of their moments 
about any point is, of course, their algebraic smu. 

Kx. 1 . A BCD in a square whoso side is 2 feet long; find the 
momenta about B and V of the following forces; 4 lbs. along AB k 
0 lbs. along CB, 2 lbs. along DA, and 20 lbs. along DC. 



Fig. 55. 


f A B is zero, 

The moment about B of j s /ero > 

the force along DC is 2x20-- 40 units of moment, 

,DA is -2x 2~~ 4 

'AB is - 2 x 4 — —8 units of moment, 

The moment alxmfc 0 of * s zero > 

the force along DC is zero, 

DA is —2x2— 4 

Ex. 2. In the above square along the lines CB, BA, DA, DB forces 
act respectively equal to 4, 2 and 5 lbs. ; find the algebraic sum of the 

moments of the forces about V. 

4 } (CB is zer*), 

The moment about C of the . & A is 6, • 
force along DA is - 4, 

\DB is - 5 v /2 ; 

hfiupo the algebraic sum is — 5*05 units of moment, nearly 



ELEMENTARY MECHANICS 


!>8 

83. Geometrical Representation of the Moment 
of a Force. 

Wc have seen that if LM represents a force and OH is 


O 



Fin. f>G. 


‘ the perpendicular from 0 on the line of action of LM, then 
the moment of this force is measured by 

OH x LM, 

l>ut this product measures twice the area of the triangle 
OLM ; hence the moment of a force about a point is measured 
by twice the area of the triangle formed by joining the point 
to the extremities of the line representing the force. 

Again, twice the area of the triangle OLM is equal to 
LO x NM, 

and NM is the component of LM perpendicular to LO, 
Art. 53. 


• 84. The Moment of Resultant Force equals Sum 
of Moments of Component Forces. 

Let £P and AQ be two forces having a resultant AR , we 



W 

have to prove that tta sum of the moments of AP and AQ 
about any point 0 is equal to the moment of AR about 0. 

Join AO, aud draw AM NS perpendicular to AO, draw 
also PM, QN, and RS parallel to AO. 
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The moment of AP about 0 is 
= A0 x component of A P perpendicular to A (), Art. 83 
= AO x AM. 

Similarly, 

the moment of AQ about 0 is = A 0 x A N, 

AM =AOxAS, 

= A 0 x (A^ 4 A M ), A rt. 56 
— sum of moments of A P and AQ. 

Notice that in the second figure the moment of A P is 
-AO. AM. 

85. It follows in the same manner as the foregoing, 
that when any number of forces act at a point, the moment 
of the resultant is equal to the sum of the moments of the 
component forces. 

86. The Rotatory Power of a Force depends on 
its Moment. 

Take a body moveable about a fixed point 0, and let 
it be acted on by two forces P and Q whose moments about 
0 are equal and opposite. It follows from what we have 
just seen that the moment of th^ resultant of P and Q is 
zero. 

Hence this resultant passes through 0, Art. 81, and 
therefore produces no rotation about 0. 

Thus the tendencies of P and Q to produce rotation are 
equal and opposite, and hence forces of equal moment have 
equal rotatory powers . 

87. Moments of any Number of Forces. 

When any number of forces in one plane have a resultant, 
the algebraic sum of their moments about any point 0 is 
equal to the moment of this resultant about 0. 

Let the forces be Q, R } their final resultant is 
obtained by replacing, * 

P and $ by their resultant 72, , 

72, and J2 J2a, 

and so on until only one force is left. 
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Now the moment about 0 of JJ 3 =algeb.8um of the moments 

of P and Q , Art. 84, 

i? 3 =aigeb. sum of the moments 

of and R, 
=algeb. sum of the moments 
of P y Q, and J?, 

and so on. 

Hence the moment of the final resultant = algeb. sum of 
the moments of all the forces 7 J , Q> R y ... . 

88. Composition and Resolution of Parallel 
Forces. 

We have shown how to find the resultant of any number 
of forces in one plane which act at a point. 

If the forces are applied at different points of a body 
their resultant may be found, as in the last Article, by 
‘finding the resultant, of any two intersecting forces, then 
the resultant of this ami a third force, and so on. 

hi the case of parallel forces, which meet at an infinite 
distance, we adopt a special method for finding the re- 
sultant. 

Like parallel forces are those which act in the same 
direction ; unlike parallel forces are those which act in 
opposite directions. 

89. Resultant of two like Parallel Forces. 

* 

Lot P and Q be two parallel forces; we may suppose 
them to act at A and B respectively ; at A and B introduce 
two forces F equal and opposite, this will make no difference 
in the resultant of P and Q , see Art. 79. 
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The lines of action of the resultants of F and P, and of F 
and Q will meet at some point O, find wo may suppose these 
resultants to act at 0. Art. 79. 

Through 0 draw 00 parallel to A P and BQ , cutting AB 
in G. 

The force acting at () along OA may bo replaced by its 
components, F parallel to GA , and F acting along 0G . 

Similarly the force acting at 0 along OB may be resolved 
into two : viz. F parallel to GB, and Q acting along 0(7. 

The two forces F acting at 0 balance each other and 
may lie removed. We are left with the single force 

P + Q acting along OG . 

To determine the position of G . 

The sides of the triangle OG A are parallel to P, F and 
their resultant, hence by the converse of the Triangle of 
Forces, 

OG _ P 
GA' F' 


Similarly 


0G_Q 

GB~F\ 


Hence P. GA = Q> OB. 

That is, AB is divided in the inverse ratio of the forces. # 


90. Resultant of two unlike Parallel Forces* 

In this case P and Q are unlike parallel forces of which 
Q is the greater. Suppose them to act at any points A and 
B on their lines of action. At A and B apply equal and 
opposite forces P. 

The resultants of F and P and of F and Q will meet in 
some point 0 which ts to the right of Q t since, Q being 
greater than P, the resultant of Q and F is more beat to- 
wards Q than the resultant of P and F is bent towards P. 

Through 0 draw OG parallel to AP and BQ and meeting 
AB inG 
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The force acting at 0 along OA may be replaced by F 
parallel to GB , and P acting along OG. 



Similarly the force acting at 0 along OB may be replaced 
by F parallel to Bff and Q acting along GO. 

The forces F balance each other, and we are left with 


Q — P acting along GO. 


To determine the position of G. 

The sides of the triangle OGA are parallel to P t F and 
their resultant, hence bv the converse of the Triangle of 
Forces, 

OG _ P 
AG F m 


Similarly 

* 

Hence 


OG __ Q 
M}~ F' 

P.AG^Q.BG. 


That is, A B is divided externally in the inverse ratio of 
*he forces . 


91. Recapitulation, f 

W.hen two parallel forces P and Q act at points A and 
B of a rigid body; * t 

1, The magnitude of the resultant is the sum or dif- 
eivncc of P and Q according as they are like or unlike. 
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2. Its direction is that, of each force when they are 
like, that of the greater when they are mil ike. 

3. It acts at a point (f in A H, or in All! iroducod, such 
that 

P. AG^Q.Ra. 

Cor. 1. The resultant of any mmil)or of parallel forces 
may be found by finding ihe result a, nt of any two of the 
forces, then the resultant of this and a third force, and so on. 

The magnitude of this final resultant is the algebraic, 
sum of the forces. 


Cor. 2. The magnitude of the resultant of two e<jual 
and unlike parallel forces is zero, and it, acts at an infinite 
distance. This case will be considered in Chapter v. 


Ex. 1. Two like forces of 12 and 20 lbs. weight act at points 
*1 inches apart, find their resultant. • 

The resultant is a force of 32 lbs. weight. 

Let ar be the distance AO\ then Ji(t ~ 4 — x and wo have 
12.r=20 ( 1 — .r), 

32.v — 80, or a*~- 2A inches. 


Ex. 2. Two unlike forces of 48 anj 72 lbs. weight «y*l at points 
14 feet apart, find their resultant. 

The resultant is a force of 24 lbs. weight. 

Let x feet 1>o the distance /)</, Uicii A0'**.r+ 14, «n< 

48(./-+I4)=--7:2.r, 

4 — 28 
24 


Ex. 3. Resolve a force of 30 lbs. weight into two like forces 0 feet 
ijjwirt, one of them l>eing 9 inches from the given force. 

Let the forces be V and then 

30 llis weight, B<J~ C3, 

also * 9/ J «63y, 

from which it follows thaj J*= 26£ lbs., Q—%\ lbs. 

Ex: 4. Four forces F, 2 1\ 3 F, 4 F act along the sides of a square 
taken in order, find their resultant. 
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Let a be the length of a sido. The resultant of /’and ZF is 2F acting 
at a point E in BC produced such that 


M K 


is 


A, 

D 


3 


Eio. CO. 


ZF. CE = F(a + CE)> 

a 


*F 

1C 


VE-- 


•> * 


Similarly the resultant of 2F and 4F 
is VF acting at a point K in CD pro- 
duced such tiut 

4F.DK='>F(a+DK\ 

or J)K = a. 


These two forces intersect in A, their resultant is 5 s f% F and acta along 
ZJ/, the figure LKMN being a square. 


EXAMPLES. XX1L 

1. Two parallel forces of 15 and 20 lbs. weight act at points 
30 inches apart; find tlioir resultant when they are (i) like, (ii) unlike. 

2. The resultant, of two like forces is 12 lbs. and it acts at a 
distance of 2 inches from the larger component which is 8 lbs. ; find its 
distance from the smaller component. 

3. The resultant of two unlike forces is 15 lbs. and it acts at 

distances of 2 fecit and 6 fixit respectively from the forces ; find the 
forces. v 

4. Two men carry a weight of 1 GO lbs. between them on a pole, tlio 
weight In'ing three times as far from one man as from the other; find 
liow much weight each supports, the weight, of the pole Being disre- 
garded. 

5. A uniform rod 12 feet long and weighing 18 lbs., can turn freely 
about a poiyt in its length ; the rod is at rest when a weight of 8 lbs. is 
hung at one end. How far from the end is the point about which the 
rod can turn ? 

[The weight of the rod acts at its middle point.] 

G. A bridge girder rests on two stone piers, the weight of the girder 
being a tons, mid one of the piers lacing only capable of supporting 
t> tons, at what distances must each pier t|s from the centre of the 
girder in order that the stronger pier may 4 support as small a weight 
as legible V 

7. A man carries a bundle at the end oJ a stick which is placed 
over liis shoulder, if the distance between his hand and his shoulder 
be changed, how does the pressure on his shoulder change? 
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8. A uniform rod whose weight is 8 lbs. is placed upon two props 
which are in the same horizontal line and 6 inches apart. Kind the 
distance to which the ends of the r»»d extend beyond the props, if the 
difference of the pressures on tho props is 4 lbs*, "and the length of the 
rod 3 feet. 


92. Moment of the Resultant of Parallel Forces. 


A 


G 

B_ 

0 

' 





P R Q 
Fio. 61. 


From 0 any point in the plane of two like parallel forces 
P and Q draw OAGB perpendicular to the lines of action of 
the forces. 

Now, sum of the moments of P and Q about 0 

= P. 0A -f Q . OB 
= P(0G-AG)+Q(0G+GB ) 

= (P + Q) 0G, since P*A G~Q. GB, Arts. 89, 90, 
— moment of the resultant about 0 . 


If the point 0 about which moments are taken is be- 
tween the forces, we have 


sum of moments of P and Q 



' • 


= Q.0B-P.0A 

A 

O 

G 

B 

— Q(OG + GB) — P(AG — OG) 

— (P+Q)0G 

a moment of resultant. 

a c 

i 

s f 



In precisely similar manner Fw. 62. • , 

we show that when *the parallel 

forces are unlike, the moment of the resultant about any 
point equals the sum of the moments of the components. 
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93. Referring to Art. 87, we see that the algebraic 
sum of the moments of any number of forces is equal to 
the moment of their resultant whether the forces meet at 
a finite distance or are parallel. 

Ex. 1. Four weights of 5, 1 1, 0 and 25 lbs. respectively liang at 
distances 2, 4, i) and 12 lent from one end of a rod without weight. 
Find the magnitude and the position of their resultant. 

i, D E 

n ~r 

’ / 5 jj 

Fm. 68. 

Let A F bo the rod and H , <\ />, AM.ho points at which the weights 
arc attached. Since the forces are like and parallel their resultant is 
their sum 50 lbs. 

Let x bo the distance of the resultant from d, then since 
p moment of resultant — sum of momenta of components, 

50 . ;/■-- 5 x- 2 + I -1 x 4 {-b x 0 + X 1 2 ; 

4 ;~ ivi ' L 

Ex. 2. A rod 1 1 foid long without weight has a weight of 4 lbs. 
suspended from its middle point. The rod can turn about one end. If 
the rod is to Iki sustained by a force at one end of 1 1 lbs. weight, where 
must an additional weight of 03 lbs. bo attacked, in order that the rt>d 
may remain at rest? 

The system of forces (including the force at the jointed end) must 
bo in ei | u librium, or there is no resultant force. Hour** the algebraical 
sum of the moments about ftnt/ point vanishes. Take moments about 
tin?’ jointed end. Then the loroo at that point has, of course, no 
moment and we have, if is the distance from that end of the force of 
(>3 lbs., 

(i3x.r-H X7 - 1 1 x 14 = 0; 

. \ ,c -2 foot. 

Ex. 3. A system of forces in one plane lining represented in magni- 
tude and position by the sides of a closed polygon taken in order, show 
that the sum of their moments with regard to any point 0 in the plane 
is constant. 

$ 

(i) Let the point (> be inside the polygon, then denoting the sides 
by iuh,*e, &e. and the perpendicular* from () by p , y, r ... the sum of 
the momenta is * i 

p'* 4" *t- o * 4- . - - . , 

which is twice the area of the polygon. 
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(ii) Let the point ho outside the. polygon. 

Here one of the forces has a moment about 
0 opposite in sign to the moments of all the 
other forces, and 

the sum of the moments —pa - qh -f re -}-... 

— twice area of }>olvgon. 



\ 


Fig. 04. 


EXAMPLES. XXI J]. 


1. The resultant of two unlike parallel forces is 0 lbs., and acts 
10 inches from the greater force which is 10 Jbs. ; find the distance 
between the forces. 

2. A uniform bar 12 feet long and weighing 10 lbs. is supported at# 
each end and a weight of 48 lbs. is hung at a point 2 feet from one end ; 
find the pressure on each of the supports. 

3. Four parallel forces 1, 6, 0, 8 act at points 4 inches apart along 
a weightless rod; where must the rod be supported that it may rcmaui 
in equilibrium ? 

4. A uniform iron rod C font long weighs 0 lbs., and from its 
extremities weights of G lbs. and 12 lbs. respectively are suspended. 
From what point must, the rod be supported in order that it may 
remain balanced in a horizontal position? 

[The weight of the rod acts at its middle point.] 

• 

5. A heavy uniform beam, whose mass is 50 lbs., is suspended in a 

horizontal position by two vortical strings each of which can sustain a 
tension of 35 lbs. without breaking. Where mud. a mass of 20 lbs. be 
placed so that one of the strings may just break '( * 

6. A weightless rod has equal weights attached to it, one at 
15 inches from one end and the other at i) inches from tins other ; it is 
supported by two vertical strings attached to its ends; if touch string 
cannot support a tension greater than the weight of 50 lbs., find the 
greatest magnitude of the equal weights. 

94. Centre of Parallel Forces. 

When any numbey of parallel forces act at fixed points 
of a body, we shall proye that there is a certain point, called 
the centre of the parallel forces, at which the resultant 
always acts, however the forces ai;e turned round their 
points of application, provided they remain parallel to each 
other and of the same magnitude. 
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Let the parallel forces P, Q, R ... act at points A, B, <7.... 
Join AB and divide it at g k so that 
P.Ag^Q.Bg^ 


c 



Then g x is a point at which the resultant of P and Q 
acts. Art. 80. 

Now 47 , has been found independently of the direction of 
li and Q t hence it is the same whatever their direction. 

Again join <j x and C and divide it at </ a so that 

(l J + Q)<j i g, = R.Cy. 1 . 

Then is a point at which the resultant of P + Q and R 
acts. 

That is a point through which the resultant of P, Q and 
It p£lSSC*3. 

Moreover we see that its position does not depend on 
tlux direction of the parallel forces. 

Hence the resultant of P, Q and R passes through g 2f 
however tljese forces are turned round their points of appli- 
cation, provided they still remain parallel to each other. 
Thus g % is the centre of the parallel forces P, Q and 22. 

The centre of any number of parallel forces may be found 
by continuing this process. 

Notice that tho parallel forces are not restricted to lie in one plane. 

* 

95. * Distance of the Centre fr<^m any Line. 

To find the distance of the centre of any number of 
parallel forces P, Q , R ... from any line LM. 
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Since the position of the centre does not depend on the 
direction of the forces its position remains unaltered if we 
suppose the forces turned round so as to become parallel 
to LM. 

From A, B, C ... draw perpendiculars p , q y r . .. upon LM . 



L v M 

Fio. Gfr. 


Let K be the required centre through which the re- 
sultant P + Q + R ... passes, and let x be its distance from 
LM . 

Then V being any point in LM, we have 

moment of P + Q + J?... acting at K about F= sum of 
moments of P, Q, ..., Art. 93: 

. (P -}- Q 4- P ■+• = Pp 4* Qq 4- it/' .... 

Hence, for instance, if there are only three forces 

Pp + Qq + Rr 

x ~ p+qVit ' 

Ex. 1. Equal weights hang from the coiners of a weightless 
triangle, find the point in the triangle at which it must he fastened 
in oraer to lie horizontally. 

The resultant of any two of the forces acts 
midway between them, denoting each weight 
by P this resultant is 2 P. 

Then if D is the middle point of BC \ the 
resultant of 2 P at I) and *P at A is 37 > at G, 
where, GD being x and| AD being l , • 

l m 

2 P.x**P(l- x)) or 



Em. 67. 
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Ex. 2. A Ixvim, tho weight of which in equivalent to a force of 
10 lbs. acting at its middle point, is supported on two props at its ends. 
If the length of the beam bo five feet wliero must a weight of 30 lbs. be 
placed so that the pressure on the props may be 15 lbs. and 25 lbs. 
respectively i 

Tho 30 lbs. weight is to bo the resultant of tho 10 lbs. weight and 
the upward pressures, lienee if .v be the distance of the 30 lbs. weight 
from tho prop whose pressure is 15 lbs. 

1 5 x 0 -}- 25 x ft - 10 x 5 0 . * . 

•»-- 3 0 — - fofit. 

Ex. 3. Weights of ft, 0, i) ami 7 lbs. hang from the corners of a 
horizontal square whose side is 27 inches long. Find the point where 
a single vertical force must, be applied to the square to balance tho 
effects of the forces at the corners. 

$ We want to find the centre of tho four parallel forces; an upward 

force of 27 lbs. applied there will main- 
tain equilibrium. The position of tho 
centre is not altered if wo turn the 
forces about their points of application 
till 11 k\) have the position given in the 
ligurc. 

The resultant still passes through 
the centre of parallel forces ; but its 
direction is the lme KE, where 

H . EE^Ui.CE, 

l«enco Muioo 

l>f '~ 27 inches, B - lf> inches. 

Similarly if the forces be turned tdl * f them lie upon DA 
and two upon CB their resultant acts along KA\ and we find BF to 
be f 2 inches. 'Thus A”, the centre of parallel forces, is 16 and 12 inches 
respectively from two sides of the square. 

96. Moments about a Line. 

Tn Art. 80 wo called the product of a force and its 
distance from a point 0 in its plane the moment of the force 
about the point. It is also the moment of the force about a 
line through 0 perpendicular to the plane of the paper. 

In Art. 95 we found the relation * 

Pp 4- Qq + Hr ... = (P + Q “h* JR + ...) at\ 

where x is the distance of the centre of the parallel forces 
liom the line L3L 


If b 6 


:K 


E 


D 7 . C 0 

Flo. (is. 
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Now turn all tho parallel forces round their points of 
application till they are all perpendicular to tho plane of the 
paper, then Pp , Qq &c. are the moments of the forces P,Q , ... 
about the line LM\ hence we see that the sum of the 
moments of the component forces V , Q ... is equal to the 
moment of their resultant about LM. 


EXAMPLES. XXIV. 

1. A man and a boy have to carry a load of 10011 m. slung on a polo 
(whoso weight may bo neglected) carried horizontally and 10 feet long. 
Their carrying powers arc in the ratio of 8 : 5. Where in the pole 
should the weight ki hung so that it may be fairly dhidod? 

2. A rod of uniform thickness has half its length composed of one 
metal and the other half of another metal. The rod will balance about 
a point distant £ of its whole length from one extremity. Compare tho 
weights of equal volumes of the two metals. 

3. A uniform rod which is 12 foot long and which weighs 17 lbs. 
can turn freely about a point in its length, and the, rod is in equilibrium 
when a weight of 7 lbs. is hung at one end. How far from the ends is 
the point about which it can turn ? 

4. Three like parallel forces acting at the angular points A, 11 , V 
of a plane triangle are respectively proportional to the opposite sides 
a. />, c. Find the distance of the centre of parallel forces from the 

sido bc • 

ft. If the sum of the moments of a system of forces about a point 
A is zero and also about, a point //, show that it is also zero about any 
point in .4 B. » 

6. Show that the difference of the momenta of a force /* about two 

points A and B in its plane equals the moment about either j>oint of 
a force equal to P acting at the other point. * 

7. A BCD is a rectangle, A/?, BC adjacent sides are three .and 
four feet long respectively. Along AB , BL\ CD taken in order forces 
of 30, 40, 30 lbs. act respectively, find their resultant. 

8. If any three forces act along the sides of a triangle taken in 
order, prove that their resultant cannot meet the triangle. 

9. The lines of action of two forces P and Q and their resultant It 
are cut by a third line 19 the points A, B and C respectively, and P } Q 
are each resolved into two forces, one panallel to AB and tho other 
parallel to R. Prove that the components parallel to It are to each 
other as BC : A C. 
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10. A uniform beam 4 feet long is supported in a horizontal position 
by two props which are three feet apart, so that the beam projects one 
foot beyond one of the props ; show that the pressure on one prop is 
double the pressure on the other. 

i 1. The sides BC\ CA , AB of a triangle are three, four and five feet 
long respectively ; find the magnitude and direction of a force acting 
at V wlio.se moments about A and B are 7 and 5 respectively, and have 
opposite signs. 

1 2. The magnitude of a force is known and also its moments about 
two given points A and B. Find by a geometrical construction its line 
of action. 

13. A triangle ABC can turn freely in its own plane about the 
centre of its inscribed circle which is fixed, and forces proportional to 

y-z, z-.v, or — ;// 

act along the sides BC, CA and AB respectively. Show that the 
triangle remains at rest.. 

14. Forces J\ (J, R act along the sides BC, CA , AB of a triangle. 
Show that their resultant, will act along the lino joining the centre of 
the circumscribing circle to the intersection of perpendiculars if 

p . Q , y t i _ °‘ >H _ COS C 9 COS C _ cos A # cos A cos B 

cos C cos B ‘ com A cos C * cos B cos A ' 

15. Four fore.es acting along the sides AB, DC, CD and DA of the 
ipmdi’i lateral A BCD arc in equilibrium; having given that the first 
acts from A towards B, find the directions of each of the other three. 
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COUPLES. 

97. We have already seen that if P and Q are two 
unlike parallel forces their resultant is equal to P ~ Q. 
When P is equal to Q tlie two forces are said to form a 
“couple.” A couple therefore consists of two equal uni ike | 
parallel forces. 



Fig. 69 . 

The perpendicular distance between the lines of action of 
the forces is called the “ arm ” of the couple, 

98. Moment of a Couple. 



9 Fig. 70 . 

The forces P, P, # whose arm is a, form a couple; *it is 
required to find the sum of the moments of these forces 
about any point 0 . 
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Through 0 draw OAB perpendicular to the forces. 

The sum of the moments equals 
P. OB — P. OA, the moments having opposite signs, 

« P ( OB - OA ) - P . A B - P . a. 

Again, if we take moments about any point 0\ within 
the forces, the sum of the moments equals 

P.VB + P.VA, 

~P(0[B+0'A) = P.AB = P.a. 

Hence in all cases the moment of a couple about any 
point in its plane is equal to the product of one of the forces 
and the arm. 

* 99. Sign of a Couple. 

If a body on which the couple acts were pivoted about 
either the point 0 or the point 0\ the rotation would be in 
the direction of the hands of a watch. This is called the 
negative direction of rotation, see Art. 82, the contra-clock- 
wise direction being called positive . 

When the directions of the rotations produced by two 
couples are the same the couples are said to be like . 

100. Axis of a Couple. 

The axis of a couple is a line drawn through any point 
perpendicular to the plane of the couple of such magnitude 
as to indicate the magnitude of the couple. 

The direction of rotation produced by the couple, or its 
sign, is indicated by the sign of its axis, which is determined 
as follows : t 

Place a watch on the plane o!'*the couple face upwards; ' 
if the direction of rotation is contra-clockwise the axis is 
drawn umvards and is considered positive* if clockwise the 
axis is downwards and considered negative. 
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101. Couples with Equal and Parallel Axes of 
the same Sign are equivalent. 

We shall now show that two couples in the same plane 
having equal moments, and therefore parallel and equal 
axes, are equivalent, that is, we may replace a couple by any 
other couple in its plane having the same moment . 

First r take two couples of equal and opposite moment, 
the forces being all parallel. 

p 


A 

P 

B 

G 


Q 

C 

j 


Q D 

Fig. 7i. 


Draw a line A BCD cutting the lines of action perpen- 
dicularly ; then if AB = a> Cl)=^b t and P, Q the forces of 
the respective couples, we are given that 

Pa^Qkr 

Observe that the moment of the upper couple is positive, that of 
the lower negative. 

** The resultant of the upper force P and the lower fofee 
Q is P + Q acting at a point G which is such that 

P (a + BG) = Q(b + CG), Art. 89. • 

or P.BG=Q.CG. 

But the resultant of the two middle forces is P + Q in 
the opposite direction and acts at the same point G . 

Hence all the fortes are in equilibrium since they can 
be replaced by two ecfUal and opposite forces. . 

Thus the Q-coupJe destroys the "effect of the P-couple, 
hence if the forces of the Q-couple were reversed they would 
be equivalent to the P-coupie. 


B— 2 
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Second , if the forces of the couples are not all parallel, 
but form a parallelogram. 



If a and b are the distances between the pairs of parallels, 
then since the moments are equal. 

Pa - Qb, 

but A B . a = A D . £>, 

since each is the area of the parallelogram A BCD, hence 

P A B 
Q AD' 

Tlius the sides of the parallelogram represent the forces 
P and Q in magnitude and direction, hence by Art. 43, 

the resultant of the forces which meet at A isrepresented by CA, 

C AC, 

and tiles# being equal ami opposite forces the four forces are 
in equilibrium. 

Thus if the forces of the Q-couplc were reversed they 
would be equivalent to the P -couple. 

102. The forces of a couple may be transferred to a 
parallel plane without altering theif effect. 

‘T&,ke CD equal apd parallel to AB and draw through 
it a plane parallel, to* that of the coil pie ; at both C and D 
we may suppose equal and opposite forces of magnitude P 
to act in this plane. 
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Since AB and CD are equal and parallel they are 



opposite sides of a parallelogram, hence AD and BO bisect 
each other at 0. 

The upward forces P at B and O have a resultant 2P acting 

upwards at 0, 

downward forces P at A and D have a resultant 2P acting 

downwards at O. 

These forces 2 P destroy each other and we are left with 
i downward force P at C and an upward force P at 1>> form- 
ing a couple exactly equal to the <*riginal couple. 


103. Resultant of Couples in the same Plane. 


Let P, Q, R y ... be the forces of any number of couples, 
:.heir arms being p, q, r> ... respectively. 

The moments of the respective couples are Pp, Qq , Iir, &c. 

We may, by Art. 10T, replace these couples by couples 
vhose forces are 

Pp Qq Rr 
L> L* L 9 


md whose arm is, in*each case, L . 

We may also, by the same Article, move the couples in 
/heir plane till their -arms come to Coincide, we have then 
me couple of which the force is * 


&+&+*:+ 

L + L + L * + ”*' 
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and whose arm is L, that is, its moment is 

Pp + Qq + Rr + 

the algebraic sum of the moments of the original couples. 

Ex. 1. Forces P, 2 P, 4 P, 2 P act along the sides of a square A BCD 
taken in order, find the magnitude and position of the resultant. 

The for<;es along ISC and DA form a couple, this couple may be 
turned through a right angle, we then have forces ana 6 P acting 

J 

jP 

Fig. 74. 



along AB and CD respectively; their resultant is 3 P outside the side 
CD and distant from it a side of the square. 

Ex. 2. Along the sides AB, CD of a square there act equal forces 
of 3 lbs. weight, along the sides A D and OB there act equal forces of 
7 lbs. weight, find the moment of the resultant couple, a side of the 
square Infing 4 feet in length. 

The moment of the couple formed by the last two forces is 23, 

first —12; 

hence the moment of the resultant couple is 16. 


«Ex. 3. A BCD is a square whose side is 3 feet, along AB, BC, CD , 
DA forces act equal to 1, 3, II, 7 lbs. weight respectively, and along 
A C, DB forces equal to 7 *J2 and 3 x /2 lbs. weight, find their resultant. 


c 



iPia. 75. 

may be removed. 


At the point B introduce forces of 3 lbs. 
weight acting along A B and BA. 

By the Triangle of Forces, we may remove 
the forces acting along DB , BC, BA since they 
are in equilibrium. 

There are loft the forces along A <7, CD, DA 
together with a force «of 4 lbs. along AB . 

At the point A Introduce forces of 7 lbs. 
weight acting along AB and BA. ’ k 

As before, the forces Rioting along AC, DA , BA 


There are left forces of 11 lbs. weight acting along AB and CD, 
these form a couple whose moment is 33 units of moment. 
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p / 



p 

Fi«. 7C>. 


104. A Force may be replaced by a Force and 
a Couple. 

Take any point- 0, then at 0 we may suppose two equal 
and opposite forces to act which are 
equal in magnitude to a given force P. 

This given force together with one 
of the forces at 0 forms a couple, and 
there is left a force equal to P passing 
through 0. Hence we have as equi- 
valent to the original force P 

(i) a force equal to P in magni- 
tude and direction passing through 0, 

(ii) a couple whose moment is equal to Pa, where a is* 
the perpendicular distance of the original force from 0. 

Conversely , we may replace a force and a couple by a 
single force. # 

For if the moment of the couple be Q and the force P, 
we may take the forces of the couple equal in magnitude to 

P, the arm being then ^ . 

Now let the forces of the couple be moved till one of 
them acts in the same line bu# opposite direction to the 
given force P thus balancing it, there is left one force equal 

to P and distant ^ from the given force. 

Cor . A single force and a couple cannot produce equi- 
librium. 


106. Any number of Forces in one Plane reduce 
to a Force or to a Couple. 

Take any point 0 , then, as in the last Article, any force 
P may be replaced by an equal force through 0 together 
with a couple. Doing this for all the given forces we have 

(i) a number of lorces passing through 0, which have a 

resultant force, * * 

(ii) a number of couples which* may be replaced , x by a 
resultant couple. Art. 103. 
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If the resultant in (i) does not vanish we are left with a 
force (through 0) and a couple which as we have seen re- 
duces to a single force. 

If the resultant in (i) vanishes we are left with a couple. 


EXAMPLES. XXV. 

1. Fom\s 1, 2, 3, 4 act along the sides of a square taken in order; 
what forces must act in the diagonals that the whole system may be 
equivalent to a couple? 

2. Prove that forces acting along, and represented by, the sides of 
any quadrilateral are equivalent to a couple, whose moment is repre- 
sented by four times the area of the liguro formed by joining the 

^middle points of the sides. 

3. Find the resultant of four forces of 3, 7, 11, 7 lbs. wt. acting 
along the sides of a square taken in order. 

* 4. Forces of ft, 8, 8, 3 units act along the sides BA, BC, DC , DE of 
a regular hexagon A BCDEF ; show that they are equivalent to a 
couple. 

ft. ABC is a triangle whoso sides BC, CA , and AB are 25, 15 and 
20 inches respectively. A force of 2ft lbs. wt. acts along the bisector 
of the angle BAV ; paralle 1 forces through B and ( y are in equilibrium 
with this. Jf the forces are now turned about A, B and C respectively 
till they are at right angles td*BC, prove that they form a couple of 
moment 42 J inch-pounds. 

6. Show that the resultant of forces represented by m . OA and 
n QB is represented by (m + n). 00, where C is a point on AB such 
thftT m . A C =- n . BO. 

7. Forces act along the sides AB , BC, CD , DA of a plane quadri- 
lateral takert in order and their magnitudes are p, q , r, s times the 
lengths of the sides in which they act. Prove that they are equivalent 
to a couple if 

(p — <?) OB = (r - s) OD , 

(<7 - r) 0C— ( s ~p) OA , 
where 0 is the intersection of AC and BD , o 

8. \x\ equilateral triangle LMN has its angular points on the 
sides A By CDy EF of a regular hexagon A BCDEF whose centre is 0. 
Show that the resultant of forces represented by L D, LE, MF % MA % NB 
and NC is a couple whose moment is represented by six times the dif- 
ference of the triangles AOL at\d BOL. 
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106. Every material body consists of an infinite number* 
of particles, each particle being acted \ipon by a force, called 
its weighty directed to the centre of the Eart h, due to the 
Earth’s attraction. If the body be small compared with the 
Earth, these forces are practically parallel. 

By the theory of like parallel forces, Art. 89, they have 
a resultant parallel to them and e^ual to the sum of the # 
weights of the particles. 

This resultant passes through the centre of the parallel 
forces. Art. 94, however the body be placed; in the present 
case this point is called the Centre of Gravity. 

The centre of gravity of a body is therefore that point 
through which the line of action of the weight always passes, 
in whatever position the body may*be. 

107. Every Body has only one Centre of Gravity. 

If possible let a body have two centres of gravity, A 
and B. 

Then we have seen that the line of action of the weight 
passes through both A and B for every position of the body. 

But this line of action is vertical and hence cannot pass 
through both A and B when the line AB is itself not 
vertical. 

Hence there can only be one centre of gravity. 

108. Position of the Centre of Gravity. 

It has been shown that if ther^ are any number of 
parallel forces P t Q, It ... acting at points whose distances 
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from a given line in their plane arc p, q 9 r . . . , the distance of 
the centre of parallel forces from that lino is equal to 

Pp 4- Qq 4 - Hr + ... 

P + Q | H + ... * 

Now lot there be any number of particles in a plane 
whose masses are m„ rn 2 , m 3 and whose distances from a 
given line in that plane are z lf z» t .... 

We have therefore a series of parallel forces m^g^m^g .... 

The required distance is therefore 

m x gz \ 4 m.pjz^ 4 . . . _ m l z l 4 m % z % 4 ... 

— , or ■ . 

nh g 4 m*g 4 . . . 4 w, 4 . . . 

The distance of the centre of gravity from any other 
line is obtained by a similar expression. 

‘ 109. Since the c.G. is the point at which the body's 

weight may be supposed to act, the body if fixed at that 
point will balance about it in every position. 

110. Determination of the Position of the C.G. 
by experiment. 


Fig. 77. 

Suspend the body from any fixed point A in it. 

The forces acting are its weight and the force at the 
point of suspension. Since the body* is at rest these forces 
must be equal and opposite. v 

Therefore the vertical line througjb, the C.G. must pass 
through A. 5 

Release the body and suspend it from any other point A 
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Then in this position also the c.g. must lie in BQ. 

Hence the C.G. will lie at G, the intersection of AO and 


111. Position of the C.G. found by Inspection. 

If a body has a Centre of Symmetry, that point is its C.G. 

By a Centre of Symmetry is meant a point 0 such that 
for every point P of the body wo can find a point P in 
PO produced so that OP = OP' ; in the case of a circle the 
centre is evidently a centre of symmetry. 

For in this case the body may be broken up into pairs 
of particles of equal weight on lines passing through the 
centre of symmetry at equal distances from it. 

The centre of symmetry is then clearly the C.G. of each 
pair of particles and therefore of the whole body. 

Hence it follows that : • 

the c.g. of a uniform rod is its middle point, 

circular ring or circular area is its centre, 

sphere is its centre, 

square or cube is its centre. 


112. C.G. of three equal Particles placed at the 
Vertices of a Triangle. 

Let three equal particles, each of weight W, be placejJ 
at the vertices of a triangle ABC. 

The C.G. of the weights at B and C is at D the middle 
point of BC, thus the c.g. of the • 

three weights must lie in the median 
line AD and is a point O such that 

2WxD0 = WxAG, or 2 DG = AG. 

Hence the point G divides AD in 
the ratio of 2 to 1, and # 

AG~$A{>. 

But we see in a precisely similar manner that the c.0. of 
the three weights must lie in the other two median lines 
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BE and CF and divide them in the ratio of 2 to 1. Hence 
the lines A />, BE and CF must all intersect in the point G 
which is the C.G. of the three weights. 

113. C.G, of a Triangular Plate. 

ABC is a thin triangular plate of uniform thickness. 

Divide the plate into strips, such as PQ, parallel to the 
side BO. The C.o. of each strip is 
at its middle point, and the middle 
points of all these strips lie in the 
line A I) joining A to D the middle 
point of BO. Hence the c.o. of the 
plate lies in AD. 

Similarly we see that the c.o. 
of the plate lies in BE and OF, hence by Art. 1 1 2 it is the 
same as the C.O. of three equal weights placed at the vertices 
of the triangle. Hence the c.o. divides each median line in 
the ratio of 1 to 2. 

We have therefore proved that, 

(i) The c.g. of a triangular area is the same as that 
of 3 equal particles placed at its vertices, 

tii) The C.O. of a triangular area is the point of inter- 
section of the median lints and is distant from each vertex 
$ of the median, or 

JO^gAB. 

114. C.G. of a Parallelogram. 

A B 


Fig. SO. 

Since the diagonals of a parallelogram bisect each other, 
we seep by the foregoing that the c.o. of the triangles ABC 
and ADO, that is of tne whole figure, (lies on BD> similarly 
it lies on AC. Hence it is at 0, the intersection of the 
diagonals. 
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EXAMPLES. XXVI. 

1. Show that the c.u. of a uniform rod is the name as that of equal 
particles at its ends. 

2. Prove that a parallelogram lias the same e.o. as four equal 
particles at its vertices. 

3. Show, by dividing a parallelogram into strips parallel first to 
one pair of parallel sides and then to another, that its e.u. is its 
intersection of diagonals. 

4. The C.G. of a triangle is the same as the c.a. of 3 equal particles 
placed at the middle points of its sides. 

5. If the o.G. of a triangle coincides with the centre of Iho circum- 
scribed circle, the triangle is equilateral. 

6. A triangular board is suspended by a string attached to one 
corner. What point in the opposite .side will )>c m line with the string 't 

7. Show that the C.G. of the circumference of a circle and that of 
any number of equal particles arranged at equal distances along it# 
circumference are the same. 


115. General Rule fbr finding; the C.G. 

Divide the body into portions who*e weights and the 
positions of whose C.G.s are known. 

The weight of each portion nets at its c Art. 10(>. 
The C.G. may then be found. 


116. When the body can be divided into two portions of 
which the weights w ly and the c.g.s are known, we pro- 
ceed as follows: 

Let g u g 2 be the giveji centres, join g lt g. 2l thfoi by the 
theory of parallel forces, Art. 89, the required point G divides 
gig. o, so that w x , g l Cr = w » . y 2 G. 


Ex. 1. Find the c.o. of two spheres of S oz. and 21oz, weights, 
connected by a rigid rod without weight, the distance between their 
centres being one foot. * 

Let x be tbe distance of the c.g. from the centre of the •smaller 
sphere, then M * 

9 &ir«24<!2-*> • 


x =9 inches. 
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Ex. 2. A uniform rod weighing 7 lbs. is 6 feet long ; if a 2 lb. 
weight be placed at one end, find the centre of gravity of the whole. 

Since the rod is uniform its weight acts at its middle point. Let x 
be the distance of the c.G. from the middle of the rod, then 

2 (3 — 

.r=.- $ feet, or 8 inches. 


Ex. 3. On the same base and on opposite sides of it isosceles 
triangles are described whose vertices are distant 12 and 18 inches 
respectively from the base. Find the c.o. of the quadrilateral. 



D 

Fin. 81. 


Let A BCD bo the quadrilateral : the line BD 
is perpendicular to, and bisects, the base AC . 
Hence g\ and y 2 , the c. g.s of the two triangles, 
are on BD. 

The distance g^g 2 ts 10 inches, and the weights 
of the triangles are proportional to their areas. 

Hence if x be the distance of the c.G. of the 
quadrilateral from g 2 

lACx 1 8xx—&ACx 12(10-5?), 

or .r - 4 inches. 


117. To find the C.G. of a Body when a portion 
is removed. 



Lot W be the weight of a body whose C.G. is 0 , w that of 
a portion of it whoso c.G. is g, required the c.G. of the body 
got by removing the portion w from the body W. 

Let x be the distance of its c.G. g' from O, then since W 
is made up of the portions w and W — w, we have 

(W-w)x = w.gG, or §-gG 

Ex. To find the c.o. of the figure A’BCD got by cutting the 
triangle COD out of the square A BCD whose side is | of an inch, 
0 being the centre. 
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Let x be the distance of the required c.o. from 0 . Then we 
know that 0 is the c.G. of the whole square, and 
g that of COD } where of half the side of 

the square =*£ inch. Also area of square — x \ sq. 
inch, area of COD= fa sq. inch.. 

Hence since the weight of the square is made 
up of the weights of the fig. ABCOD and of the 
triangle COO, 

or inch. 


EXAMPLES. XXVI 1. 

1. Find the C.G. of two small bodies whose weights are ‘01 ox. and 
*002 oz., thoir distance apart being 3 feet. 

2. Two spheres whose radii are 10 and 11 inches respectively are * 
in contact; if their weights are 5 and 0 lbs., find the position of 
their c.o 

3. . Two uniform rods are placed so that the line 1 foot 10 inches 
long joining their centres is perpendicular to each, if their lengths arc 
10 and 12 inches find the distances of their c.o. from their ends. 

4. A rod 12 inches long whoso weight is 20 lbs. has a body* of 
weight 2 ounces attached to a point one inch from an end, find the c.o. 
of the rod and attached weight. 

5. Find the c.a.s. of the following bodies : 

(i) A square with a square portion Removed, the line joining their 
centres being perpend ic alar to a side of each. The sides of the squares 
are 10 and 3 inches long respectively, the distance between their centres 
being 2 inches. 

, 

(ii) A circular plate with a circular portion removed, the weights of 

the portions being 15 and 4 lbs. and tho distance between their centres 
15 inches. # 

(iii) A square plate with a circular portion removed, the boundary 
of this removed portion touching a side of the square and [Missing 
through its centre, the line joining their centres being perj>endicular 
to a side of the square, the side of the square being 10 inches long. 

- (iv) A uniform rod with a piece } of its length taken out, the 
eentre of the piece beings 3 inches from the centre of the rod. 

* 

118. C.G. of Weights in the *ame Straight *Iiine. 

Let the body whose c.G. is requited be divided into any 
number of portions whose c.G«s lie in the same straight line, 
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let the weights acting at these points be w lt m 2 , ... and 
let their distances from some fixed point 0 on the line 
be •••> then the distance of the c.u. required from 0 

being x , we have 

(w k + W.J + x = xv i oo i + w. 2 oc 2 Art. 108. 

Ex. 1. Two heavy particles weighing respectively 3 and B ounces 
are attached to the ends of a straight roil 8 inches long, weighing 
2 ounces. Find the c.G. of the system. 

The sum of the weights is 10 ounces. Taking for the point O the 
end to which the 5 ounces are attached 

10x'r=3x8 + 2x4 ; 

X-- 3 ’2 inches. 

Ex. 2. A tele.scojjfi consists of three tubes each 10 inches in length 
sliding within one (mother, and their weights are 8, 7 and 6 ounces. 
Find the position of the c.G. when the tubes are drawn out to their 
full length. 

The sum of the weights is 21 ounces, the weights of the different 
tubes act at points distant 5, IB and 25 inches respectively from 
one end. 

' . 21 x X' — 8 X 5 + 7 X 1 B -f (5 x 2B — 295 ; 

hence x -- 14 A inches from the thicker end. 


EXAMPLES. XXVI 11. 

1. Ton 1 lb. weights are attached to points of a weightless rod 
distant one inch apart, find their c.u. 

2. A rod is pivoted at its middle point and weights of 5 and 0 lbs. 
arc attached to its ends, the rod being 20 inches long, where must a 
weight of 3 lbs. be attached in order that the rod may rest hori- 
zontally l 9 

3. Four triangles have the same base and the opposite vertices in 
the same line perpendicular to the base, the distances of these vertices 
from the base being 5, fi, 7 and 8 inches, find the distance of the c.G. 
of the four triangles from the base. 

4. A uniform rod A B is (\ feet long and weighs 4 lbs. A lb. weight 
is attached to the rod at A, 2 lbs. at a point distant one foot from A, 
3 lbs. At 2 feet from A , 4 lbs. at 3 feet from A and B lbs. at B, Find 
the 'distance of the c.G. <of the system fro^u A . 

5. A stntight rod G feet long and heavier towards one end is found 
to balance about a point 2 feet from the heavier "end, but when sup- 
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ported at its middle point it requires a weight of 3 IJjs. to be hung at 
the lighter end in order to keep it lovcL What is the weight of the rod ? 

6. A bar of uniform thickness and 5 lbs. weight has a weight of 

10 lbs. at one end and 12 lbs. at the other, it balances about a point 
4 inches from the nearer end, find its length. 

119. C.G. found by taking Momenta about a Line. 

If there are several bodies of weights w lf m 2 , ... and if 
a?!, x 2t ... are the distances of their o.G.s from any line Ox in 
their plane we have, by Art. 95, if x is the distance of their* 
C.G. from this line 

„ _ Wifi + MW + ... 

Wi + ... * 

Similarly if Oy bo any other line, and y u ... the dis- 
tances of the C.G.s from it, then y being the distance of the 
C.G. from this lino • 

T m f uhy } + w a y a + w a y,+ ... 

+ w*i ■+ w s + . . . 

* 

Ex. 1. Four heavy particles whose masses are 2, 3, 4 and 5 grammes 
are placed at the corners A, B, C, D of a horizontal square; tind the 
c.o. of the four particles. 

Taking moments about AIK a being the length 
of a side, * a N B 

(2 + 3+44-5) OM~( 3 + 4)a, 

GM =* . 

Similarly, taking moments about AB> 

(2 + 3 + 4 + 5) GjV= (4 + 5) a, 

GN^fta. 

Ex. 2. Five masses of 1, 2, 3, 4 and 5 ounces weight mq>ectivcly 
are placed on a square table. Their distances from one edge of the 
table are 2, 4, 6, 8 and 10 inches, from an adjacent edge 3, 5, 7, 9 and 

11 inches. Find the distance of their c. g. from these two edges. 

One distance x is given bp 

- 1x2+2x4+3x6+4x8+5x10 

x- - J -j+2+3+4+5 . ’ 

=5$ inches. 

Similarly y = 8^ inches. 


A 

M 
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Fig. 84 . 



180 


ELEMENTARY MECHANICS 


Ex. 3. Weights proportional to 3, 4 and 5 are placed at the corners 
of an equilateral triangle whose side is of length a, find the distance of 
their c. u. from the first weight. 



Take momenta about u line through A parallel to BO; then since 
* the weight at A has no moment about this line, we get 

f x /3 _ x /3 

„ )X -2 " + i,X 2 " 3 v /3 

, ■*"' 12 8 

Similarly taking moments about A /), the perpendicular to BO, 


.V”- 


_ ft . ^ 

r> x : - - 4 x - 
2 2 a 


V> 


24' 


. * . AO — \fy z + ^ '■ ~ a = *(j« nearly. 


Ex. 4. To find the c.o. of the perimeter of a triangle formed by 
three rods of uniform section. 

Lot />, E\ / T be the middle points of the sides of the triangle ABC y 
then />, </, r being the perjKmdiculars from A , 
B anu 0 on the opposite sides, we know that 

(i) El\ FD and J)E are parallel to BC, 
OA and A li respectively, 

(ii) the perpendiculars from I\ E> F in 
EF, FD and DE are \p, aud \r resjjec- 
tively. 

Wq may suppose the weight of each rqd to act at its middle point, 
hfeiqe ttaking moments about EE\ we get as the distance of the c.G. 
from EE\ < 

BC*.% * 

BU+CA+AB' 


A 



Fio. BG. 
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Blit ^pxBC— area of triangle ABC—S\ hence the distance of the c.a. 
from EF equals 

Tn the same way it may he shown that the distances of the c.g, from 

. & S 

the sides ED and DF inay also be shown to equal C i+ A B * 

hence since its distances from the sides of the triangle DEF aro all 
equal it is the centro of its inscribed circle. 

EXAMPLES. XXIX. 

1. Weights of 2, 3, 4 and 5 lbs. respectively aro placed at the 
comers of a square, and weights of 1, 6‘, 7, 8 lbs. are placed between 
them, viz. the weight 1 halfway between the weights of 2 and 3 lbs., 
the weight of (5 lbs. halfway between the weights of 3 and 4 lbs., ami# 
so on. Find the c.G. of all the weights. 

2. Find the distance of the U.G. of half a hexagon from its base. 

3. Three equal uniform rods arc placed so as to form three sides of 

a square; find their e. a. * 

4. Equal particles are placed at 5 of the vertices of a regular 

hexagon, hud the position of their c.g. ^ 

5. Weights of 1 , % 3, 4, 5 and 0 lbs. aro placed at the vertices of a 
regular hexagon, find their c.fl. 

6. Squares are described on the three sides of an isosceles right- 
angled triangle, find the c.g. of the complete figure so formed. 

7. Four books are placed one above another on a table. The 
lowest projects 4 inches over the edge of the table, the next 2 inches 
beyond the lowest, the next J an inch beyond the second, the upper- 
most I inch beyond the third. Each book is 1C inches in breadth 
length and has an edge parallel to the edge of the table. Find the 
distance of the c.g. of the 4 books from tho edge. 

8. Find the c. g. of a figure in the shape of a cubical bo* without a 
lid, the sides being of small uniform thickness and an edge of the box 
being 14 inches long. 

120. The work done by the weights of the system of 
particles forming a body in any displacement is equal to 
the work done by thein resultant acting at their c.g. 

Let w lt w 2 , w 9> ... be'the weights of the particles, • 

h lf h*, h 3 . ... lie their distances from any horizontal 
% plane, also let 

m u x 2> # 3 , ... be the displacements. 
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Then if h be the height of the c.G. before displacement, 
and h -f- x after, we have 

wJh + wji 9 + . . . » (w x + w, 2 H- . . .) 7i, Art. 96 ; 

also 

w x {h x + x x ) + w 2 ( h. 2 + x. 2 ) 4* ... = (w L 4 w 2 4 . . .) (h 4 dc), 
hence subtracting, 

w x x 1 +w 2 &\+ ... = (<^4 w 2 + ...)»; 
which proves the theorem. 

121. C.G. of the Tetrahedron. 

Divide the tetrahedron into indefinitely thin plates 
parallel to the base BCD , PQR 
being one of them. 

The C.G. of the triangular plato 
PQR lies in the line joining P to 8 
the middle point of QR, Art. 113. 

The points such as P for the 
different plates all lie in the line 
AB, the points such as S lie in the 
line AK , where K is the middle point of CD . Art. 113. 

Hence the plane through AB and AK contains the C.G. 
of all the plates and hence of the whole tetrahedron. 

In a similar way we may show that the c.G. of the tetra- 
hedron lies in all the planes which pass through an edge of 
the tetrahedron and the middle point of the opposite edge ; 
it is therefore the point of intersection of these planes. 

Again, suppose four equal weights placed at A, B, C and D, 
the c.G, of the weights at C and D is at K, hence the c.G. of 
the four weights lies in the plane through AB and AK \ 

Similarly it is seen to lie in any £ plane through an edge 
and^the middle point of the opposite edge. 

Thus the tetrahedron and the fo$r equal weights have 
the same c.a 

f 

But we have seen, Art. 112, that the c.G. of three equal 
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weights at B, 0 and D is at 0 the C.G. of the triangle BCD, 
hence the C.G. of the four weights, and also of the tetrahe- 
dron, is at g , where 

Ag~SgG, 

or it lies f of the way down the line joining a vertex to the 
C.G. of the opposite face. 

122. C.G. of a Pyramid standing on any Plane 
Polygon. 

A pyramid whose vertex is 0 stands on the base formed 
by the polygon ABCDEF. Let K 
be the C.G. of the base, and join K 
to 0 and to the comers of the base. 

The C.G. of the pyramid is the 
C.G. of the tetrahedra 

* GRAB, OKBC, 

Take a section A'B'C'D EF' of 
the pyramid by a plane parallel to 
the base at a distance from 0 of £ of 
the height of the pyramid; let OR 
cut this plane in G . Now the C.G^of 
each tetrahedron lies in this plane 
of section at the c.g. of the section 
of each by the plane (§ 121); also 
since the tetrahedra have the same 
height their masses are proportional to their bases and 
hence to the triangles GA'B\ GB'C, .... « 

Consequently the C.G.' of the pyramid lies at the C.G. of 
the section A'B'C D'E'F ' ; that is, at the point G, since the 
line OR cuts all sections parallel to the base at the C.G* of 
the section. 

Hence the o.G. ofHhe pyramid is £ of the way down the 
line joining the vertex Ub the c.g. of the base. 

123. O.O. of ally Pyramid. * 

"We may suppose the number of sides of the polygon in 


o 
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the previous article to increase indefinitely, thus giving a 
curvilinear base. The result then becomes : — 

The C.G. of a pyramid whose base is any closed curve is 
J of the way down the line joining the vertex to the C.G. of 
the base. 

124. The Arc of a Circle. 

Let BAC be a uniform circular arc of mass m per unit 
length, of radius a and let the angle 
BOC be 2a in circular measure. 

The C.G. clearly lies on the 
middle radius OA ; let its distance 
from 0 be a\ Then the moment 
M of the arc about 0 is given by 

M = (mass of arc) x = 2maax. . i(l ). 

Now suppose the angle a of the 
arc increased by a small amount 
*’ ia - y9 - BOB' as in the figure, so that the 

arc is now B'AC'\ consider the 
increase which is made J>y this in the moment M. We 
have, since the changes are all small, 

Small increase in M 

= (mass added) x (distance of its c.G. from 0) 

^ = (2m . BB ') x ( a cos a) 

= 2 maBff cos a = 2 ma {BN' — BN) 

= 2 ma x (small increase in a sin a). 

Hence M = 2mu 2 siu a (2), 

M being zero when a*is zero. 

Therefore we hav^ from (1), 

a sin a chord 

x « = radius x . 

a arc 
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195. Sector of a Circle. 

Let the sector be divided into an indefinitely great number of small 
equal sectors. Each of these small sectors may 
be regarded as a triangle, whose c.«. therefore 
lies -§ of the way down the radius. 

The c.o.s of all the small sectors lie on an 
arc of a circle whose radius is %0A % and the q*— 
mass of the whole sector may be supposed uni- 
formly distributed over this arc. 

lienee if G is the c.u. of the sector 


. > ~ „ sill a 

OG—tlax = 


, OA x chord AJJ 
{ arc A ii 



Fjo. 90 . 


196. Zone of a Sphere. 

Let the hemisphere ABC be cut by two planes parallel to its b;use, 
they intercept between them a portion culled a zone. Tho planes also 
intercept between them a zone on a circular cylinder whoso base is the 
same as that of the hemisphere. We shall show that those two zones 
have tho same area and tho same c. u. • 



For take two planes very near together, they will intersect on the 
sphere and cylinder two elementary zones or belts. One elementary 
zone is produced by the revolution of Pty about OG and fchc other by 
the revolution of PQ\ Let R be the middle point of P(J, join OR and 
draw RS parallel to OA. The arc PQ may l>e regarded as straight, 
and since the triangles PKQ and O&R are similar we have 

PQ _ OR 

PK RS 




Now the belt on the sphere may be regarded as a truncated cone, 
and the area of its surface ip therefore equal to 

the slant side x mean of bounding perimeters, 

*1 PQ x 2rrRS * 

= 2rrORx PK y from (i) 

=2frOA*PQ 
= area of belt on cylinder. 
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Hence the areas of the belts on the sphere and cylinder are equal 

Thus the corresponding elementary zones on the sphere and cylindei 
havo the samo areas, they have also the same c.G., viz. S. 

To find the c.G. of the entire spherical belt we suppose the weight* 
of the elementary zones to act aL their c.g.h in the line 0C t and ther 
find the c.G. of these weights. 

But we have just seen that we get the same weights at the sami 
points , by finding the c.G. of the cylindrical belt. 

Hence the entire belts on the sphere and cylinder havo the samo c. G, 
But the c.G. of the cylindrical belt is halfway between the bounding 

E lanes, hence the c.G. of the spherical belt is also halfway between the 
ounding planes. 

For a hemisphere, therefore, the c.G. is halfway down the radius. 


137. Sector of a Sphere. 

Let the given sector be divided into an indefinitely greater numbei 
of equal pyramids, by dividing the spheri- 
cal surface into small equal areas and join- 
ing their boundaries to O. * 

The c.G. of each of those pyramids lies 
| of the way down the corresponding radius. 
Art. 123. 

Hence the c.G.s all lie on a spherica 1 
cap ahe and the mass of the sector maj 
be supposed to be uniformly distributed 
over this cap. 

But wo have seen that the c. G. of such 
i cap is halfway betweon m and b, hence if G its the required C.G. 

^ OG = Oni + A mb 

= 10M+%MIS 
= §{OM+OB). 

For a hemisphere OM vanishes, hence OG = $OB. 



EXAMPLES. XXX. 

1. A square of cardboard is divided into four equal squares, one of 
be squares being cut out, find the c. G. of the remainder. 

2. Four equal heavy particles lie in a straight line A BCD . If theit 
nutual, distances are a, ar, or 2 respectively, find r when the c. G. is at C, 

3. At each angle of a Iquare and at the middle points of the sides 
ire placed weights 1 lb., 2 fbs., 3 lbs., 4 lbs., 5 15s., Gibs., 7 lbs. and 8 lbs., 
>eginning at an angular point and going on in order round the peri- 
meter, and a weight of 8 lbs. is placed at the intersection of the 
iiagonals. Find their o.g. 
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4. Weights 5, 4, 6, 2, 7, 3 are placed at the comers of a regular 
hexagon taken in order, find their c.g*. 

6. ABC is a triangle, find a point 0 in it such that forces repre- 
sented by OA, OB and 00 shall be in equilibrium. 

6. If the c.g. of a quadrilateral coincides with that of four equal 
weights at the vertices of 'the quadrilateral, show that the quadrilateral 
is a parallelogram. 

7. A uniform rod is broken into two parts of five and seven inches 
length which are then placed so as to form the letter T, the longer 
portion being vertical, find the position of the c.g. 

8. A square is bisected by a line through its centre making a given 
angle with the sides; find the c.g. of either half. 

\ * 

9. If weights 1, 2, 3, 4, 5 and 8 are situated at tho angles of a 
regular hexagon the distance of their c. <». from the centre of the 
circumscribing circle' is J of the radius. 

• * 

10. Five masses of 1, 2, 3, 4, 5 ounces weight respectively are 

placed on a square table. Their distances from one edge of the table 
are 2, 4, 8, 8, 10 inches and from the adjacent edge 3, 5, 7, 9, 12 inches. 
Find the distance of their c. g. from the two edges. * 

1 1. From a body of weight W a piece of weight w is cut off and 
moved a distance x ; show that the c. G. of the whole is thereby moved 

a distance ^ in that direction. • 

12. Prove that the C.G. of four equal weights at the angles of a 
quadrilateral coincides with the c.g. of the parallelogram formed bv* 
joining the middle points of the sides. 

13. The angle B of a triangle ABO is a right anj^lc, AB .is 
74 inches and BO is 12 inches, at A, B arid O are placed particles 
whoso weights are proportional to 4, 5 and 6 respectively, find the 
distance of their c.g. from JJ, 

14 Throe forces PA, PB , PC diverge from the point P and three 
others AQ, BQ , CQ converge to the point Q ; show that the resultant of 
the six is represented in magnitude and direction by ZPty, 

15. A rod 12 feet long \as a weight of 1 lb, suspended from one 
end and when 15 lbs. arc suspended from the other end it balances at a 
point 3 feet from that enc#, while if 8 lbs. are suspended there it balances 
at a point 4 feet from that end. Find the weight of the rod and the 
position of its c,G. 
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16. A uniform metallic plate is cut in the form of a quadrilateral 
A BCD ho that the diagonal AC bisects it and BD cuts it into two 
parts in the ratio of 2 : J. Show that its c.G. divides J(7iu the ratio 
of 5 : 4. 

17. Two bodies aro projected together from a point with different 
velocities and elevations. Show that their c.G. moves as if it were a 
heavy particle projected from the same point. 

18. A triangular plate ABC> obtuse angled at C> stands on a table 
in a vertical plane having the side Jf'in contact with the table, show 
that the least weight which suspended from B will overturn it is 

3 c L - a 1 - 6 “ 

10. If one diagonal of a quadrilateral bisects the other and the 
C.G. l>o at the middle point of the bisecting diagonal, show that the 
quadrilateral is a parallelogram. 

* 20. Show that the c.G. of a trapezium ABC1 ) , in which is 

parallel to CD, divides the perpendicular distance between the parallel 
sides in the ratio AB - h 2 CD : 2 A B + CD. 

21. Two sides of a rectangle are double of the other two, and on 
the longer side an equilateral triangle is described; find the c.G. of the 
figure made up of the rectangle and triangle. 

22. A circle of radius r touches internally at a fixed point a fixed 
circle of radius R • find the distance of the c.G. of the area between 
them from their common tangent, and its ultimate position when r 
increases and becomes ultimately equal to R. 

23. At the bottom of a coal-mine 275 feet deep there is an iron 
cage containing coal weighing 14 cwt., the cage itself weighing 4 cwt. 
109 lbs. aiql the wire rope that raised it 6 lbs. per yard. Find the work 
done when the load has been raised to the surface and the h.p. required 
to do that amount of work in 40 seconds. 

24. A cylindrical shaft has to bo sunk to a depth of 100 fathoms 

through chalk, the weight of a cubic foot being 143*75 lbs., the diameter 
of shaft 10 feet, what H. r. is required to lift out the material in 12 
working da> s of 8 hours each ? 4 

* 

25. * A tank 24 feet long, 12 feet broad, 16 feet, deep is to be filled 
with water from a well the surface of which is always at a depth of 
80 feet below the bottom of the tank, find thl work dono in filling the 
tank and the h y. of an engine that will fill the tank in 4 hours, a 
cubic foot of water weighing 62*5 lbs. 
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26. From a triangular lamina A BC a triangular piece A 'IfC' is 
cut out, A' being the middle point of BC\ and B'C being parallel 
to BC and equal to l BC. Show that the c. g. of the remainder is on 
A A' at a distance $$AA r from A. 

27. A hollow is scooped out of a homogeneous hemisphere in the 
shajje of a right cone on the same base. If the vertex of the cone 
coincides with the centre of mass of the remaining solid, how much 
has been removed ? 

28. A right circular cone, whose vertex is V and vertical angle J rr, 
is inscribed in a sphere whose centre is C. If G he the c.a. of matter 
of uniform density filling the whole space between tlie cone and the 
sphere, prove that 

Y G sVj gg-175 : 184. 

29. A closed vesfefis formed by a thin right circular cylinder, one 

end of which is closed by a hemispherical cap and the other by a flat 
plate, the whole being of uniform thickness. Find the ratio of the 
height of the cylinder to its radius that the vessel may rest in neutral 
equilibrium anywhere on its curved surface. • 



CHAPTER VIIL 

FORCES IN EQUILIBRIUM. 

128. When forces act on a body ’’n such a manner as 
to produce no motion they are said to oe in equilibrium. 

The simplest case is that of two equal and opposite 
« forces having the same line of action. « 

- 129. Equilibrium of Three Forces in One Plane. 

When three forces in one plane aiv sn equilibrium their 
lines of action meet in one point 



Fro. 98. 


For the resultant of two of the forces P and Q may be 
supposed to act at the intersection 0 of their lines of action, 
but this resultant must have the same line of action as the 
third force JR, since there is equilibiium, hence the line of 
action of B must pass through Oa 

i 

In the case when" the forces P aijd Q are parallel their 
resultant is parallel "to them and hence also P must he 
parallel to P and Q. 
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Ex. 1. A uniform rod AB is suspended with its end in contact 
with a smooth vertical wall A C, by a string CB. If AE isn£A2?, 
show that AB will be horizontal. 

Since the rod is uniform the weight acts at its 
middle point of AB . 

The forces acting on the rod aro, its weight, the 
tension of the string, and the reaction of the wall 
(which is perpendicular to the wall). * 

Two of these forces, viz. the weight and the ten- 
sion of the string, pass through E, hence also the 
reaction of the wall must pass through E, or AE 
must be perpendicular to the wall, i.e. horizontal. 

Ex. 2. A rod A B can turn roj^d a fixed hinge at A and the end B 
rests against a smooth Yi^uaTwall. Find the reaction of the wall 
and the reaction of fetfningo, the weight of the rod being 10 lbs., its 
length 18 inches, ajnd the distance of the hinge from the wall 6 inches. 




Fxo. 95. 


The weight of the rod acts vertically through the middle point of 
AB, the reaction R of the wall acts along BD perjjcndicwlar to the 
wall, let D be the intersection of the lines of action of these forces. 
We see that R, the reaction of the hinge, must pass through I). The 
sides of the triangle ADE are proportional to the forces. Art. 50. 

R EA R AD 

Hence W^DE 9 W~DE' 


EA^AF- 3; DE= AIP - A F* - yTs 2 - 6* « 12 ^2 ; 

. 12 )- V8HRl272^“ V29f. . 

Thus jB-IOx ^^= 10x^ = l-8lbs. weight nearly. 

B =-10 x ^^—10 -3 lha. weight nearly. 
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130. Stable, Unstable, and Neutral Equilibrium. 

When a body is slightly displaced from its position of 
rest the forces which in its new position act upon it may 
restore it to its former position or may remove it still 
further from that position. 

In the former casp the equilibrium is called stable, in 
the latter unstable. 

Instances of stable equilibrium are, a cube resting with 
a face upon a horizontal plane, or a weight hanging by a 
string. 

A case of unstable equilibria is in a “ top-heavy ” body, 
or a cube balanced on one of its edges. ^ « 

When the body remains at rest in its new position the 
equilibrium is called Neutral. 

# Instances are a sphere, or a cylinder with its axis hori- 
zontal, on a horizontal plane. 

All the kinds of equilibrium are exemplified in the 
following cases: 

(i) an egg standing on its end is in unstable equili- 
brium, 

(ii) lying on its side for displacements in one direction 
its equilibrium is stable, in another neutral. 

131. Case of a Heavy Body with one Point fixed. 



^Jien a heavy body has one point fixed, since there are 
only two forces acting^ upon it, viz. it&^weight and the force 
at the fixed point , for equilibrium we must have these two 
forces acting in the same line, which must therefore be 
vertical, since the weight acts vertically: 
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Hence for equilibrium it is necessary that the point of 
suspension should be vertically above the c.g. In the 
figures we have two different cases of equilibrium, when 
the c.a. is below the point of suspension the equilibrium is 
stable, for when slightly displaced the body’s weight will 
turn it back again. When the c.a. is above the point of 
suspension the equilibrium is unstable, for when displaced 
the body will not return to its former position. 

If the C.G. coincides with the point of suspension the 
equilibrium is neutral. 

132. Condition f>^£^uilibrium when a Body is 
placed on a H&££ontal Plane. 



A body is placed on a smooth horizontal plane, it 
is required to find the condition that it should not fall 
over. 

In order that it may rest, the result ant pressure of the 
(vertical) pressures at the points where it is m contact with 
the plane, must just counterbalance the weight of the body 
(which acts at its C.G.). 

But the line of action of this resultant pressure passes 
through some point within the base of the body, hence, the 
vertical line through the c.a. must cut the base . If this line 
does not cut the base the body will fall over. By the base is 
meant the area enclosed by a string drawn tightly rouifd.the 
body where it meets | the plane, this Js sometimes greater 
than the area in contact with the plane, as in the second 
figure. 
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133. Equilibrium of Forces acting at a Point. 

The condition of equilibrium of forces which act at a 
point is that the algebraic sum of the resolved parts of the 
forces in each of two different directions should be zero . 

For the sum of the resolved parts of the forces in any 
direction is equal to the resolved part of their resultant in 
that direction. See Adi. 56. 

And the resolved part of a force is zero in only one 
direction (viz. the direction perpendicular to it). 

Hence if the resultant force has its resolved parts in two 
different directions each zero tv ''Pist be itself zero. 

Another way of stating that the res&Lant should be zero 
has been already given, viz. that the force-polygon should 
be closed. Art. 47. 

, Notice that having once ascertained a set of forces to 
be in equilibrium, we know that the algebraic sum of their 
resolved parts in any direction is *ero, since it equals the 
resolved part of the (zero) resultant in that direction. 

Ex. Four forces act at a point 0 , viz. forces of 8, 10 and 12 lbs. 
making angles of 30°, (50° and 150° respectively with a line OA, and a 
force of 4 lbs. making an angle of 30° with OA measured in the opposite 
direction. Find what forces must act along and perpendicular to OA 
to produce equilibrium. 



Th$ components along 0A of the forces are 
1 _ 

2 1 


8x%?,40x a , 


2 


V3 


These are equivalent to a force along 0A of 5 lbs. 
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The components perpendicular to OA are 



10 xSj, 12x 



These are equivalent to a force of 8 + 5^/3 lbs. 

To produce equilibrium we must have forces — 5 lbs., - 8- 5*/3 lbs. 
along and perp. to OA. 


134 . equilibrium of any 
One Plane. 


Number 


of Forces in 


The conditions of equilibrium for any number of forces 
whose lines of action lie in one plane, are as follows: 

(i) The algebraic sum^i/ their resolved parts in some 

two directions VSmsh. 

(ii) The algebraic sum of their moments about some 
point in the plane must vanish. 

Far any forces in one plane can be replaced by either 
a force or a couple . Art. 105. 

The given forces cannot be replaced by a force , because 
in that case (i) would not be satisfied, since the resolved 
part of a force is zero only in the direction perpendicular to 
itself. 

The given forces cannot be rep4aced by a couple , because 
then (ii) would not be satisfied, since the moment of a 
couple about every point in its plane is the same and not 
zero. 2 

Hence the given forces have neither a resultant force nor 
a resultant couple and are therefore in equilibrium^ and the 
above conditions are sufficient. 


Cor. 1. If one point in the body is fixed the condition of equi- 
librium is that the resultant of all the forces should pass through the 
fixed point. 

For then there will be no rotation, which is the only possible 
motion. • 

Cor. 2. In applying the above conditions of equilibrium 
notice that the work is simplified by resolving the forces in directions 
perpendicular to forces n<)b required to be found, and by taking mo- 
ments about some point on the lino of action of a force which is not 
required to be found. 

J 


* 10 
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Observe that when forces are in equilibrium, i.e . have 
no resultant force or couple, conditions (i) and (ii) are 
satisfied for any direction and any point. 

135. Second set of conditions of Equilibrium. 

The following three conditions of equilibrium are an 
alternative to those of\^he last Article: 

A set of forces in one plane are in equilibrium if the sum 
of their moments is zero about each of three points in the 
plane which are not in one straight line. 

For any set of forces can be replaced by either a force 
or a couple. 

The given forces cannot be replaced*!*/ a force, since its 
line of action cannot pass through all the points, which it 
would have to do in order that its moment about each should 
be zero. The given forces cannot be replaced by a couple, 
since the moment of a couple is zero about no point. 

Hence the forces must be in equilibrium. Similarly we 
may prove, as conditions of equilibrium, the following: 

The sum of the moments about each of two points should 
vanish t and the stun of the resolved parts vanish in some one 
direction not perpendicular to the line joining the points . 

The student should notice carefully that if the forces are 
in equilibrium, the Mini of their moments about any point 

zero, and the sum of their resolved parts in any direction 
is zero. 

136. Examples. 

The use of the above conditions is best understood from 
examples ; we add the following to illustrate their use. 

Ex. 1. A ladder AB rests against the side of a house and is inclined 
at 60° to the ground. The pressure of the bidder against the wall being 
equal to a force of 60 lbs. and the friction at the same place being equal 
to a fierce of 40 lbs., find the vertical pressure and friction at the point 
whete the ladder rests op the grouua. Find also the weight of the 
ladder. „ I 

The forces at the foot of the ladder are the vertical pressure R and 
the force of friction F f notice that F acts horizontally and its direction 
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is opposite to that in which motion would occur if fhere vere no 
friction. Let W be the weight of the ladder. 

The sum of the horizontal forces must be zero, hence 


60 — F ~ 0 or F=M lbs. wt (' 1 

Also the sum of the vertical forces is zero, hence 

H + 40 — II- n (-2). 


The algeb. sum of the moments of tiro forces about A*, the foot of 



the ladder, is zero, hence if l he the length of the ladder, the moment 
of W about this point is 

ir. JtJ) == Tl x i x l =- IK* ; 
this moment is negative. 

The moments of the forces at A aie 

/•>/ ; • 

60 x A E and 40 x UE y or 60 x x - and 40 x ; 

Z 

these moments are positive, Hence taking the sum 

80^+40-* - H'*=0 (3), 

or i ir=40 (2 + 3^3). 

Hence inserting tins value in (2) wo get • 

# A-40(1+3 v '3). \ 

Observe that F and R have no moment about R, since they both 
pass through it. 

10—2 
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• Ex. 2. A rod AB can turn freely about a pivot fixed in a wall at A, 
and is supported at B by a horizontal string which is fastened to a 
point in the wall at C . Find the tension of the string and the reaction 
at the point. 

The distance A C is 8 inches and BO 6 inches. 

Let the reaction R of the pivot have for its horizontal and vertical 
components the forces X and Y> let T be the ten- 
sion of foe string and W the weight of the rod. 

Since the sum of the horizontal forces acting on 
the rod is zero, 

X- T= 0, or, X='l\ 

since the sum of tho vertical forces acting on the 
rod is zero, V*.. 

Home /f VA ’ 2 + )’*= V 7®+r IF*. .. 



Again, the sum of the moments of tho forces about 
therefore 

0, 

(since the perp. distance of W from A is = £7*0 

or,' 

Substituting in (1) from (2) wo got 

V73 


...( 1 ). 

is zero, 


r-.air.. 


•( 2 ). 


*-*/*"' 


- + IV 2 


ir=l*07 W nearly. 


Notice that the direction of R must pass through the intersection 
of the forces T and IF 


Ex. 3. A uniform rod AB is pivoted at C and rests on a peg at Z), 
O and D being equidistant from its middle point. 

Find the least weight placed at one end which will just lift it off 
the peg 1 X 


B 


R 

1_ 


G C 


+W 

Fio. 101. 


L 


LeJ IF be the weight of the rod, w thtf weight placed at the end A, 
H the reaction at Z), andjdie distance of A and € from G the middle 
point 12 and 2 inches respectively. ^ 

Take momenta about C s wo have 

10*0-2 JF+4tf**0. 
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How when the weight to is just sufficient to take the rod from con* 
tact with D we have Ji~0 ; 

. 10w>-2JF~*0, or 

Ex. 4. Two equal weights W connected by a string hang over two 
smooth pegs A and B in the same horizontal line; neglecting the weight 
of the string find the pressure on each peg. 



The tensions in xhc portions of string CA and A B are equal, hence 
the pressure on the peg A is the resultant of two equal forces each 
equal to W acting at right angles ; this resultant equals \V which 
is therefore the pressure on the peg A and similarly is also the pressure 
on th% peg B. 

Ex. 5. A solid cube of wood rests on a table, one of its lower 
edges AB is fixed to the table so that the cube can turn round it. 
The cube is pulled by a horizontal string which is fastened to the 
middle point of the edge CD y the string being perpendicular to CD. 
Find the least tension in the string which will just make the cube 
begin to turn about AB. The length of an edge of the cube is 
10 inches. • 



* Fia. 103. 


When the cube is just being moved it will only touch the table 
along AB . The forces on the cube are, its weight, the tension of the 
string and the reaction of the edge A B> which will act at the middle 
point O of AB and in the plane passing through the string and the 
centre of the cube. 

Take moments about 0* then if T is the tension of the string 

T x 10 - Wx 5 v* 0, or Tmm £ Iff. 

# * * 

Ex. 6. Two circular cylinders of the same length are placed at the 
bottom of a long box, in contact, and upon them a third cylinder is 
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placed. Find the pressure between the upper and lower cylinders, and 
the pressures between the sides of the box and the lower cylinders, 
there being no mutual pressure between the lower cylinders. 

The figure represents the vertical sec- 
tion through the middle of the cylinders. 
The pressures along the lines of contact 
have resultants in this plane, and are re- 

N presented hi the figure. 

k The centres of the sections are A, B 
and C ; the mutual pressure of the upper 
and lower cylinders is IC-, of the lower 
cylinders with the sides and bottom of the 
box are It and IV respectively. 

Tt y ^ gjren that the lower cylinders 
havo no mutual pressure, or that *>^pt the angle CAB bo a; 

If, If, and w the weights of the cylinders. J 

For the equilibrium of the upper cylinder, 

2 /V si n a = v\ . • . I(, A — , 



<r 


For either of the lower cylinders, 
ft - ltit cos a -- 0, 

B 2 sin a + If — It -- 0 , 


2 sill a 


1C™ i w col o, 

I(’= n r +I!'. 


!Cx. 7. A string passes over two smooth pegs at A and B and 
sustains equal weights TF at its ends, a weight w is attached to a small 
ring which slides on the part (K the string between A and B ; when the 
sysioni has taken up a position of equilibrium find the inclination of 
the bout parts of the string to the vertical. 



If 8 is this inclination, since the tension 
throughout and equal to 7\ say, 

2T cos 8 « «.*, 

3"=Tf, • 

'to* 


hence « 


(*os 8 * 


2 If 


. Ex. 8. A i*od AB of length 9n and weight ti> is connected with a 
joint i4 at one end, a string of length I is fastened to the joint and to 
a point on the surface of a smooth sphere of radius r and weight W. 
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The rod and sphere lean against each other; in the position of equi- 
librium find the inclination of the rod to the vertical and the tension 
of the string. 

Let 11 be the mutual pressure of the sphere and rod, then since the 
sphere is smooth the line of action of It passes through the centre 0 of 



Fro. 106. 


the J^hero, at which W also acts, hence by Art. 129 the direction of 
the string passes through (K 

Let T be the tension of the string, </> the angle it makes with the 
vertical, 6 the angle the rod makes a\ ith the vertical. • 

The rod is in equilibrium under the action of R, w and a force at A. 

Now the sum of the moments of these forces about A must vanish, 
lienee 

R x A T) = w x — sin <9, or 

It 


a sin 6 _ wa sin 0 

\!(l -f r)' 2 - r 2 V^ + 2/r 


0 ) 


Again, consider the equilibrium of the sphere, the algebraic sum of 
the resolved parts of the forces parallel to AD must vaniwh, hence if a 
is the angle OA J) y or 0 + ’ 


T cos a — TP cos <9 = 0.., 
Similarly resolving perpendicularly to OA, 
It cos a — IF sin <£ = 0. . 


We have one more equation which expresses the fact that ft 4- (f>, or «, 
is known, for ® 

1 * 


I 

The last equation is called a geometrical equation. 
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Thu equations (1), (2), (3) and (4) enable us to find the four quan- 
tities T, it y 0, and <f>. Thus from (1) and (3), 

asintf lfr sind> „sin(« — 8) 

w r . ~ - - — ~ W — — — »r - , 

V I s 4- "Ir cos a cos a 

or, from (4), 

a. . A „ r sin (a — 0) , 

w - tan a siri 0 — W v , hence 
r cos a 

i\,i IT tan a 
Uul 0 ~ — — — . 

10 - tail a 4 - IV 
r 

Thus 0 is found, and hence T. which is equal to ir C -° S — . 

’ * 1 COSfl 

iSXAMPLKsl^YSSffN.^. 

1. A square is capable of motion in a vertical plane round an 
angular point, and a weight half that of the square is suspended at an 
adjacent angular point; find the position of equilibrium. 

* 2. A ball of radius one foot and woight 8 lbs. is fastened by a 
string attached to a point on its surface and 8 inches long to a smooth 
vertical wall; find the pressure on the wall and the tension of the 
string. 

3. Two equal heavy spheres of 1 inch radius are in equilibrium 
within a smooth spherical cup of 3 inches radius. Show that the 
pre^suro between the cup and one of the spheres is double the pressure 
between the two spheres. * 

4. If forces A, B, C, I) acting along the sides a, 6, c, and of of a 
quadrilateral an* in equilibrium, prove that 

A C __ JW 
ac bd * 

f>. A triangle ABC whose weight is 33 lbs. lies partly on a table, 
the vertex 0 projecting beyond the edge a distance of 10 inches ; if the 
distance of the c.g. from the edge of the table is 2 inches, find the 
least weight which placed at C would overturn it. 

6. A uniform equilateral triangular lamina ABC of 3 lbs. weight 
can turn in a vertical plane about a hinge at B; it is supported with 
the side AB horizontal by a smooth prop at the .middle point of BC. 
Find the pressure on the prop and the reaction at the hinge. 

7. A pair of compasses each of whose legs is a uniform bar of 
weight W is supported, hinge downwards, by 2 smooth pegs at the 
middle point of the legs in the same horizontal line, the legs being 
kept apart at the angle A by a weightless rod joining their extremities ; 
find the thrust on the rod. 
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8. A uniform sphere rests on a smooth inclined plane and is sup- 
ported by a horizontal string. To what point of the sphere must the 
string be attached ? 

9. Two equal weights W are attached to the extremities of a thin 
string which passes over three tacks in a wall arranged in the form of 
an isosceles triangle with tho base horizontal, the vertical angle at the 
upper tack being 120°, find the pressure on each tack. 

10. A straight rod two feet long is r oveable about a hinge at 
one end and is kept in a horizontal positi/u by a thin vertical string 
attached to the rod at a distance of 8 inches from the hinge and 
fastened to a fixed point above tho rod ; if the string can just support 
a weight of 9 ozs. without breaking, find the greatest weight that may 
be suspended from the other end of the rod, tho rod weighing 2 ozs. 

11. A thin ring of radius It ! n** ! height IF is placed round a vertical 
cylinder of radius r and L prevented from falling by a nail projecting 
horizontally from the cylinder. Find the pressure between the cylinder 
and the ring. 

12. A piece of wire of woight 4 ozs. is bent to form the sides 
AC \ C& of an equilateral triangle, a weight of 1 oz. is attached to B % 
and the wire is suspended from A, show that in the position of equi- 
librium BC is horizontal. 

18. A picture is to hang at a given inclination a to a wall by* a 
string attacked to the middle of the top side and to the wall. Find 
the inclination of the string to the wall, having given that the miction 
makes an angle of 45° with the wall. 

14. A rod of length a hangs against a smooth vertical wall sus- 
pended by a string of length l tied to one end of the rod and to a 
point in the wall; prove that the rod may rest inclined to the vertical 

p _ a 2 

at an angle 6 where cos 2 0 — — 2 - . 

15. A rod of weight W rests against a smooth inclined plane AB 
and a smooth vertical plane BD (B being higher than A). A string is 
attached to the lower end of the rod, arid passing over a i*illev at B 
supports a weight P. If 0 be the inclination of the rod (in equilibrium) 

to the horizon and a that of the plane, cot 0=*2 sec a ^ — sin aj . 

16. A heavy rectangular board A BCD of uniform thickness and of 
weight TF is supported at the middle point of AB \ al>out which it can 
turn freely in a vertical plane. Weights P y Q(P> Q) are attached by 
strings to the corners 2?, D apd hang freely. Prove that in the position 
of equilibrium the inclination of A 13 to the horizon will be # 



where a and b are the lengths of the sides AB , AD of the rectangle. 
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17. A hollow vertical cylinder, radius 2a, height 3a, rests upon a 
horizontal table ; a rod is placed within it with its lower end at the 
circumference of the ha.se, the rod rests upon the opposite ppint of the 
upper rim and projects over. How long must the rod be in older that 
it may cause the cylinder to topple over, the rod and cylinder being of 
equal weight ? 

18. A heavy uniform rod of length 2a rests partly within and 
partly without a smooth .fixed hemispherical bowl of radius r ; if 6 bo 
the inclination to the bor^on of Hie rod 

2 r cos 2r9 — a cos 0 . 

19. A heavy triangular lamina rests inside a smooth hemispherical 
howl; prove that the pressures at the three angular points are equal. 

20. A uniform heatn rests whTT^iir q^th end against the junction 

of the ground and a vertical wall; it is supported by a string fastened 
to the other end of the beam and to a staple in the vertical wall. Find 
the tension of the string, and show that it will be equal to half the 
woight of the beam if the length of the string is equal to the height of 
the staple above the ground. t 

21. A cylindrical tul»e of mass M stands upright on the ground. 
Two equal smooth spheres are placed within it, one resting on the 
ground and the other supported by the cylinder and tlio other sphere. 
If the mass of either sphere be m, its radius nr, and the radius of the 
cylinder^*, show that, the cylinder is on the point of toppling over 
prodded that 2>a = 3d/. 

22. Three equal strings' of no sensible weight are knotted together 
to form the equilateral triangle AB(\ and a weight W is suspended 
from A. If the triangle and weight he supported with horizontal 
by means of two strings, each at the angle of 135° to BO. prove that 

IT 

tho tension in BO is — (3- v /3). 

23. Two equal weights of 112 lbs. are joined by a string passing 
over two pulleys A and B in the same horizontal line. A weight of 
1 lb. is attached to the middle point of the string between A and B ; 
find the position of equilibrium. 

24. Throe uniform heavy rods A />, BC and CA of lengths 5, 4 and 
3 foot respectively are hinged together at t theii* extremities to form a 
triangle. Prm e that the whole will balance with AB horizontal about 
a point distant 1 J of an inch from the inuldic point of AB towards A. 

25. If TP be the tqjbal weight of the ^ rods in the last question 
prove that the vertical components of the action at the hinges A and B 
when the rod is balanced are Jg j W and TP. 
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26. Show that if the pins of the two hinges of a door arc not in 
the same straight line the door cannot ojxm, and if the straight line of 
the pins is not vertical the door will tend either always to open or 
always to close. 

27. If a system of forces bo represented in magnitude and position 
by all but one of the sidos of a closed polygon taken in order, their 
resultant will be parallel in position and proportional in magnitude to 
the remaining side, and that its line of action will bo at a distance 
from that si do in\ersely proportional to ’^s length. 

28. A uniform heavy rod AB, 1 feet long, whose weight is 10 lbs.* 
posses under a smooth peg 6 inclios from the end A and over another 
peg 12 in. from the same end. A weight of 100 lbs. is suspended from 
the end B\ find the fictions on the j^gs. 

29. A rectangular lamina A BCD, in which the angle BAC is 60®, 
can turn freely in a vertical piano about its corner A which is fixed, 
and a string attached to B passes over a small smooth pulley fixed 
vertically above A at a distance equal to A B and sustains a weight 
equal to the weight of the board. Show that in equilibrium with 
lower than B the inclination of AB to the vertical is either (kb or 2<b. 



CHAPTER TX. 


THE \?IMPLE MACHINES. 

137. The instrument by which effort is applied to lift 
a weight or overcome any kind of resistance is called a 
machine . Part of the effort is spent in overcoming the 
resistance of the machine lEs di du e to friction, imperfect 
flexibility of ropes, &c. Resistances of this kind are called 
wasteful as distinguished from that which it is the object of 
the machine to overcome, this latter is called useful resistance. 

138. Efficiency. 

The ratio of the useful work done by a machine to the 
whole work done is called its efficiency. If there were no 
Wasteful resistance the efficiency would be unity. In such 
a case the machine is said to be perfect, and this we shall 
assume it to be. 

139. Mechanical advantage. 

In what follows it is supposed that an applied force P, 
by means of a machine, supports a weight Q, then any force 

greater than P will move Q . The ratio is called the 

mechanical advantage of the machine and is usually greater 
than unity. 

140. Simple Machines. 

The simpler machines are the following : 

(1) The Lever, f 

(2) The Wheel and fc Axle, 

(3) The Pulley, 

(4) The Inclined Plaqp, 

(5> The Screw. 
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The Lever. 

The lever consists of a rigid bar (straight or curved) 
which can turn freely about a fixed axis called the fulcrum . 

By its means an applied force P balances a force Q, a 
pressure R being produced on the fulcrum. 

There are three classes of levers; the first is when the 
fulcrum is between P and Q, t 



Fig. 107. 

the second , when Q acts between P and R, 
P 

Fig. 108. 



the third , when P acts between Q and R. 



Fig. 109. 


Examples of the first kind are, a pair of scales, a crowbar, 
a poker resting on the bar of a grate ; double levers are a 
pair of scissors. 

Examples of the second kind are, an oar when the end in 
contact with the water is at rest, this end is the fulcrum, 
the force Q acts at the rowlock ; a wheelbarrow, the fulcrum 
being the point of contact with the ground. 

An example of the tjiird kind is the limb of an animal ; 
the socket is the fulcrum, the force P is the action of a 
muscle attached to the bone near thtj socket, the force "Q is 
the weight of the limb ; a pair of tongs is an example of a 
double lever of this class. 
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141. Conditions of Equilibrium. 

For equilibrium R must be the reversed resultant of the 
parallel forces P and Q, hence in all cases 

P.AC^Q.BC. Art. 89. 

Also, in the first case li = P -f Q , 

in the second <$use R = Q — P, 

in the third case R = P — Q. 

If the lever is bent, draw from C lines CM and ON perpendicular to 
the directions of P and Q, tlien taking moments about C\ 



Fig. 1J0. 

we have P . CM -- Q . CM. 

142. In the foregoing we have neglected the weight of 
the lover, if it is of weight*, and its c.c. at 0, 



Fig. 111. 


« 

by taking moments about G as before, we have 
P.AG + w.OG^Q.BG. 


143. The distances AG and BC are called the “arms” 
of the lever; ' 

t 0 AG 

t and since mechanical advantage = ^ , Art 139, 

we see that the mechanical advantage is = — 1 -~”. 

* y s arm 
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Class I. Mechanical advantage is gained by making P’s 
arm longer than Q s arm. 

Class II. Mechanical advantage is always gained. 

Class III. Mechanical advantage is always lost. 

If the lever gives mechanical advautage we see that the 
distance moved through by P is greater than that moved 
through by W \ t 

Ex. 1. Two weights balance attached to the ends of a Iev**r of the 
first class, one weight is 10 lbs. and its arm is 0 inches, the other arm 
is lft inches, find the other weight. 

Let Q he the other weight, here 10, hence 
] 0 x C » Q X lft, < ir (J -• 1 il>s. 

Ex. 2. Tlie mechanical advantage of a lever i. } -I and the pressure 
on the fulcrum is 8 lbs., find the balancing forces, the lever being of the 
second class. 

We have given that ^£--4, ^ —/*—«. 8 

Hence ^ >== S lbs., W— Aj* lbs. 

• 

Ex. 3. A man wlio wishes to raise a rock leans with his whole 
weight on one end of a crowbar the feet long which is propped at the 
distance of four inches from the end in contact with the rock. The 
man’s weight being 160 lbs., wliat force does he exert on the rock, and 
what is tlie pressure on the prop ? * 

The force lie exerts is equal to that of a weight x, where x is given 
by tho equation 

4a’= 160 x 56, or .* —2240 lbs. 

The pressure on the prop is 

= H r + 7*^2400 lbs. 

• 

Ex. 4 Two forces whose measures arc 0 and 8 act at the end of a 
rod 16 feet long and are inclined to the rod at angles of 30' and A ft" re- 
spectively ; find the position of the fulcrum when there is equilibrium. 

Let A 13 be the rod and x the distance of the fulcrum from A. 



Fio. 112, 
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The perpendicular distance of the force 6 from the fulcrum is ' 
Tho distance of the fulcrum from B is 16—#. 

16 —# 

The distance of the force 8 from the fulcrum is — . 

V2 

x 16-# 

3 # 

hence ! ^64- 4r. or x~ 10*4 feet nearly. 

V2 f* 


EXAMPLES. XXX [I. 

1. The arms of a straight leVer are 5 and 7 inches long respec- 
tively, a weight of 2 lbs. is attached to the shorter arm, find the weight 
to be attached to the longer arm for equilibrium. 

2. A weightless rod 7 feet long has weights of 4 lbs. and 10 lbs. 

hung at its extremities. Find the position of tho fulcrum when there 
cs equilibrium. * 

3. A uniform rod which is 16 feet long and which weighs 17 lbs. 
cap turn freely about a point in itself, the rod is in equilibrium when a 
weight of 7 lbs. is hung at one end. Find the position of the fulcrum. 

4. Tho two arms of a straight lover are 18 inches and f>0 inches 
long respectively, and its weight is 10 lbs. If a weight of 58 lbs. be 
applied at tho end of the longer arm, what weight must be applied at 
tne end of the other that there may be equilibrium ? 

5. A straight lever whose length is 5 ft. and weight 10 lbs. has its 
fulcrum at one end. Weights of 3 lbs. and Gibs, are fastened to it at 
distances 1 ft. and 3 ft. from the fulcrum, and it is kept horizontal by 
a force at tho other end. Find the pressure on tho fulcrum. 

6. If Yhe pressure on the fulcrum be equal to 10 times the 
difference of the forces, find the ratio of the arms. 

* 7. A uniform wire is bent so as to form two straight lines inclined 
at an anglo of 120°, one of which is twice as long as the other. The 
wire is suspended from its angular point. Find the position of 
equilibrium. 

8. A uniform heavy rod has a weight'of 5 lbs. hung from one end 
and balances on a fulcrum 5 feet from that end. This weight is re- 
placed by a weight of l{> lbs. and .then the rod balances when the 
fulcrum is 4 feet from that. end. Find tne length and weight of 
the rod. 
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9. A man seated in a boat pulls at the handle of each of a* pair 
of sculls with a force of 25 lbs. weight. If the distance of the rowlock 
from the end of the blade of each scull be 4 times that of the rowlock 
from the hand, find the resultant force on the boat. 

10. The arms of a l»ent lever are at right angles to one another 
and hi the ratio of 5 to 1. The longer arm is inclined to the 
horizon at an angle of 45°, and carries at its end a weight of 10 lbs. ; 
the end of the shorter arm presses against a horizontal plane, find the 
pressure on the plane. 

144. Balances. 

One of the uses of the lever is to determine weights, for 
this purpose it is used in the forms of the Common Balance, 
the Roman steelyard, and the lfanish steelyard. 

146. The Common Balance. 

This consists of a beam somewhat in the shape of a 
lozenge which turns freely about a fulcrum O , consisting 
of a wedge-shaped knife-edge attached to the beam ana* 
resting on a fixed support. The centre of gravity O of all 
the parts of the balance lies vertically below G when the 



beam is horizontal. To the ends of the beam there are 
attached knife-edges upon which scale-pans are supported. 

146. If the weights placed in the scale-pans are not 
equal the beam will not be horizontal, and will take up a 

11 


3 . 
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position of equilibrium in "which the moments of the weights 
about G will be counterbalanced by the moment of the 
balance itself about C. 

147. A pointer or rod CD (not shown in the figure) is 
often attached to the centre of the beam. In the position 
of equilibrium this is vertical. 

148. Requisites pf a good Balance. 

1. The balance must be true , that is when loaded with 
equal weights the beam should be horizontal. This con- 
dition is secured if, 

(i) the arms are e^ual in length, 

(ii) the scale-pans are equal in weight, 

(iii) the c.o. of the beam be vertically below G. 

2. The balance should be sensitive , that is for any small 
difference in the weights the deviation of the beam from its 
horizontal position should be large enough to he easily ob- 
served. 

This will be secured by 

(i) increasing the length of the beam AB t 

(ii) decreasing the length of the rod CD, 

(iii) diminishing fhe weight of the beam. 

See Ex. XXXIII, 8. 

8. The balance should be stable. That is when dis- 
turbed it should quickly return to its horizontal position. 

149. False Balances. 

The effect of weighing with an untrue balance will be 
now considered. 

1. The arms of a balance are of unequal length a and 6, 
a body of weight w» lbs. weighs tv L lbs. when placed in one 
scale and lbs. when placed in the qtber. Here wc have 

■ira = tvj), * 
w. 2 a = why 

9 

*V. W 2 ~V> k W 2 , { 

V> — Vwi W a 


(l). 



THE SIMPLE MACHINES 


1(53 

The true weight is the geometric mean of the apparent 
weights. 

t 

2. The arms are of equal length hut the c.n. of the 
balance is at a horizontal distance c from (/, the middle 
point of the beam. 

Let w* be the weight of the balance, w the true weight 
of a body and u \ , w tt the wights which have to he used to 
balance it when it is placed in the*two scale-pans in suc- 
cession. 

Here if a is the length of either arm, by taking moments 
about C y ♦ 

iva 4- n/c — a, 
w.,a -4- tt/c — wa. 

Hence (?</ — w 2 ) (t = (iv x — w ) a, 

or m 2 /.'• = w, -f rt'j, (2). , 

The true weight is the arithmetic mean of the aj)parent 
weights. 

3. If the arms are of unequal length and also the c.g. 
of the balance not \ertically below (\ we have by taking 
moments as before 

w . n = w Y b, 
w,a — w/c + vc6 ; 

w (a -h />) = -f- (3). 

EXAMPLES. XXXJII. 

1. The arms of a balance are respectively 8J and 0 inches long, 
the goods to be weighed being suspended from the longer arm. Find 
the real weight of good* which apparently weigh 27 lb*. 

2. A l>ody the weight of which is 28 ounces, when placed in one 
scale of a balance with unequal arms, appears to weigh 14 ounces ; 
find its weight when placed in the other scale. 

3. The apparent weights of a body arc 4 and 16 lbs. respectively, 

when weighed from the two arms of a lialance. Find the ratio ot the 
lengths of the aims and the true weight of th^lnxjy. * 

4. If the l^eara of a dtlse balance is uniform and heavy, show that 
the arms are proportional to the differences between the true and 
apparent weights. 


11- 2 
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5. Jn a given balance it is found that 51*075 grammes in one scale 
balance 51*362 in the other, and 25*592 balance 25*879 ; show that the 
arms are eqtial, but that the scale-pans differ by *287 grammes. , 

6. The beam of a balance is 6 feet long and it appears correct 
when empty, a certain body placed in one scale weighs 120 lbs., when 
placed in the other, 121 lbs. Show that the fulcrum must be distant 
about ^ of an inch from the centre of the beam. 

7. A dealer has correct weights but one arm of the balanoe is 
shorter than the other. W ho sells two quantities of a certain drug, 
each apparently weighing lbs. at 40s. jxjr lb. weighing oho in one 
scale and one in the other scale, will he gain or lose? 

8. If in Art. 145, the length of the beam is —2a, CZ)=A, CO=^k 9 
and 6 the angle which the beam Shakes with the horizon when the two 
weights P and ty are placed in the pans, show that, if W is the weight 
of the beam, 

tan „_ (P~Q)a 

°~(p + Q)h + Wk ■ 

• 9. If the arms of a false balance be without weight, and*0nc arm 

longer than the other by } of the shorter arm, and if in using it the 
substance to be weighed is put as often in the one scale as in the 
o&hor, show* that the seller loses § por ccut. in his transactions. 

150. The Roman Steelyard. 

This steelyard is a lever of the first class and consists of a 
bar moving about a fulcrum O and having a given weight w 
sliding on the longer arm. 

To the end of the shorter arm the body whose weight is 
required is attached and the weight w is moved along its 
arm until there is equilibrium. 



The longer arm is graduated so t*hat the point at which 
w is placed indicates the weight of the body. * 
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To graduate the Roman steelyard . 

The point from which the graduations start must be 
wherd w i^placed to balance the weight of the steelyard 
itself when no weight is attached. Let this point be 0 . 
Then W' being the weight of the steelyard 

w\C0 = W'.CG (i). 

Again, if a weight W is attached and there is equilibrium 
when w is moved to P, taking momehts about 0 \ we have 

w . CP = W . CG + W.AC (ii). 

By subtracting (i) from (ii) we get 

* W OP 

w . OP ~W . A 0, or - - = '[L 

w AO ' / 

Hence if OB he divided up into portions each equal to 
AC, starting from 0, the graduation at which w rests gives 
the number of times W contains w. , 

If w is one lb. the graduations indicate pounds. The 
graduations are all at equal distances AC and if we wish 
to be correct to ounces each graduation must be divided 
into 16 equal parts. 

If the centre of gravity G of the bar be in the longer arm 
the point 0 will be found to be in the shorter arm. 


Ex. 1 . If the fulcrum be four inches from the point to which the 
weight is attached, and the centre of gravity live inches from that end, 
and the weight of the bar equal to the moveable weight, find the 
position of zero graduation. 

We have given that W'=tv, also G is one inch from O and in the 
longer arm, hence 0 is also one inch from C and in the shorter arm. 


Ex. 2. The moveable weight is originally one pound and a weight 
of three pounds is substituted, the graduations remaining the same, 
how is a buyer affected by the change, the e.o. being in the shorter 
arm ? 


If the moveable weight were at P the buyer is charged for the 
OP i 

weight 3 jy-j lbs. If the graduations had been constructed for a 
VA .* 

moveable weight of 3 lbs., then instead of OP we should haue had 
O’P where O is such that W' . CG^SCO', and the buyer should be 

charged for 3 ggLlbs. lienee CO is lass than CO and therefore 

OP greater than OP, The buyer therefore gets more for his money 
than he should do. 
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Ex. 3. Tho weight of a steelyard is 10 lbs., the l>ody to be weighed 
is suspended from a point 4 inches from tho fulcrum and the c.o. of 
the steelyard is 3 inches on tho other side of the fu]prum. Whore 
should the graduation corresponding to one cwt. be situated, the 
moveable weight being 1 2 lbs. I 

The zero of graduation is got in this case from tho equation 
10x3 \‘2x<'0 h y (i). 

lienee O is incise from ihe fulcrum. 

Also 1 12x4-12 x^/', or 

from which it follows that the point required is distant from the 
fulcrum 

x l,~ ~~ 0 4.T 34$ iuchcss. 


MX A M 1’JjKS. XXXIV. 

1. A slcelyard 4 feci long has its c.o. 11 inches and its fulcrum 
8 inches from*.!. If the weight of the machine be 4 lbs. ^nd the 
‘moveable weight 3 lbs., lind bow many inches from A is the graduation 
denoting 10 lbs. weight. 

r 2. In a. Roman steelyard the sliding weight is 10 lbs., the gradua- 
tions for a diUcrence of one stone are 3.\ inches apart, find how’ far 
from the fulcrum is the point at which tlie bodies to be weighed are 
attached. 

3. If tho moveable weight ho equal to the weight of the beam, 
and if the zero of the graduations bisect the distance between the 
fulcrum and the point of suspension of the body to be weighed, then 
the first graduation will coincide with the t v:. of tho beam 

4. If a steelyard by use lose of its weight., its c.o. remaining 
unaltered, show how to correct the graduations of the steelyard. 

5. A tsteclyurd is 12 inches long and with the scale-pan weighs 
1 lb., tho c.o. of the two being 2 inches from the end to whioh the 
scale-pan is attached. Find the position of the fulcrum when the 
moveable weight is 1 lb., and the greatest weight that can be as- 
certained by the steelyard is 12 lbs. 

6. Tho beam is 32 inches long, the body to be weighed being 
attached at one end A ; the fulcrum is distant 5 inches and the c.G. 
of the beam 7£ inches from A. The weight of the beam being 1 lb. 
and that of the moveable weight 3| lbs., find the heaviest weight that 
can t»e weighed by this instrument. 

7. A steelyard is damaged, either by ruA or by losing a portion of 
its longer arm, causing it to weigh inaccurately, show that it may be 
repaired by the attadiment of a suitable weight, so that we can use the 
original graduations. 
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151. The Danish Steelyard. 

This consists of a bar having at one end a heavy lump of 
metal,’ to th6 other end the body to be weighed is attached. 
We then observe about what point in its length the bar 
balances. 

Thus the fulcrum is moveable. 


r 


4W+w 


G_ 

n 


XTLIin 

p p ppp 


Fio. 115. 


fwj 


To graduate the Danish Steelyard. 

Let w be the weight of the liar and G its, centre of 
gravity. 

Then if a weight Tr be attached, and the system balances 
about. P , the upward force at P is W+ w , and taking moments 
about B wo get 

w.BO = (W + w)III\ 

or BP = JiG. 

•t -f io 

Now first let W — tv f then BP Y — J BG , mark this position 
of the fulcrum 1\ ; next let W — 2 w, then 

BP, = b - ^ BQ-ihG, 

2 w + w J 

mark this position P. 2 : in the same way taking W to be 
*3?e, 4 tv, &c. in succession we get the points I\, P A &c., where 

BP, = \BG, BP a = } ; BG, &c. 

Thus the bar is graduated, and if for instance w is one lb., 
the bodies which caufie the fulcrum to take the positions 
P lt P 2> P 3 &c. are of th« respective weights one Jb., two lbs., 
three lbs. &c. „ * • 

Observe that tho distances BP U 9 BI\ &c. are in har- 
monical progression. 
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By taking W equal successively to ... we get the corre- 

sponaing distances of the fulcrum from B as %B0, ina, jt BO, .... 
These points should be marked V 4, .... Notice that their 

distances from O are in harmonica! progression. 


Ex. 1. A Danish steelyard weighs 10 lbs. and the distance of its 
c.a. from the scale-pan is 4 feet, find the distances of the successive 
points of graduation from the c. g. 

By this Article BP-- x 4. 

J i If 4- 10 

When If— 1, BP X — { J — 3^ feet, or Ul\ -■= ^ feet, 

W — 2, lif\ — f £ — 3J feet, or GP 2 = $ feet, 

IF -= 3, Bf\- :}g=r-3j^feet, or OP% feet, and so on. 


.Ex. 2. A Danish steelyard has at one end a ball* of metal 3 inches 
in diameter and weighing 8 lbs. The bar weighs 2 lbs. and is 12 inches 
long. It is graduated from end to end, the spaces being k an inch 
a] wirt. AVhat are the greatest and least weights that can bifineasured 
by it 1 

A 

Let be tho distance of the c.a. of the bar and ball from the centre 
of tho ball, then 

8a-=*2 (7.J — #), or inches. 

Thus the c.g. is at the end of tho bar. Also by this Article 


BP= 


10 

10 + w 


x 12. 


When the weight is greatest Bf l is least or i an inch, 

. *. 4(10+ If) = 120, or If = 230 lbs. 
When the weight is least BP is greatest or 11^ inches, 
H£(10 + O') — 120, or lf=4glbs. 


EXAMPLES. XXXV. 

1. In a Danish steelyard the distance between the zero graduation 
and the end of the instrument is divided into 30 equal parts, and the 
greatest weight that can be weighed is 5 lbs. 7 ozs, ; find the weight of 
the instrument. 

2. Find the length of the scale of tho Iteolyard whose weight is 
1 lb. and in which the distance between the graduations denoting 3 

and 4 lbs. is one inch. 

« 

3. In a steelyard the fulcrum rests halfway between the second 
and third graduations, find the ratio of the weight in the scale-pan to 
tho weight of the instrument 
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4* The length of the scale of the steelyard is 24 inches and its 
weight is 7 lbs. ; find the distance between the positions of the fulcrum 
in weighing 14 lbs. and 21 lbs. respectively. 

5. From a steelyard in which A is the point of the l>eam from 

which the scale-pan is suspended, and O is the c.o. of the steelyard 
and scale-pan a small particle of weight w at the middle point of 
AO has been broken off ; show that the apparent weight of a body 
determined by the steelyard will be too great by & (* — 1 ) tr, where 
n is the ratio of the apparent weight of the body to that of the steel- 
yard and scalo-pan. * 

6. Supposing the steelyard to become coated with rust, what 

would you do in order to use the steelyard without altering the 
graduations ? , 

7. If the weight of a Danish steelyard is 5 lbs. and the fulcrum is 
at a distance of 3 inches from the end for a weight of 10 lbs., show • 
that in order to balance a weight of 15 lbs. the fulcrum must Iks 
moved J of an inch. 

8. If a weight W balances with the fulcrum at a distance a from 
the C.<J. of the steelyard, the distance the fulcrum must bo moved 
in order to restore the balance when a weight to is added is equal to 

V ) 1 

)V(W+2w) a ' * 

162. The Wheel and Axle. 

This machine consists of two cylinders of different radii 
having the same axis and rigidly connected. At their ends 
are pivots which turn freely in fixed supports. 

The weight is raised by means of a rope coiled round 
the smaller cylinder, the force is applied by a rope coiled 
in the opposite direction round the larger cylinder. 




Fig. 116. 
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Conditions of equilibrium. 

Neglecting the thickness of the ropes, take moments 
about the axis which gives, since the pressure on the axis 
has no moment, 

P.a--W.h (1); 

where a ami b nre the radii of the wheel and axle respec- 
tively, and 1 * is the applied force. 

153. Mechanical Advantage. 

W 

The mechanical advantage, or ^ , here is 


a _ radius of wheel 
b radius of axle 


By making ^ very great we can theoretically increase the 

mechanical advantage to any extent. Practically there are 
limits to the increase, if a be large the machine is unwieldy, 
if h be small the axle will be too weak. 


When a large mechanical advantage i* needed, a modified 
form called the Differential Wheel and Axle, which will be 
afterwards explained, is vy»ed. 


154. The. Capstan, and Windlass are forms of the Wheel 
and Axle, the force is applied at the t.nd of a spoke lying 
in a plane jicrpeudicuiur to the axis. In the Capstan the 
axis is vertieal. in the Windlass horizontal. 


Ex. 1. % lf the radii of the wheel and axle Ik* respectively 40 inches 
and *1 inches, what weight would be supported by a force equal to the 
weight of 30 lbs. f iind also the pressures on the supports on which the 
axle resLs. 

bet x be the required weight, then 

4 x =- 30 X 4< ), or x =- 3U0 lbs. 

The pressure on the supports — V 4 330 lbs. weight. 

m 

Ex. 2. A wheel and ^ixle is used to raise a bucket from a well. 
The diameter of the wh&l is lo inches, anti while it makes 7 revo- 
lutions the bucket which weighs 30 lbs. rises 54 feet. Find what is 
the smallest foreo that applied to a point on the circumference can 
turn the wheel 
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Let x bo tho required force, then by the principle of work, 
Art. 60, the total work clone is zero since the forces are in equi- 
librium, or 

.r x 2 nr x 7 — HO x = 0, 
or x x 4 A x \f- x 7 — 30 x \} — 0, 

from which we find x to be & a Jb. weight. 

Ex. 3. A weight is to be raised by ine.uis of a r«>pe passing round 
a horizontal cylinder 10 inches in diameter turned by a, winch with an 
arm 2h foot long. Find the greatest weight which a man could so 
raise without exerting a pressure of more than f> 0 lbs. on the handle of 
the winch. 

Let. x be the weight required. The radius of the cylinder is 
5 inches. The arm of the winch, which corresponds to the radius of 
the wheel, is 30 inches. 

. \ .17x5 = 50x30, or .c -- 300 lbs. 


EXAMPLES. XXXVI. 

* 

1. If the radius of the wheel and axle be respectively 3 feet and 
4 inches, what force must be applied to raise a weight of 40 lbs. 1 

2. A man pushing at the end of a pole 4 feet long works a capstan 
whose diameter is 2 feet; with what force must be push to overcome a 
resistance of 000 lbs. weight ? 

3. If the radius of the wheel be treble that of the axle, and 
the force and weight are together eq«al to 48 lbs. weight, find the 
magnitude of each- 

4. Four sailors each exerting a force capable of raising 11C lbs. 
raise an anchor by means of a capstan whose radius is 1 It. 2 inches 
and whose spokes are 8 feet long (measured fiom the axis). Find the 
weight of the anchor. 

5. A weight of 17 lbs. just balances a weight of 79 lbs.# What will 
be the radius of the axle if that of the wheel is 17 inches ? 


6. The radii of the whorl and axle are 17 inches and 4 inches and 
the weight is 12 lbs., find the applied force 

7. A force of 10 lbs. will raise a weight of Q lbs., a force of ~ lbs. 

will raise a weight of 10 IBs., show that the radius of the wheel is twice 
the radius of the axle. • 


8. A man exerting a force of 50 lbs. weight works a capstan*. He 
walks 4 yards round, two feet of rope being pulled in ; what is the 
weight raised ? * 


9. A cage is suspended by a roi>e passing over an axle and a man 
standing in the cage dra\vs himself and the cage up by pulling at a 
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rope passing over the circumference of the wheel. If the joint weight 
of the man and cage be 14 stone and the radius of the wheel 5 times 
that of the axle, the rojw being pulled into the cage at the uniform 
rate of 2 feet a second, find the tension exerted by the man and the 
horse- power at which he works. 


155. The Pulley. 

The pulley consists of a wheel which can turn freely 
about an axle, the axle is attached to a framework called the 
block. 

Iu a groove on the circumference of the wheel runs a 
string acted on by a force at each end. The pulley in fig. (i) 
is attached to a fixed beam Shove and can only turn on its 
k axle, the lower pulley of fig. (ii) can move up and down 
as well as turn. 


The first is called a fixed pulley, the second a moveable 
pulley. The tension of the rope connected with a pulley 




/i 




4 


(ii) 



is assumed to be the same throughout its length, although 
this is not strictly true owing to friction. The weight of 
the string is negligible. * 


.166. The fixed pulley has unity for its mechanical 
advantage, . for W ana % P being each equal to the tension 

* If 

jjf the string are themselves equal, hence -p is unity. 
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Th© use of a fixed pulley is to change the direction of 
the applied force. 

fn the second figure a weight IF is attached to the block, 
W is supported by the (equal) tensions of the string on each 
side, each tension is equal to 1\ hence IF — 2 1\ and the 
mechanical advantage is 2. The portions of the string are 
taken to be parallel. 


157. System of Pulleys. 


Pulleys are combined to form a 
system as represented in the figures. 

The upper pulleys are fixed, the 
blocks of the lower ones are joined 
together. 

The same string passes round all 
the pulleys, to one end of it a force P 
is applied, its other end is fastened to 
the upper block. In the case when 
there is one more pulley above than 
below, the end is fastened to the lower 
block. 

In practice the two sets of pulleys 
turn on the same axes. Here the 
strings cannot be strictly parallel, but 
the error is small enough to be disre- 
garded. 

The attached weight is IF, the 
weight of the lower block of pulleys 
is w, and n is the number of strings 
connected with the lower block. 

The whole weight IF + w is sup- 
ported by the tensions of n parallel 
strings, each tension is equal to P 
being the same throughout the string, 
hence 

W + to » nP, 

If w is negligible TF »nP, and 
vantage is n. 


r 

< 


r 

Y 

k 

'J 

s . 

y 

\ 

V 



k' 

J 

r 


V 

J 

1 

t 


JSL 


Fig. U8j, 


the mechariSfeal ad- 


174 


ELKMKNTAKY MECHANICS 


158. Principle of Work, 

If the lower block receive an upward displacement equal to k , each 
portion of the string is slackened, and P descends through a space h 
for each portion of string, that is, through a total distance nh, if n is 
the entire rmruber of strings in the lower block. 

Hence by the Principle of Work, Art. 09, since the forces are in 
equilibrium 

117/ — Pah — 0, or W^nP. 

Since the Hoace tmvursdfl by the lower block is always -th of that 

' n 

traversed by the applied force, the acceleration of the lower block 
f 

is ■£- , where f is the acceleration of the point of application of the 
force P in the case when IT is not equal to nP. 

Ex. 1. What force will be necessary to support a weight of 32 lbs., 
there being nine pulleys each weighing one lb . '( 

I fore silica the number of pulleys is odd, the number of parts of 
the rope at the lower block is odd and the rope is attached <o the 
lower block. Thorn are thus 4 pulleys in the lower block. 

The entire weight supported is 30 lbs. 

• UPr- 'MU or /*--4 lbs. 

Ex. 2. If a weight of 10 lbs. suppoit a weight of 18 lbs., and a 
weight of 11 lbs. support a weight of 20 lbs., iind the number of strings 
and the weight of the lower hlqpk. 

Let n be the number of strings and a* the weight of the lower 
block 

18 I 1 0;<, 

20 + w- 11 /*. 

llenoo « = 2, w — 2. 

Ex. 3. Find the smallest weight which can be raised with 
mechanical advantage if there are 10 pulleys, each pulley weighing 
4 lbs. 

Here there are f> pulleys on the lower block, the total weight is 

ir+2o. 

?r+2o=io/*.' 

For mechanical advantage greater than unity 

IF must be greater than /*, 

10 IF „ >? greater than'tF-4- 20, 

IF must be greater than lbs. wt. 



THE SIMPLE MACHINES 


175 


EXAMPLES. XXX VTL 

1. # If there are 9 pulleys altogether anti each pulley weighs 1 lb., 
what 'force is required to support a weight of 1U4 lbs.*? 

2. What weight can be supported if there are 4 pulleys in the 
lower block and the total number be even, the weight of the lower 
block being 4 times the force I* t 

3. If weights of 5 lbs. and G lbs. support weights of *73 lbs. and 
88 lbs. respectively, wluit is the weight of the lower block, and bow 
many pulleys are there in it. ? 

4. If the lower block weigh 24 lbs and contain f> pulleys, the 
string being fastened to the lower block, what weight can be raised 
by a force equal to 21 lbs. wt. ? 

5. Find the pressure on the ground if a man with 8 weightless a 
pulleys sustains a weight \ of his own. 

G. Ten weights each of 20 lbs. are to be lifted to a height of 8 feet 
from the ground. Show how a system of pulleys may be arranged to 
lift tbcfhi together, the weight of the pulleys being neglected, by exerting 
ft ' we equal to one of them. 

7. A man whoso weight is 12 stone raises 3 cwt. by means of a 
system of pulleys, there being 4 pulleys in each block, and the string 
being attached to the upper block. What is his pressure on the 
ground ? 

8. What must be the relation between the radii of the pulleys 
in the lower block in order tli it. they n/ay be all grooved in the same 
piece V 

159. Two other arrangements are usually described. 

The figures show arrangements of three pulleys, there 
being as many strings as ] ml leys. . 

In I, each string is fastened to the supporting beam, in 
II. each string is fastened to the beam which supports the 
weight. 

Notice that one figure is the inversion of the other. 

W is the weight supported, the weights of the pulleys 
are neglected, the force tf applied is P. 

Case I. * • 

The tensions of the strings being T l9 T, 2 and T*, we have 
since the tension of a string is the same throughout 

T x - P. 
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I. II. 



Fio. 110. 


the tensions of the strings of the next pulley keep it in 
equilibrium, hence since they are parallel, by Art. 89 
T$- 27, = 2 P, 
similarly T, = 2T a = 2"P, 

also W = 27’ s = 2’P. 

Thus IT = HP is the required relation between W and P 
for equilibrium. The mechanical advantage is 8. 

If tlfere are n pulleys we see similarly that the relation 
would be W= 2 n P. 

Case II. 

The tensions being T, , T a and T a , we have 

'A = P, ' * 

T a =*2T 1 = tP, 

. r,=2r 2 =2 s P. 

«P + 2P + 2 s P=P(l + 2 + 2») 

= P(2*-1> 


And 
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Hence in this case the relation between W and 1 J is 

TT=»(2 9 -1)P«7P. 

For n pulleys the relation would bo 

Tl' = (2 n — 1)P. 

160. If wo take tho weights of the pullers into account, the 
previous equations are replaced by tho following; w x% >c ? , aud luting 
the weights of the pulleys. f 

CvseI. 7 j =» P , 

the first pulley is in equilibrium under the forces 7y + w>i downwards 
and 27j upwards, hence 

T 2 ±w 1 b* < ’ 2 T u or 7^^= — io lt 

similarly T 2 +w 2 -2T 29 or wj, 

-2*/* -2/ri ir 2 . 

Also ^ W r +w 3 «=27 , i, or IP- 2 (a 2 /*— 2 p*i -vw a )~ w 3 ; 

ir-SV^S*^- 2irj-H*. 

If there are n pulleys we find similarly 

W~2 n P — 2 n ~ 1 w l — 2” - w n . 

Wheu tho wciglit of each pulley is w x 

ir=»2 w / > — (2 n — i) 

Case II. r L\ - 7\ 

7 T 2 -27 r 1 +w, = 2/ > +w 1 , 

73=a27«-|-W a = 2 

~2 2 / , + 2?Pi + iv 2 . 

Also W-Tt + Tf+Tt 

■* 7 > + 2 7* rh w’! + 2 2 / > + 2?Cj + 

—./* (I +2 + 2*; + ^1 4*2; -hw 2 . 

= 7/^+3^!+^. 

If there are a pulleys we find similarly 

r= + 7*2+ + T n , 

»*P(l+2+...+&- i ) + w l (l+2+...+2*- s ) 

+w 2 (H-2 + .„ + 2"" s ;-f...+(2*rl)^n-2+(2-l)tP B : i . 
-P(2 n - 1)+**! (SP-*- l)+w 2 (2" a *- 1)+... 

+(2*— 1) IT** 3+ (2 — 1) <0„ - 1 , 

J. 12 
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If the weight of each pulley is ?r t mg have 

ir«P(2*-l) + irj {2“-’ 1 +2*- 2 +... + 2-(w-1)} 

= /'( 2"-- i;-f-^i(2 n ~x-l). 

Notice that the weights of the pulleys in this case assist P. 

161. The Pull on the Fixed Beam. 

The fixed beam undergoes a downward pull which is 
clearly the resultant <Jf the total weight supported and P. 

In Ouse 1. if‘ H is this pull, we have 

7 t r lV-P, 

in Case J I . * It = 1V + 1 J . 

Jf the pulleys have weight we must add the sum of their weights 

to It. 


Ex. 1. 'There are 4 moveables pulleys arranged as in (.’lass L, find 
IT if P is eqn.il to Ihc weight of It) Him., neglecting the weights of the 
pulleys. 

Hero Tt'=2 4 x 30 — 1 (JO lbs. weight. 

Ex. 2. If in the last case the weight of each pulley is 4 ozs., 
find IE 

In this cast* IT— 2 1 x 10 ~ (2 4 — 1) ^ 

. Ido- v 
- J56i ll>». 


Ex. 3. If the pulleys are arranged as in Class 11., find IT when P 
is the weight of 10 lbs., neglecting the weights of the pulleys. 

Here If = (2 1 - 1) 10= 150 lbs. 

i 

Ex. 4, Taking the weight of each pulley as 4 ozs., and P as 10 lbs., 
find IE. In this case 

H'~ (2* - 1) 1 0 4* (2 4 — 4-1) 3 V 
= ifto+iixA 
— 1 52 j lbs. 


16a. Motion of the Systems. 

Tn the system of pulleys of Art. 157 if P descends a distance h the 
tt strings in connexion 'with IE are shortened a total amount A, hence 

each is shortened a distance . 

n 
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Hence if v is the velocity of P 9 the velocity of iris -- r, therefore 

1 

if /is the acceleration of J\ the acceleration of IK is /. 

For the motion of P we have the equation 
p 

y= r - r ;i >> 

and for the motion of W we have the oquutjtm 




from (i) and (ii), 


r / ii"' 

J ( nP+ \ --nP - l», 

if \ n J 

. ri (nl> - W) 

or > «*/'+■»’"• 

• 

In Case I., Art. lt>0, if the lowest pulley receive ;m upward dis- 
placement h 7 each portion of the string passing round it will be 
slackened. The next pulley limst therefore he raised through a (Ins- 
tance 2/> to tighten the string, similarly, the ims.t must ho raised 
through twice the last distance, or 2- A." ff there are a pulleys the 
space moved through by the hist will he 2 n ~ l /i. If the velocity of the 
lowest pulley is v, the velocities of the others are 

•V y*' n onfl|- 

. , ... ~ • , 

and therefore if the acceleration of the lowest pulley is f 7 the accelera- 
tions of the others aie 

2/, 2 y, ... a* */. 

For a system < f three pulleys we therefore have. 

Wl 2*y-=2r, -r.,-w u 


l Hf=*7’ 2 -T,-v’ 2> 


W+v 3 




From these equations 2Fi j T« 7 and j can be # foun<i 
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EXAMPLES. XXXVIII. 

Exs. 1 — 8 come under Case I., Exs. 9 — 16 under Case II. 

1. If the weight supported is 1 cwt. find the force applied, using 
3 pulleys of Case I., neglecting their weights. 

2. Tf the weight of each pulley in the last question be 2 lbs., find 

the applied force. » 

3. There are 4 pulleys, each weighing 2 lbs. What weight can be 

raised by a force equal to the weight of 20 lbs. ? ’ 

4. There are three equal pulleys, and a force equal to the weight 
of 3£ lbs. is required to support a weight of 21 lbs., find the weight of 
each pulley. 

5. If there are 3 pulleys which weigh respectively P, $P, £ P 
beginning with the lowest, if a forco P be applied, show that it can 

• support a weight bP, • 

6. There are 5 pulleys whose respective weights are 5, 4, 3, 2, and 
Libs., beginning with the lowest, what force will support a weight of 
71 lbs. ? 

7. What is the mechanical advantage when there are n pulleys 
each as heavy as the weight to be raised ? 

8. By use of 4 pulleys of equal weight a certain weight can be 
supjKJrted by a force of 7 lbs. weight, but if a fifth similar pulley be 
used the same weight can be supported by a force of 4 lbs. weight. 
Find the supported weight and the weight of a pulley. 

9. In the arrangement of Case II. find the weight supported by 
throe pulleys, by use of a force of 10 lbs. weight, neglecting the weights 
of the pulleys. 

10. If each pulley in the last question weighs 5 ozs., find the 
weight supported by a force equal to 10 lbs. weight. 

11. If the pulleys are of different weights, show that the most ad- 

vantageous arrangement is got by placing them in order of magnitude, 
the greatest being lowest* * 

1J. If four pulleys each weighing 2 lbs. be used, find the foroe 
required to support a weight of 238 lbs. 

13. Find what weight can be raised ly a force of 7 lbs. weight, 
if there are 3 pulleys arranged in the least advantageous manner 
whose weights are 5, 4 and 3 lbs. respectively. 
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14. Find the mechanical advantage when the pulleys are five in 
numl*c*r and the weight of each equal to Jth of the applied force. 

15. • If a force P supports a weight show that a iorco F+w 
would support a weight M r + w\ where w is the weight of each pulley 
and of is equal to (iJ n — 1) tv. 

16 In the case uhere 3 pulleys are used, if the diameter of each 
pulley be 4 inches, find to what point of tho bur the weight should bo 
attached in order that the bar may remain horizontal. 

• 

163. The inclined Plane. 

An inclined plane is a plane making an angle less than a 
right angle with the horizon. • 

A line in the piano perpendicular to its intersection with 
the horizon is called a line of greatest slope, and a plane 
passing through the vertical and a line of greatest slope is 
called a principal plane. 



In the figure AB, CW and EF are lines of greatest slope. 

The plane is supposed smooth, and hard enough te sustain 
any pressure. 

164. A body is kept m equilibrium on an inclined plane : 
by the action of three forces, viz. its weight IF, the pressure 
of the plane It (perpendicular to the piano), and a force P. 
Since W and It both lfe in the same principal piano it is 
evident that that for equilibrium P must also lie in this 
plane. 

We shall now take £he two cases wheh P acts horizontally 
and along the plane respectively 
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CASE I., P horizontal. 



The .sides < A, lit \ AJl of the triangle A HO are respec- 
tively perpendicular to l lie forces P } W and /i, hence by 
the converse of the Triangle of Forces, Art. 50, 

P:\V:R=CA :1k 1 : All 

p _ ir _ n 

• a A HC~ AH' 

This may also be expressed 

P :\Y : R — height of plane : base : length. 

. CA 

Since P— )t it follows that /' = It 7 tan a, 

H’*r/{ ,S( j HWfeosa. 

Case J I., P alony the plane. 




Make the verticil! line A R' ~~ AB^ also make the angles 
at A* and JY equal respectively to those at A and B\ the 



THE SIMPLE MACHINES 


183 


triangles ABC and A'B'G' are then equal in all respects. 
Euc. I. 26. 

Also the sides of A'B'G' are parallel to the directions of 
P, R and IF, viz. 

B'A' to W t A' O' to P, CIV to R f 
hence by the triangle of forces 

P: RiW^A'C'iJi'C'iA'B' 

— AC: BG:AJL 

Or, P : R : IF = 1 1 eight : base : length. 

AC • 

Since /*« P equals IP sin «, 

R-- W It equals IFeos a. 

164 We may apply the method of work Cases I. 
and II. as follows: 

In Case I. let the body be displaced from the top to the 
bottom of the plane, then R does no work, and the total 
work done by W and by V must be zero, Art. 69, hence 
since the forces are in equilibrium 

WxAO-Px$C = 0. 

In Case II. take the same displacement, then similarly 

WxAC-Px AB = 0. 


Ex. 1. Find the weight which a force of 10 lbs. acting horizontally 
can support on ail inclined plane whose height is 2 feet and base 115 feet. 


We have 


or 


W base 
V ~ height’ 

ir«10x IP — Go lbs. weight. 


Ex. 2. What is the inclination of the plane to the horizon on 
which a horizontal force of ^3 lbs. can support <t weight of 3 lbs. ? 

height _ P __ JZ 1_ 

bastif ~ IV 3 *“ ^3 ‘ 

Thus the required angle is 30°, . 

Ex. 3. An inclined j^ane rises 2 in 6, what force acting along the 
plane will sustain a weight of 200 lbs. i 

Here P« 200 x 1 » HO lbs. weight. 
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EXAMPLES. XXXIX. 


1. A weight of 8 lbs. is supported on an inclined plane hr a 
horizontal force of 6 lbs. weight, if the length of the plane is 20 feet, 
what is its height? 

2. A truck whoso weight is 3 tons is kept at rest by a rope on a 
gradient of 1 in 60, find Jhe tension of the rope. 

3. What force acting horizontally could keep a weight of 12 lbs. at 
rest on a smooth inclined plane whose height is 3 feet and base 4 feet, 
and what is tho pressure on the plane ? 

4. What horizontal force will keep in equilibrium a weight of 
9 lbs. on an inclined plane and produce a pressure of 15 lbs. weight on 
tho plane ? 

5. If tHe length of the plane is 40 inches and the height § inches, 

4 what is the mechanical advantage in the two cases ? * 

0. In the case when the applied force acts horizontally the plane 
is*turned over so that the height becomes the base, show that the force 
required to support a given weight will be greater if the original base 
exceeded the height. 

7. What force must be applied at the circumference of a wheel 
6 feet in diameter in order to drag a ton weight up a smooth inclined 
plane of 1 in 60 by means of a rope wound round an axle of 9 inches 
diameter? 

8. If the pressure oil the plane in Case II. be half the weight, 
what is tho angle of the plane? 

* 

9. If the height of a plane be feet and the length 12 feet, and 
a string can just bear a weight of 24| lbs. hanging freely, find the 
greatest weight it can support when fastened to a point on the plane. 

10. If h and b are the height and base of an inclined plane, and 
if a force P can support a weight W when acting horizontally and a 
weight ?r when acting along the plane, show that 

W : W* ;;b: 

• 

11. If P be the horizontal force which .oar: support a weight W 
and P* the force along the plane which is f sufficient to support W 9 
then 

P : P * : : length of plane : base of plane. 
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169. When P makes an angle 8 with the plane 
we proceed as follows: 

The sum of the resolved parts of the forces along 
the plane is zero, 

. \ P cos 8 - JFsin a = 0 (i). 

Also the sum of the resolved parts perpendicular 
to the plane is zero, 

. \ P sin 0 + R * TFcos a (ii ), Fio. 128. 

or R = JFcosa-Psin 8 # 

= IF cos a — ^ SlT '-”sin d, from (i) 
cos 8 x 1 

W , A . 

~ a (cos a cos 6 f- sin a sin 8 ) ; 

cos 6 * 

TFco s(q-f d) 

~~ eosd 



Ex. 1. Show that the direction of the least force required to 
support a given weight on an inclined plane is along tjie plane. 

From (i) if P is the force and 8 its inclination to the plane * 

P cosd -=> IFsiria, 

^ IF sin a 

r~~ A , 

cosd 

we see that P is least when cosd is greatest, or when 


Ex. 2. A body whose weight is 20 lfcs. is kept at rest on an inclined 
plane by a horizontal force Ox 10 lbs. together with a force of 10 lbs, 
acting up the plane, find the inclination of the plane to the horizon, 
and also the pressure on the plane. 

Resolving along the plane we have 
20 sin a — 10 ■+■ 10 cos a, 
resolving perpendioular to the plane, 

R « 20 cos a + 10 sin a. 

From the first equation 



Fig. X24. 


hence 

from which 


sinjx 

1 +cosa 

• f 

* 


. sm*a 

*’ ° r (l+obsa)* 
1 - cos a , 
l+cosa*** * 
cosa«=f . 


It follows that 
hence 


sina-Vl -&=■>£, 
R = 20 lbs. weight. 


*. 
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EXAMPLES. XL. 

A body whose weight is 20 lbs. rests on an inclined plane whose 
inclination to the horizon is (50°, find the supporting force, it being 
supposed to make an 'ingle of 30° with the normal. 

2. A body weighing lbs. is placed on a smooth piano which is 
inclined at an angle of 30% find the two directions in which a force 
equal to the weight of the body may act to maintain equilibrium. 

3. A weight 2/' is kept. in equilibrium on an inclined plane by a 
horizontal force I* and a force P acting parallel to the plane; find the 
inclination of tflio plane to the horizon and the pressure on the plane. 

4. If the pressure on the pl^ne be an arithmetic mean between 
the weight and the applied force, and the inclination of this force to 
the horizon be 2«, where a is the inclination of the plane, 

1 . 

sin 2u= i . 

5. A force P acting at an angle with the plane whose cosine is 
^ keeps a weight at rest. If P act at half its former inclination, find 
m what direction a force J P must wt in order to keep equilibrium. 

107. The Screw. 

T*ho form of the screw is most easily described as follows: 



Take a right-angled triangle of paper ABC^md. a cylindor D&\ then 
keeping BC parallel to the axis of the cylinder, wrap the base BA 
round the cylinder, the hypotenuse AC wi Ik form a spiral line on the 
cylinder* 

Any line FG on the smjace of the cylinder parallel to the axis will 
cut this spiral in a series of points. The dis%uice between two suc- 
cessive points is called the step of the screw. 
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A broad groove is cut between the spirals leaving a ridge called 
the thread . 

The screw works in a nut whose groove fits the threat I. As the 
screw turns it also rises ; the distance risen per unit angle turned 
through is called the pitch. 

We see that when the screw has turned through four rigid angles 
it has risen a distance equal to a step, lienee if p is Hie pitch, 

a step is equal to p x tir. 

Tf in the figure QH is a stop, PIl must V>e equal to the circumference 
of the cylinder, hence if r is the radius of fliic cylinder 

a step — Srrr tan «, where « is the L ('A /i. 

Hence px%ir — 2nr tan tr, 
or /jsrrtnn a, 


Mechanical A dvantage. 

If u weight W is placed on the screw and the nut is hold, the screw 
will descend, to support IT a force P is applied at the, end of n lever 
represented in the figure. 



The condition of equilibrium is got from the principle of work as 
follows : 

Let the screw descend through a step, then if P acts at a distance r 
from the axis of the screw 

IP x step -- P x Srrr', 
or \Y xpx,’27r— Px.Znr'y 

hence Wp~Pr\ 

* 9 

168. Differential Machines. 

The Differential Wheel and A .vie. • 

This consists of three unequal cylinders having a common axis. 
Round the largest is dbiled tiie rope bv means of which the force is 
applied, round the other two the portion* of the rope which support 
the weight. 
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We see from the figure that the ropes round the largest and smallest 
cylinders are coiled in the same manner, the rope round the middle 
cylinder in the opposite way to this. 



ViQf 127. 


If W is the weight attached to the pulley, the tension of each rope 
k \y 

is --- . Let c, a, and h be the radii of the cylinders, beginning with 

a 

the largest. 

Talcing moments about the axis, wo have 


* 

n\ w 


/v+ a J= -2'“' 


W 2c 

V 

r~a~b' 


By making a and b nearly equal we can get a large mechanical 
advantage. 


Ex. In the differential wheel and axle, if the radius of the wheel 
l»o one foot and the radii of the two portions of the axle 5 and 4 inches 
respectively, what force will support a weight of 48 lbs. f 

Ane. 2 lbs. weight. 


The Differential Screw. 



FW*. 128. 
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CO 00 is A strong frame. In CC a groove is cut in which the 
thread of the screw on AD works, AD is hollow and the solid screw 
DJE works inside it 

To the lower sorew a board is attached which is guided to work up 
and down by smooth vertical grooves cut in CO, thus the lower sorew 
can move up or down but cannot rotate. 

The substance to which pressure is to be applied is placed Wneath 
the board, W is the resistance offered by it. 

Let / be the length of AB, p and p' the pitches of the respective 
screws. When AD has made a coinplete*rotatiou it has descended a 
step or a distance 2ir p, iti the same time the smaller screw has ascended 
a distance 2irp\ relatively to the laryer one , or descended a distance 
(jt>— p'), and this is the distance through which resistance is over- 
come, hence if P is the applied force tve have by the principle of work 
P2irl = \V2ir { p — p’) f 
W l 

or e -f-p" 

where l is the distauce AB from the axis at which P is applied. 

Tlj£ motion of the lower screw, corresponding to A considerable 
motion of AD, is extremely small. • 

The Differential Pulley, 



Em. W. 
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The figure on the right-hand side represents the prin- 
ciple of this machine, a sketch of which as used is given in 
the figure on the left. 

An endless chain ABODE passes round the circum- 
ferences of two concentric wheels which are supplied with 
teeth. 


It is found that for ordinary weights the chain from A to E may 
hang freely. * 


Lot a and b be tins radii of the larger and smaller wheels 
and T the tension of the chain which supports the weight \V, 
then * 




i w = 


r. 


Also by biking moments about the coutio of the wheels, 
wo have 


l‘n + Tl, Ta 

/ J = AI V a ~ b . 
a 


EXAMPLES. XU. 

1. The arm of a si tow - jackets one yard long and the screw has two 
threads to the inch. What force must bn applied to the arm to sustain 
a weight of half a ton i 

2. If a weight of 3 tons be raised C feet by a screw making 240 
revolutions, lintl the force, the arm being 2 feet long. 

3. A Ttyan by exerting a force of 12 lbs. with each hand can sustain 
a weight of 8 cwt. by means of a screw which has a double arm of 4 feet 
total length, find the pitch of the screw. 
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169 . No Bin-face is perfectly smooth, ami when two 
surfaces are in contact the small ridges on one surface fit 
into small depiessious on the other, so that the roughness 
of the surfaces retards the motion of one on the other. 

Tins retarding force due to roughness is called the force 
of fraction. This force is called into play ih using all 
machines and part of the force applied is spent in over- 
coming friction, part only in doing useful work. 

That friction is in many cases of practical advantage is 
seen from the fact that it is the friction between our feet 
and the ground which enables us to walk, and without fric- 
tion we could not keep hold of objects. Another example 
of the use of friction is a ff or dec? by the locomotive engine. 
Take the case of an engine weighing 80 tons and suppose 
that the part of the weight borne by the driving-wheels is 
10 tons. We shall see subsequently (Arts. 170, 171) that 
the force of friction is equal to the pressure x a number 
called the coefficient of friction , and since the Coefficient of 
friction for wrought iron on wrought iron is ’2, t?ie force of* 
friction which acts on the driving-wheels of the engine is 
30 x *2 tons, i.e. 2 tons. 

This friction opposes the rotation of the driving-wheels, 
i.e. acts in the direction in which the train is moving. It is« 
thus the force which Tmpels the train. 

It is found that a # pull of about 10 lbs. for every, ton is 
sufficient to sustain motion, hence the engine shoufd be 
able to draw along § the level a weight of 4480 ~ 10 tons, 
i.e. 448 tons. 
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170. Methods of Estimating Friction. 

On© method of determining the friction, between two 
materials we shall now describe ; 
a weighted slab of one material 
is placed on a horizontal planed 
surface of the other material, the 
slab is pulled by a horizontal 
string with gradually increasing 
force, more and more friction is 
thus called into play to counter- 
act this force, until at length the slab begins to move uni- 
forinly . The friction then exerted is called limiting friction. 
The gradual increase of force is obtained by attaching a 
series of weights to the string. 

The weight requ ired to make the slab move uniformly 
on the table is equal to the limiting friction, which can 
therefore be, calculated. 

As the result of experiment we thus arrive at the 
foljowing law:— 

If F is the limiting friction, and Jl the pressure of the 
slab on the plane (equal to the weight of the slab), then 

where y, is the same for the two given materials whatever 
the value of B. The quantity is called the coejficient of 
friction . In the last Article the value of y, was *2. 

It is necessary to give the slab a slight motion, since otherwise, 
owing to its weight, the surface^ become very slightly compressed and 
a force of dbheremv is introduced in addition to friction. 



171. The Angle of Friction. 

Another method of finding the value of y, is that of 
p placing the weighted slab on a 

X plane of tho ether material, and 

then tilting the plane until the 
slab begins to slide with a uniform 
motion down the plane. As before 
the slab sboul(i be stai'ted. 

1 fiq m Let e be the inclination of the 

plane for which the slab moves with 



FBICTION 


198 


uniform velocity down the plane, then since the slab has no 
acceleration, by resolving along and perpendicular to the 
plane we obtain if F is the limiting friction 

F — TFsin e as 0, 

R — W cos e — 0. 

Therefore F = R tan e. 

Thus /ju is equal to tan e. Tlie aqglo e is called the angle 
of friction. 

It is found that F~-a+fi/l, whore a is a small quantity independent 
of F and It gives more accurate results, thus for pine-wood on pine- 
wood it is found that the values of F (in lbs.) calculated from the 
formula 

F-i^+o-ar^, 

give results differing from the actual values of F by only about *3 lbs. 
The values of It for which this holds lie between 14 lbs, and 112 lbs. 
(Sir R.^BalPs Experimental Mechanics.) • 

The formula F— p It is usually sufficiently accurate for most 
purposes. 


172. The Laws of Friction. 

As a consequence of these experiments the following 
results have been established. 

1. The greatest amount of friction is called into action 
when motion is about to take place, it is then called the 
limiting friction. 

2. Limiting friction is proportional to the pressure, or 

F = fiR. 

For different materials in contact p has of course dif- 
ferent values. 


3. Friction is independent (i) of the extent of the area 
of contact, (ii) of the' velocity with which one body moves 
over the other. # # 


Since friction tends iio prevent motion, not to originate 
it, it is often called a passive resistance. The above laws 
relate to sliding friction, when a body euch as a wheel rolls 
on the ground rollinffTioXlon is called into play, this is very 
much less than sliding friction. 


13 
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173. The Cone of Friction. 



Take the case of any body touching a table at the point 
(), there is a normal force H and a force of friction F acting 
along the table, wo have seen that the magnitude of F may 
he anything between zeio and filt. The resultant of F and 
R is called the, total resistance of the table. It is easy to 


f F 

Hoo that is the tangent of the angle which the total 


resistance makes with the normal, hence if 6 is this angle, 


tan 0 = . 

F 

But wo have seen thdt. may have any value between 

zero and p, hence tan 6 must lie in value between 0 and yu.; 
that is between 0 and lane, where e is the angle of friction, 
iu other words 

0 lies between 0 and e. 

«• 

So that the total reaction cannot make with the normal 
a larger angle than e. 

If we describe round the normal as axis a cone whose 
semi-vertical angle is e, this is called the cone of friction , 
and we see that die direction of the* resultant reaction lies 
within this cone. By increasing i} we increase F \ so that 
wo, may make F of any magnitude we please, but cannot 
bring its direction, outside this cone. 

This result is clearly true for all surfaces touching at one 
point. 
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174. Beam Resting against a Wall. 

As an application of the preceding we shall take the 
3sise of a beam resting in a vertical plane against a rough 
vertical wall and the ground. 



I i 


Fid. 133. 

• 

Let # the vertical plane through the beam cut the cones 
>f friction at A and B in the lines As, A ?*, Up . The 
ional reaction at A must lie within the triangle Asr, and 
die total reaction at B must lie within the triangle lisp. 
Hence their intersection is at some point O within the area 
oqrs. For equilibrium the line of action of the weight of 
die beam must pass through 0, Art. 129. In the case of 
the first figure there can nob be equilibrium, in the case of 
the other, where the line of action of the weight does inter- 
sect the area pqrs, there will be equilibrium. 

175. Body felling down a Rough Inclined # Plane. 

Another instance of the effect of friction is afforded by 
the case of a body falling down a 
rough plane whose inclination to 
the horizon is a. 

Since there is lift acceleration 
perpendicular to the plane, we have 

R — IF cos a = 0. 

The force down tfye plane is Fza. 134. 

W sin a — where 

F~plt 




a*-* 
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Hence the force down the plane is 
W sin a — jlW cos a, 

and the body’s acceleration is 

g (sin a — p cos a). 

If v is the velocity with which the body reaches the 
bottom, supposing it to have started from rest at the top, 

?; 2 = 2/(sin a — p cos a) x AB . 

The square of the velocity is thus less than it would be 
if there were no friction by 

2 (jfL cos a x AB. 

Part of the work done by the weight of the body in 
falling has been used to generate its kinetic energy, the 
other part has been spent in overcoming friction, the energy 
corresponding to the work thus spent appears in the genera- 
tion of heat . 

176. Examples. 

As illustrations of the laws of friction the solutions of 
several simple examples are added. 

Ex. 1. A ladder rests against a wall and the ground, the coefficients 
of friction between tins ladder mid the wall and ground respectively are 
p and fi[. Kind tho inclination of the ladder when it is on the point of 
slipping down (it. is then said to be in limiting equilibrium). 



Resolving horizontally and vertically and taking moments about B 
we diave, 1 l>eing the length of the ladder and W its weight and 9 its 
inclination to the horizon, 

fiB — 7?x ~0, It 4" fi\ ** IK, 

/Woostf* 
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From the first two equations, 
R - 


TF 


l+m’ 

hence from tho third equation 

ft _ p_ i-m 


Notice that the direction of the total reactions at A and B intersect 
on the line of action of TF. » 


Ex. 2. If in the last case a weight w be placed on a rung of the 
ladder at C 9 where BC~nl, find the limitiug position of equilibrium. 

In this case the equations are * 

pR — R l — 0, R -f p x lt x - FF + tv, 

Rl cos S = W l cos 6 + wnl cos 0 4- plU sin 6. 

Hence 

^ eotg . 

l+m’ R-" -nw IF(l-w)-*« , (»W‘i+*l~l)‘ 

Observe that if TF(1 — pp^--^ tv (npp\ + 1 - l\ 6 is zero, or the ladder 
will rest in any position. 

Ex. 3. Find the direction and magnitude of the least force required 
to drag a heavy body up a rough inclinedsplane. 

The forces acting on die body are its weight TF, the normal pressure 
of the plane R, the friction pit, and the re- 
quired force P. 

Under the action of these forces it is just 
on the point of moving up the plane. Hence 
these forces are just in equilibrium. Resolv- 
ing along and parallel to the plane we have 

P cos 6 = IF sin a +pR t 
P sin 6 *a TF cos a ~ R, 

Multiplying the last equation by p and adding we get 
P (cos dM- t+B i n 6) = TF (sin a 4- p cos a). 

Now put /i=stanc, then w^ have 

D ^sina + cosn tan f wr sin(<i4-0 

jf ast H . - w rr jr — . 

cos 0 4 sin 6 tan e coS(0— «) 

In order that P may Be as small as possible cos ($— §) must be as 
large as possible, that is we must have 6**t. 
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Hence the required force P makes with the plane the angle of fric- 
tion and is uf magnitude Train 

Ex. 4. A solid cube rests on a rough table, it is pulled bv a 
horizontal string attached to a point in one face, it is required to 
determine whether the cube wjII slide or turn about its edge. 

Let AIM'D l»e the section of the cube which contains the string. 

We suppose this section to bisect the 
cube and contain G its centre of gravity. 
If possible let the motion begin by the 
cube turning about its edge through A . 
The forces are the weight of the cube W 9 
the tension of the string and the total 
reactions of the edge. All those total 
reactions may be replaced by one force R' 
which passes through A. 

It is clear that IV must pass through 
the intersection K of \V and I\ and this it cannot do if the angle OAK 
is greater than e. 

1 fence for turning about the edge - - must be less thfin tan 

that is, </x, or OA >- x half the nhIc of the cube. 

Ex. I*. A drawer is to he pulled out by a single force parallel to the 
drawer, it is required to find how far from the middle of the end of the 
drawer tlio force can be applied so as not to cause the drawer to jam. 

Letitlie point X be wheie P must be applied 
so that, jamming may just begin. Let OX = #, 
where 0 is the. centre of the end of the drawer 
whose, length in i 7 . 

The drawer will now press against its sides 
at B and D, the total resistances at B and D 
meet on the lino of action of P. 

Since there is equilibrium, by resolving per- 
pendicularly to the length of the drawer we see 
that /*-/■'- 0, 

resolving parallel to it wo get P~jxR 4 pR' ~'2fxR, 
taking moments about 0 Px — Rl, 

hence — . 

» 

*Tf P is applied at a, distance from 0 greater than x the drawer will 
not move however great P may h-\ If the drawer is very long, or l 
great compared with Ab, the poiut X may lie beyond A, ?*,<?. the drawer 
will not. jam at all. 



Fig. 138. 
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EXAMPLES. XL1I. 


1.^ A weight of 60 lbs. is on the point of motion down a rough 
inclined plane when supported by a weight of 25 J lbs. parallel to the 
plane, and on the point of motion up the plane wlien under a force of 
*32£lbs. parallel to the plane, find the coefficient of friction. 


2. Show that the difference between the greatest and least forces 
which acting at an angle e to a piano inclined at an angle a to the 


horizon sustain a weight IT is 2 11 
angle of friction. 


r oos (a 4- f) mii *>\ 
cos '2m -J-com 2 A 


where X Is the 


3. A ladder rests against a vertical wall and the ground, the <*o 
efficients of friction there being p amici'. If the ladder is on the point 
of slipping at both points, then if 6 is the inclination of the ladder to 
the horizon, 

2 tail 6—\ -~ a. 

/* 

4. A weight H r is placed on a rough horizontal tab}** and moved 
along i^y a weight P hanging over the edge and attached to If by aq 
inextensiblo string, prove that the acceleration of If is 

P-y W 

r+W 3, 

where p is the coefficient of friction. 

5. A beam rests against a wall and the ground, the coefficient of 
friction at both ends being J, find wheu^it is cm the point of slipping. 

6. A uniform beam standing on a horizontal floor and leaning 
against a vortical wall is just on the point of slipping when it is 
equally inclined to both floor and wall which are equally rough. 
What is the coefficient of friction, and what is the horizontal re- 
sistance of the wall » 


7. Find the work done in -dragging a load of 6 ewt. jjp a rough 
inclined plane whose height is 3 feet and base 20 fee t, tho coefficient, of 
friction being ^ . 

8. A homogeneous sphere cannot rest upon an inclined plane how- 
ever rough. 

9. A unifoisn ladder rests at an angle of 45° with the horizon with 
its upper extremity againft a rough vertical wall anti its lower ex- 
tremity on the ground. If ft, ft be the coefficients of friction between 
the ladder and the ground and wall respectively, show that the least 
horizontal force which will move the lower extremity towards the w*all is 

. i 

* l-M ' 
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10. A heavy cube (of weight 100 lbs.) rests on a rough floor on 
which it cannot slip. Prove that the least force required to begin to 
raise one edge of it off the floor is about 35 ^ lbs., and find where it 
must be applied. 

11. A man holds the end A of a uniform stick AB in his hand, the 
other end B being on the ground. If the stick be always kept at the 
same inclination (30°) to the horizon, and the anglo of friction between 
B and the ground be 16°, tho horizontal force required to push B with 
uniform velocity is to that required to pull it as x /3 + 1 : 2. 

12. Provo that a trail! going at the rate of 45 miles per hour will 
be brought to rest in about. 378 yards by the brakes, supposing them 
to press with jj of tlie weight on the wheels of the engine and brake- 
van, which are £ of the weight of the train, the coefficient of friction 
lwing '18. 

13. A sphere of weight i« placed on a rough plane inclined 
to the horizon at an angle a which is less than the angle' of friction, 

show that a weight W — 8111 % — fastened to the sphere at the upper 
° cos a- sin a 1 

,end of a diameter parallel to tho plane will just prevent tho. sphere 
from rolling down the plane. 


14. Two rough spheres of equal radii but unequal weights W x and 
rest in a spherical bowl, their c.o.s coincide with their centres and 
tho line joining them is horizontal and subtends an angle 2a at the 
centre of the bowl, prove that tho coefficient of friction between them 


is not < 


wl+'ih 


tan 


( 5 - 1 ); 


15. Weights W and 11" of two different substances (coefficients of 
friction p and p) are supported on a rough double inclined plane (of 
angles a and a f ) by means of a string passing over the vertex. If the 
weight W be on the point of descending, prove that 


IP sin n + p f cos a f 
L W'~~ sin a -/a cos a 

16. Find the least force which will sustain a weight of 10 lbs. on a 
plane rising 7 in 25, when the force acts along the plane and the co- 
efficient of friction is 


177. Effect of Friction on the Simple Machines. 

i 

We shall now investigate the effect of friction in the case 
of the simple machines considered in* the last chapter. 

Its effect is negligible in the case of the balance hang 
on knif^edges, but the friction at the axis becomes apparent 
in the case of the pulley and the wheel and axle, m the 
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case of the inclined plane and the screw the friction is 
considerable. 


’the pulley. The axle moves in a socket which it very 
nearly fits, thus the contact is at one 
point and the total reaction makes with 
the common normal to the axle and its 
socket the angle of friction. 

The direction of the total reaction is 
thus seen to touch a circle whose radius 
is a sine, where a is the radius of the 
axle. t 

To diminish the effect of friction it is 



usual to make the axle of a pulley as small as is consistent • 
with strength and the radius of the pulley large, so that a 
comparatively small force applied at the circumference of 
the pwlley may have the same moment as the 'friction on 
the axle. 


The wheel and axle. If c is the 
which the machine rests we have 
seen that i£, the total resistance acts 
at a distance csine from its centre, 
also for equilibrium % 

R = P + Q. 


Hence taking moments about the 
centre of the axle, 

Pb = Qa + (P + Q)e siu e. 


If there were no friction we should 
have P.b = Qa. 


radius of the axle on 



The efficiency (Art. 138) is found by taking the ratio of 
P 0 to P, hence effieie^cy 

_ P 0 _ S^b _ Qa _ a b — c si n e 
~ P Pb “ Pb ~~ b * a -f c sin € * 


When * is very small this is nearly equal to 1 6)«. 
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178. The Inclined Plane. 


Let P be the force acting at the angle 9 with the j>lane 
and just large enough to drag a weight 
A \V up a rough inclined plane, then we 
have 

P cos 0 ----- F + IT sin a, 

P sin 9 =* W cos a — 12, 

Fia. 141. ' F — fiJt. 

Whence 

P (cos 9 + sin 9) = W (sin a + p cos a), 

p __ * + /*> cos a _ y si n («+_€> 

cos 9 f /a sin 0 cos (0 — e) * 



If the , in ci ; nation of the plans is loss than the angle 
<of friction, a force will be required to drag the body down 
the plane, if P' be this force making an angle <f> with the 
plane 

u P' cos <f> = F — W sin ol, 

P' si n cf> = W cos a — R, 


also 


A 1 = ; 


P ' (cos <£ 4- /x sin (f>) ~ W (/j, cos a — sin a), 

p, _ iy P co s « ~~ * in a sin ( e -_?) 

cos <f> -f /x sin (f> cos (<p — e)' 

If 9 is zero the force P acts along the plane, and the 
work done in dragging a body up the plane is 

P x AB, 

also in this case P = J^ + TFsin a, 

R =s W cos a, * 4 
P — fj, W cos a+W sin a ; 

* 

work’ done = x JfB = /mWAB cos a + WA B sin a 

= ^Fx Stf+TTx^a 
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Now yu IF x PO = work done in dragging the body along 
the base of the plane against friction, 

IT x AO ~ work done in raising the body against 
gravity through the height of the 
plane. 

Hence the total work dour is = work done in dragging the 
body along the base considered rough + work done in raising 
it through the height of the plane, # 

The screw. If the distance between two consecutive 
threads is h, ami the mean radius is r> sen Art. 1(>7, we 
may regard the screw as an inclined plane of angle a, where 

t h 

tan a = - - , 

2t tt 

Let F' be the force applied horizontally at the circuin- 
foresee of the screw in order to raise a weight W . Then by 
making 6 equal to — a in Fig. 141, wo obtain 

l y = IF tan (a + e). 

If the effort 1 J is applied horizontally at the end of an arm 
of length l, we have 

P = ^ tF tai4 (a + e). 

Hence the mechanical advantage is given by 

IF l 1 — tan a tan e / 27rr — jih 
P r tan a + tan e r h -f- 2/A7rr* 

KXAMTLKS. XLII1. 

1. A body falls down a rough inclined plane of length l in the 
time L If it be projected up the plane with the velocity with which it, 

V t' 

reached the ground, ftncMhe value of j and - , where V is the portion of l 
that it ascends and f they time taken to do so. 

• 

2. Two equal weights rest on the facei* of a double inclined plane 
whose angles are 30" and f>0° and are connected by a string. If the 
weights are on the poifit of motion, show that the coefficient of friction 
is 2 -V3. 
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3. A ladder 10 feet long weighing 42 lbs. and constructed with 
9 steps dividing it into 10 equal spaces is placed against a vertical 
wall so as to make an angle a with the horizon, where sin a**|. 

If the coefficient of friction between the ladder and the ground and 
also between the Ladder and the wall he show that a boy whose 
weight is 9 stone ascending the ladder will cause it to slip when he is 
stepping from the 8th to the 9th step. 

4. A triangular plate ABC right-angled at B stands with BC on a 
rough horizontal plane. If the plane be gradually tilted round an axis 
in its own plane perpendicular to BC, the vertex B being downwards, 
prove that it will begin to slide or topple over according as the co- 
efficient of friction is less or greater than tan A . 

5. A square board A BCD stftnds on its base AD. If it be cut 
through along the diagonal AC, show that the least horizontal force 
jrhich applied to A B will keep the triangle A BC from slipping is J W, 
W being the weight of the triangle, the coefficient of friction of the 
wood being 

6. A heavy string rests on two given iSnigh inclined planes yf the 
same material passing over a smooth peg at their common vertex. If 
the string is on the point of slipping, show that the line joining its two 
ends is inclined to the horizon at the angle of friction. 

i I A uniform bar is placed in a sloping position, its lower end on 
the ground its upper end in the air and supported by a smooth fixed 
peg against which it rests, if the ground is smooth show that it 
cannot rest in equi librium. If the ground is rough (coefficient of 
friction p), l the length of the kar and h the height of the j>eg from 
the ground, a the angle made with the horizon by the bar when on 
the point of slipping 

cos a sin 2 a + /i sj n a cos 2 « — 2 ^ p. 

8. If in the wheel and axle the axle rests on rough bearings, the 
least force (feting downwards) that will raise a weight W is 

b (1-Min X) jp. 
a — b sin \ 

9. Into a rough horizontal table at two points A and A' are inserted 
eyelet holes with slightly raised smooth edges. A weight of Q lbs. lies 
on the table midway between A and A', to it* an* attached strings the 
end of each striug passing through an eyelet hole and sustaining a 
weight I\ If Q be moved slowly along tho tablo at right angles to AA\ 
show its greatest distance from A A’ consistent with equilibrium is 

u ~ jL — - =z. AA\ where u is the coefficient of friction between Q& nd 
r StV4 P*-pfi(p r 

the table. 
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10. If a railway waggon weighs 6 tons and runs on 4 wheels each 
9 feet in circumference, the axles being 1 \ inches in diameter; tind 
approximately the number of foot-pounds "of work done against the 
friction of the axles on their bearings whilst a mile is traversed if X is 
the angle of friction for the bearings. 


11. Three equal circular discs A, 11 and Caro jdaoed in contact 
with each other on a smooth horizontal plane, B and V being also in 
contact with a rough vertical wall. If the coefficient of friction between 
the discs and the wall is 2- x /3, show that there will be no motion 
when A is pushed directly towards tho#\vall with any force. 


12. A uniform rod Ali is supported in a horizontal position with 
its extremity A in contact with the rough wall AC by the string CO. 
If AO and CO be J and g of AB reflectively, prove that the coefficient 


of friction at A is 


i/3’ 


13. A heavy particle is tied to oik* end of a light string of length 
a*J% the other end of which is fastened to a point distant a from a 
Tv»ugh inclined plane of angle «, the angle of friction being A (7r/4>«> A;. 
Prove that when the particle has its highest possible position on the 
plane the projection of the string on the plane makes with the lino of 
greatest slope an angle sin** 1 (sin A cot a) — A. 

14. A heavy uniform rod lies on a rough horizontal plane and is 
acted on at one end by a force in the plane at right angles to its length. 
Show that as the force increases the rod will begin to rotate about a 
point dividiug the rod approximately in the ratio 29 : 70. 

• 

15. A straight uniform oeam 1 5 ft. long, weighing 00 lbs., is laid 
horizontally with its middle point upon a rough horizontal cylinder 
3 feet radius, and is at right angles to the axis of the cylinder. If 
the angle of friction is 45°, find the greatest weight which can be 
placed upon one end of the lieain without upsetting it. 



CHAPTER XI. 

MOTION IN A CURVED PATH. 

* 

t 179. Dp to the present wo have been concerned entirely 
with bodies moving in straight lines; wo measured velocity 
by rate of change of distance along the line and acceleration, 
being time-rate of velocity, was a Isa a vector quantity ^vith 
iU> direction along the same lixed straight line. We have to 
examine now the motion of a particle which is made to de- 
scribe a curved path lying in one plane. 

Let fig. 142 represent the actual path of the particle 
described in the direction shown. If 
we measure a curved distance Pjl\ 
and observe the time taken by the 
particle to cover this distance, we have 
at once the* average velocity between 
tlmso two points. Now suppose we 
take a series of positions for 7 \ nearer 
and nearer to J\ ; the average velocity 
thus calculated for each position of P 2 
will be found to approach a limiting 
value wlien P 2 is very close to l\ and 
this limiting value is defined as the velocity of the particle 
at P x . The direction of this velocity v t is along the line 
PJ\ when P« is near P } and is thus ultimately along the 
tangent at P t to the path of the particle. 

To determine the acceleration, we require a third point P s ; 
then iT P lf P 2 , P 3 are consecutive neighbouring positions of 
the particle we can estimate the change of velocity in a short 
time. We see from the figure that the velocity changes not 
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only in size but in direction. Thus the acceleration of a 
particle moving in a curve is a vector whose direction does 
not coincide with the direction of the velocity. This is 
made clearer by the following graphical construction. 

180. The Hodograph. 

Let P 2 , P s be consecutive positions of the particle in 
its path, and let v u v. z> be the velocities at these points. 

From any base 0 draw Op l% 0 p 2 , 0p. A ... representing 
v u v 2 , r 8 ... in magnitude and direction. If we have taken 
sufficient positions of the partible, the end points p u p a ... 
can be joined by a curve. This curve is called the ITodo- 
graph ; the particle P moves along its path and the point p 



may be supposed to describe the hodograph. As the particle 
passes from P x to P 2 its velocity changes from v x to v u ; hence 
from the triangle of velocities, the chord p y p 2 represents in 
magnitude and direction the velocity which must be com- 
pounded with v x to give v. £ . Further while the particle 
moves from T\ to P 2 , the point on the hodograph moves 
from pi to jp a in # thft same time. Hence the chord p x p 4 
divided by this time gives the average rate of change of 
velocity, that is, the average acceleration of the particle 
during the interval. Now suppose *P a taken more and 
more closely after lii ; then the chord p x jh becomes ulti- 
mately equal to the arc pijh and the rate of change of the 
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arc is the velocity of the point in the hodograph. Hence 
we have the theorem : the acceleration of the particle in its 
path is equal in magnitude and direction to the velocity of 
the point in the hodograph. 

We shall consider now some special cases of curved paths. 

Projectiles . 

181. Suppose a heavy particle is projected from any 
point P with initial velocity V inclined at an angle a to 
the horizontal. Then if we suppose the motion to take 
place in a vacuum, or neglect the resistance of the air, the 
only force acting on the body during the motion is its 
weight; hence it has an acceleration g vertically down- 
wards, while its horizontal velocity is unaltered throughout. 
Apart from gravity the particle would, after a time t f be 
at r I\ where PT — Vt ; but on account of its vertical fall 



under gtevity it must be at Q , where TQ — ^gtK If we 
construct a large number of points Q in this manner, we 
can trace the path PQR as in the figure. 


182. We may also consider the horizontal and vertical 
components separately. We have the following: 

T ... ,, (Horizontal velocity *= V cos a, 

. - (vertral velocity -Fra* 

« 

After t seconds' i Hori * ontaI velocity =r cos a, 

(vertical velocity = K sau a—gU 
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After the horizontal distance J?N is Vt cos a, and the 
vertical rise QN is Vt sin a — \gt\ 

The particle will be at its highest point when its vertical 
velocity is zero, that is, after a time consequently 

we have: 

.. f ii- U 2F sin a 
time of night — , 


greatest height * 


F* sin 8 a 

•“2 i ’ 


. i , 2 F* sin a cos a 

horizontal range = — . 


188. Consider the hodograph of this motion. The 
particle describes its curved path with velocity varying in. 
magnitude and direction, while its acceleration is constant 
both in magnitude and direction. Hence the velocity of 
the corresponding point in the hodograph is constant in 
magnitude and direction; thus the hodograph is a vertical 
straight line described with uniform velocity numerically 
equal to g . 

EXAMPLES. XLIV. 


1. Find the horizontal and vertical spaces described in 3 seconds, 
when the components of the velocity of projection in those directions 
are 100 and 200 feet per second. 

2. Find the greatest height to which a body will rise audits range, 
if it is projected with horizontal and vertical velocities of 400 and 
800 feet per second. 

3. The greatest height to which a body rises is 100 feet, find how 

far it will rise in 2 seconds. m 


4. The Velocity with M^iich a canon-ball leaves the gun lias for its 
vertical and horizontal components velocities of ana 10 miles per 
minute, find its range. * 

5. Show that the direction of the velocity^of the body in t seconds 
after projection makes an angle 6 with the horasontal such that 


tan 0** 
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6. A particle is projected at an inclination & to the horizon where 
cos d - - J , with a velocity of 1200 feet per second. Find the greatest 
height it attains and its range on a horizontal plane through the 
starting point. 

7. A hotly is projected at an inclination a to the horizon, such that 


with a velocity of x /82 loot per second. Show that after | of a second 
its direction of motion is inclined .-it an angle of 45“ to the horizon. 

8. A particle is projected horizontally with a velocity of 30 ft./see. ; 
draw the graph of the path for the first 4 seconds. 


184. The Greatest Range. 

y 2 g] 

The horizontal range we have seen to be — . 

.... 9 

For a ffuwn velocity of projection this will have the greatest 
,v&lue when sin 2a — 1 , or a = 45'*. , 

Hence the greatest range for a given velocity of projec- 
tion is got by projecting the body at an angle of 45° with 
ttte ground. 

185. Range on an Inclined Plane. 

« 

A body is projected with a velocity V in a direction a 
from the foot of an inclined plane 
p,/ making an angle £ with the hori* 

y^\ zi»n ; it ia required to find the range 

yy^ on the inclined plane, or how far up 

yy the plane the body will strike it. 

y • After t seconds the body will 

O N strike the plane at some point P, 

Fxu. H5. from P draw the vertical line PN. 


ON — horizontal space described in t seconds = V cos at, 

PN — vertical = V sin a t — ^ gt\ 

PX * a 
•Also ^ r =tan^, 4 

£ ~ V'sin (it — iaP , * at 

tan * lr - - = tan a - . 

V cos at 21 cos a 
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This determines t, giving 

• 2 F cost* 

t -= - (tan a — tan p). 

Thus 

nD ,- lV - 0 Fees a £ 2 V s cos- a , 

07 = O.A see/? = - „ - (tan ft - tan 0). 

cos/7 </eos/7 ' 

Therefore the range is # 

2F a ms 5{ a 

(tan a — tan p) 

g cos £ 

_ 2 F 2 cos a sin (a — /?) 
cos 2 /? 

Hence if V ami 0 are given the range is greatest when 
2 cos a sin (a — 0) is greatest., 
and 9 2 cos a .sin (a - /?) =■ si n {'la— ft) — sin 0. 

Thus for the greatest range sin (2a — 0) is greatest or 
2a — 0 — bO , 

a = ^ + 45". 


186. The Path of a Projectile. 

Let the particle be projected from P with velocity v in 
the direction PT. 



Fig. 146. 


Then if Q is its position after time t , we have seen that 
PT = vt ; TQ = \gt\ 


14 -S 
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Lot the vertical line PM be equal to iP/Zg, and draw 
MX horizontally through M. Obtain the, point , 8 by 

making tPS—TPm , and PS — PM ; and complete the 
parallelogram PVQT . 

Then if we describe a parabola with S as focus and MX 
as directrix, it follows from the construction that P is on the 
parabola, PT is tangent at P and P V is a, diameter. Further 
we have * 

QV* = vH* = -- . = 4>SP . PV. 

Thus every position Q of the particle is on the parabola, 
which is consequently the path of the particle. 

187. Velocity due to Fan from Directrix. 

Since the point of projection P may be any pointf on the 
path and since 

t v' 2 — 2gPM, 

it follows from the previous construction that the velocity at 
any point, is equal to that which it would have acquired by 
falling freely from the directrix. 


EXAMPLES. XLY. 

1. Find the direction and velocity with which to project a ball 
that it in ay pass horizontally over the top of a wall 60 yards off and 
75 feet high. 

2. A stone is projected into the air with a velocity of 200 feet per 
second in a direction inclined at 60® to the horizontal plane. With 
what velocity must another stone bo projected vertically that the two 
stones may rise to the same#i eight above the horizontal plane ? 

3. A boy with a stone aims at a mark 25 yards from him on a 
level 10 feet below his shoulder, with whftt velocity must he throw the 
stone # hori zontal ly so as to hit the mark ? * 

• * 

4. A body is thrown from one extremity of the horizontal base of 
an isosceles triangle so as to pass just o ve$ the vertex and fall on the 
other extremity of the' base. If a is the base angle and 0 the angle of 

, projection show that tan 0«2 tan a, 
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5. Two particles projected with the same velocity from 0 pass 
through the same point P y prove that if a and /3 are the angles of 
projection 


a+/3= 5 - +•*, 


where 1 is the angle which OP makes with the horizon. 

1 

6. A shot whose mass is ^ th of the mass of the gun and carriage is 

fired at an inclination 8 to the horizontal. If a bo the inclination of 
the gun prove that * 

bin 8 « ^1 + tan «. 

7. A particle is projected at an angle tan ~ 1 £ to the horizon with a 

velocity ot 200 ft. /sea Draw, to suitable scales, the path during the 
first 8 seconds, and also tho liodograph. < 

8. From a point on a hill of inclination 30° one particle is projected 

up the hill and the other down with equal velocities, the angle of pro- 
jection being in each case inclined to the horizontal at 45 w r Show that 
the ranfje of one particle is nearly 3f times that of the other. # 

9. Prove that 4 tiroes the square of the numlier of seconds in the 

time of flight in the range on a horizontal plane is the height in feet of 
the highest point of the path. # 

10. A wet open umbrella is held with the handle upright and made 
to rotate round that handle at the rate of 14 revolutions in 33 seconds. 
If the rim of the umbrella be a circlo of one yard diameter and its height 
above the ground 4 feet, prove that the arops shaken oil' the rim meet 
the ground in a circle of 5 feet diameter, the circumference of the rim 
being feet and the effect of the air being neglected. 

11. Three bodies are projected simultaneously from the same point 
and in the same vertical plane, one vertically upwards, another at tho 
elevation of 30% and the third horizontally. If their velocities be in 
the ratio of 1 : 1 : >y/3 prove that the bodies will always be jfi the same 
straight line. 

12. If the times taken by a projectile from P to Q and from Q to 
R are equal, its horizontal velocity being 1% then if Fj, 1% and are 
the velocities at P, Q and R respectively,* 

( TV - TV; 2 « 8 < TV - H) ( * V + TV - 2 TV). 

13. A vertical line is divided into a number of equal parts 

A^A^j AsAi etc. # 

Show that if a particle be projected from *0 in the vertical plane 
through the line, OAi , OA a , &c. will meet its hath in points such that 
the times of flight from each to the next are all the same. 
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14. A number of Iwxlies are projected .simultaneously from the 
same point Q in the same vertical plane with different velocities such 
that if lines be drawn from 0 parallel and proportional to these ve- 
locities the extremities of these lines lie in a certain straight line AB. 
Prove that after a certain interval all the bodies will be situated in a 
straight line through 0 parallel to AB. 

15. A bomb-shell on striking the ground burst, scattering its 
fragments with velocity I' find the area of ground covered by the 
fragments assuming that the shell falls on a horizontal plane. 

16. Obtain a graphic**} construction for the angle of projection of a 
particle with given velocity in order to strike a given point. 

17. For a given velocity of projection equal to show that all 

possible paths touch an enveloping parabola with its focus at the point 
of projection and its vertex at a height h. 

18. From a point on the ground at a distance x from the foot of a 
vertical column a ball is thrown at an angle of 45°, which just clears 
the top of the column and afterwards strikes the ground at a distance y 
on the other side; show that the heightW the column is equaljto 

■*#/(*** +.v). 

19. Particles arc projected simultaneously in perpendicular direc- 
tions in the same vertical plane from two points in the same horizontal 
plane so as to strike this plane simultaneously at the same point after 
t seconds. Prove that the least distance between the points is gfi feet. 

> 

20. A particle is projected with a velocity of 56 f.s. and the range 
on a horizontal piano through the point of projection is 90 ft. Show 
that the difference of the possible times of llight is one second approxi- 
mately. 

21. Show that the distance from the point of projection of the 
furthest point on a horizontal plane, at a distance a below the point 
of projection, that can be reached by a projectile is (a+ 2A), where 
the velocity of projection is 

22. From a point on the ground in front of a wall of height h 
stones are thrown with velocity V so as just to clear the top of the 
wall. Show that the furthest point of the top that can oe thus 
reached is at a distaneo ( F 5 * — <//iV«/ from the point of projection. 
Find also the locus of the points where the stymes strike the ground. 

1$8. Uniform Motion in a feircle. 

Consider the ease of a body moving in the circum- 
ference of a circle with uniform vel6city v . The rate at 
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which the radius joining' the body to the centre turns round 
is called the body’s angular velocity. This we shall denote 
by Thus if 6 be the angle turned through in a time t, 


e 


t 


*-■ o>. 



Hence if T be the whole time taken to describe the 
circumference * 

* j 7r V. 

CO 

Also if an arc s is described in t seconds 
s 0 

v = = a — aco . 

v t 

189. Acceleration in Circular Motion. 

Let P and Q be successive positions 
of the body, then since its velocities at 
P .and Q are equal in magnitude and 
perpendicular to OP and OQ respectively 
we may represent its velocity at P and 
Q by OP and OQ. 

The velocity required to change the 
velocity at P to that at Q is therefore 
by thq Triangle of Velocities represented 
by PQ and is perpendicular to PQ and 
directed inwards. Hence 

change of velocity in passing from P to Q PQ a 0 

velocity at 1 •' " V ~UF~" -2 

• = Q (when 0 is very small). 


.. ...Q 
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Hone© if t denote the (very small) time occupied in 
going from P to Q, 

acceleration at P c ^ an ^ e ve ^ oc ^y in passin g fro m P to, Q 

T 

0 

= - . velocity at P 


= G)V * — = aft) 2 , 

a 

Hence the measure of the acceleration at P is — and is 

a 

directed inwards along the radius. The body has thus no 
acceleration along the tangent at P. 


190. We have seen that the acceleration of a particle 


v 3 

moving uniformly in a circle of radius a is — , hence if its 
mass is m the force acting on the particle inwards along the 


v* 

radius is in -- . This is the force which is required to keep 

the particle in its circular path ; if, for instance, the particle 
is revolving on a smooth table at the end of a string attached 
to a fixed point, then the tension T of the string is the force 
which 'acts on the particle and keeps it in its path, therefore 
we must have 4 



If the string breaks, the particle will move off along the 
tangent at the point at which it is when the string breaks, 
there being now no force to constrain it to move in a circle. 



Fia. 14$. 
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191. The hodograph of the path may be employed to 
find the acceleration of the body describing the circle, as 
follows : — 

In fig. 149 let P, p and Q, q represent corresponding 
positions on the path and the hodograph. 

The triangles POQ, pOq are similar, therefore 

pq — _ v 

PQ OP ~ a.' 

If t be the small time occupied in passing from P to Q , 
then since the chord PQ may bj taken as being equal to its 
arc, therefore 

= v, and = acceleration at P, 
t t 

pq _ acceleration at P 
• ’• PQ v ’ 

- , v acceleration at P 

or from above - = — , 

a v 

• xP 

thus the required acceleration is — , and acts parallel to pq 
and therefore parallel to PO, 


192. Particle sliding on Smooth Curve under 
Cravity. 

We have seen in Art. 60 that if a particle slides down 
a smooth inclined plane the in- 
crease in velocity is that which it 
would have gained by falling freely 
through the vertical height of the 
plane; this follows from the prin- 
ciple of work because the reaction 
of the plane is al\^ays at right 
angles to the path of the particle 
and thus does no worff. Similarly 
if the particle moves on a perfectly 
smooth curve, the reaction i2 is al- 
ways perpendicular t$> the direction m 
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of motion; thus the only force which does work is the 
weight of the particle. Hence we have 

vj - ?? = 2?/t. 

193. Motion on a Vertical Circle. 

Suppose a particle of mass m to move on the inside of a 
smooth vertical circle and to be projected initially with 
horizontal velocity u- from the lowest point A* Let P be 
its position at. any tfnie. In one diagram we have the 
actual forces, P and mg, which ae fc on the particle at the 
instant; in the other diagram we have the resultant forces 


B B 



equal to (mass) x (acceleration). We know that if v is the 
velocity at, P the acceleration itivvaids along the radius must 
r" 

be y ; any other component acceleration must be perpen- 
dicular ta this and we denote it by f along the tangent. 

We equate the act uaL and effective forces of the two 
diagrams by resolving along the radius and tangent at P 
in each case; hence 

mf= mg sin 9^ 

m - == ii — mg C(>s 6. 

flut from the previous article, 

— ir* — %g AN = 2 ga (1 cos ff) % 
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Hence from the last two equations 

. R = mg (3 cos 0 — 2 -h - U ) . 

V gaj 

For the angle 0 at which JR becomes zero, the particle 
will leave the circle and proceed to describe a parabola 
under gravity. But if the velocity u is large enough the 
pressure R between the particle and the circle may be 
positive for all values of 0, so that the body describes the 
complete circle. In order that this* may be* wo, R must be 
positive at the highest point 13 > that is when 0 - 7 r ; then 
the condition is 

H + 3 >o ' 

u 1 > 5ga. 

Thus the velocity of projection must be greater than 
that flue to a fall through a height of 2£ times the radiuS. 


194. Conical Pendulum. 


When a particle of mass m , attached 
by a string to a fixed point, moves uni- 
formly iu a horizontal circle whose centre 
is vertically below the fixed point the 
string and particle are said to form a 
conical pendulu m . 

Let 0 be the inclination of the string 
to the vertical, then since the weight of 
the particle is supported by the vertical 
component w of the tension T of the string 

T cos 0 =* : ?% 



* An. 152. 


,< 1 ). 


To maintain the uniform circular motion of the particle a 

force -—^is fequirtd,#where v is the velocity of the particle 

and a the radius of the circle it describes, therefore T sin# 
must be such that 


2 T sin & — - 


MV* 
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If the particle makes n revolutions per second we haVe 
v = 27 rna, 

therefore Tb in 0 — mtnr'hfia == 4>nvr r 9 ?t a Z sin 0, 

where Z is the length of the string, or 

T~±mir*nH ( 2 ). 

Therefore from (1) 

cos 0 — . '{ - . , 

4*7 r s ?rZ 

We have now determined the tension of the string and 
the inclination of the string to the vertical. 


EXAMPLES. XI- VI. 

L A particle is placed on a rough horizontal plate (/x =- ) at a 
distance of 9 inches from a vortical amts about which the pl^te can 
rtitate; find the greatest number of revolutions per second tho plate 
can make without moving the particle. 

At what number of turns per minute must a mass of 10 lbs. 
revolve horizontally at tho end of a string 15 inches long so as to 
cause the same tension in the string as if one lb. were hanging 
vertically V 

3. A particle slides on thecoutside of a smooth vertical circle, and 
is just displaced from the highest point. Find where it leaves the 
circle. 


4. A heavy particle of mass m is moving on a smooth table in a 
circle being connected by a string, which passes through a bole in the 
table at the centre of the circle, with a particle of mass 2m which 
hangs vertically. What must be tho velocity of the first particle? 

5. A locomotive engine weighing 9 tons passes round a curve 
600 feet in radius with a velocity of 10 miles an hour ; what force 
tending towards the centre of the curve must l>e exerted by the rails ? 

6. The moon describes a circle of 60 times the earth’s radius in 

27*32 days. Taking the earth’s radius a% 3960 miles, show that 
gravity, reduced in proportion to the inverse square of the distance, 
is just enough to account for this. • 

c 

7, 4 A stone, attached U> a string, is projected so as just to describe 
a vertical circle without c the string becoming slack; show that the 
greatest tension in the string is six times the weighty of the stone. 
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8. Show that, owing to the rotation of the earth, the &p}>areut 
weight of a body is nearly one part in 289 less at the Equator than 
at a fcole. 


9. A cannon weighing 12 owt. hanging horizontally by two vertical 
suspending ropes at its ends projects a bull weighing 36 lbs. and is 
raised by the recoil 2*25 feet above its lowest position. Kind the 
momentum and energy of the ball and of the cannon at the instant 
after discharge. 

10. A particle weighing £ oz. rests pn a horizontal disc and is 
attached by two strings 4 feet long to the extremities of a diameter. 
If tiie disc be made to revolve 100 times a minute about its centre, 
find the tension of each string. 

11. When a train is travelling in a curve of 242 yank radius at 

15 miles per hour, the string by which a heavy particle is attached to 
the roof of a carriage will be inclined to the vertical at cot"* 1 48. # 

12. Show that pieces of mud thrown from the top of a cab- wheel 
whose diameter is d feet, tho*cab moving with a velocity, of v feet per 
second 1 , will when they strike the ground, be at a distance J r feet 
in front of the position then occupied by the point of contact of the 
wheel with the ground. 

13. If !Tis the time of revolution of the bob of a conical pendulum 
at the bottom of a shaft of a mine of depth l, the pendulum being 
suspended from the surface of the Earth, the value of </ at the bottom 

of the shaft is ^1 — , where a is length of the Earth's x'kdius. 

14. A parti do is placed on the surface of a smooth sphere and 
slides down under the action of gravity ; with what velocity will it 
leave the sphere if its initial angular distance from the highest point 
is a ? 


15. Two small bodies of 8 and 27 ozs. weight are laid on a 
smooth table and connected by a string 5 feet long passing through a 
small fixed ring in the table .at the distance of 2 and 3 feet from the 
bodies and in the straight line joining them. They arc then projected 
at right angles to the string towards the same side of it with velocities 
of 3 and 2 ft. -secs, respectively. Prove that each body will move in a 

circle and that if the string breaks after “ seconds the bodies will 

• t **" 

meet at the end of the next second. 


16. A particle revolves about a vertical axis, to which it is attached 
by a cord 8 inches long ; if it keeps a stationary inclination at*am angle 
of 27° to the vertical, find how many revolutions it is making per second. 

* • • 

17. If a uniform circular steel wire of small cross section is rotating 
in its own plane about its centre, show that the total action across a 
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section of the wire is vtv 2 , where m is the mass per unit length of the 
wire, and v is the linear velocity of any point of the wire. If the wire 
weighs 490 lhs. per cubic foot and can stand a strain of 90,000 lbfc. per 
square inch, show that the greatest possible value of v is about 925 ft. 
per second. 

18. A particle tied at the end of a string length a is projected 
horizontally from the lowest point of its orbit which is in a vertical 
plane through the point of suspension, with a velocity of 2/^ga, 
Where does it leave the circular path and whore does it take it up 
again ? Also find the velocity when it again passes the lowest point, 
and account for the loss of energy. 

19. A particle of mass m Ihs.tis attached by a light string 2 ft. long 
to a fixed point A on a smooth horizontal table, and a particle of mass 
2tn lbs. is attached to the former particle by a light string 1 ft. long. 

*The system revolves uniformly on the table making one revolution per 
second round J, the strings being stretched and in the same straight 
line. Kind the tension of ouch string in pounds weight. 

• « 

• 20. At a bend in a river the velocity of a certain part of the Surface 
is 170cm. per second and the radius of curvature of the lines of flow is 
9,1()0 cm. Show that the slope of the surface in a section transverse 
to the lines of flow has a gradient of about 1 in 309. 

21. A particle slides outside a fixed smooth circle in a vertical 
plane, starting at rest, at the top. and another is projected from the 
lowest point, inside the circle, with Just sufficient velocity to carry it 
to the top ; prove that both leave the circle at the same point, and 
proceed to describe parts of the same parabola. 
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195. S.H.M. as Projection of Uniform Circular* 
Motion. 


/ 


Let a point P describe a circle of radius a \v\th uniform 
angul&r velocity w, and let T bo • 

the time of a complete revolu- 
tion. If AO A' is any fixed 
diameter and PN is a perpen- 
dicular from P on to AOA\ 
then as P revolves in the circle / 

N moves back and forward along L - 
A OA'. The motion of N said* ^ 
to be a simple harmonic motion. ^ 

If 0 is the angle between OA 
and OP at any instant, we have 

x = ON ~ a cos 0 . 153 * 

Velocity of N in direction A()A' = component of velocity of 
P in direction AO A' 

= aw sin 0 = a) Va 3 — (P. 



Acceleration of N» direction A OA ' — component of ac- 
celeration of P 

cos 0 = ct> 2 #. 

» 

We see that the acceleration of N ifl directed always to a 
fixed point 0 and is directly proportional to the distance 
from 0 . 
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196. Period, Amplitude, and Phase. 


As the point P makes a complete revolution of the Circle 
from A , the point N moves from A to A ' and back to A ; 
then the motion is repeated in the same manner. Thus the 
time T is the period of the simple harmonic motion of A r . 
Further, tho greatest distance of N from the centre 0 is OA, 
or OA this distance \ a is called the amplitude . Suppose 
the time t is measured from the instant when P and iV are 
at A ; then at any subsequent time t we have 


0 = aeg = 


27 rt 

f * 


* Hence 


= a cos 


27 rt 

~T ’ 


Velocity of iV in direction A OA' = sin . 
Acceleration of iV towards 0 = ^ a cos ^ ^ a;. 


* We see that the period of a simple harmonic motion is 
independent of the amplitude, and from the last relation we 
obtain Jihe important property 


acceleration __ 47r a 
displacement ~ T 2 


c 

= constant ratio for all points. 


If we choose to measure the time from the instant when 
JV is at some other point, say N\ and P at the corresponding 
point P', we have 

$ = (»t — e, where e = POA. 


The angle e is the e/>ocA. The angle 0 is called the phase . 

If t is measured from the instant when N passes through 
0 in the direction A'OA , we have € = ^7r,and 

x « a sin 2irt/T 9 


197. Production of S.H.M. 

f 

Let JV be a particle of mass m. We have seen that its 
oceleration at any distance x from 0 is equal to 4m*x/T* 
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and is directed towards 0; consequently, by Newton’s second 

4tt £ 

law, the resultant force on A must be equal to y,~w/.r in 

the direction of NO. Thus the force required to produce 
simple* harmonic motion in the particle must- be proportional 
to the displacement from a fixed point and directed towards 
it. The importance of simple harmonic motion lies in the 
fact that force of this kind is produced when elastic bodies 
are strained or deformed slightly fr<vn their natural state, 
so that simple harmonic vibrations about the equilibrium 
position are set up. 


198. Weight suspended from Spiral Spring. 

Suppose \vc have a spiral spring (or elastic string) whose 
natural un stretched length is a. It has been 
found, and can be verified, by experiment that it' 
the spring is not extended too fai , the teusioii is 
proportional to the extension; thus, if ,r is the 
whole length, the tension T is given by | 4 

T = (constant) x (extension ) 

X, X 

= - a), 

a • 

where X is a constant to be determined for each 
spring. 

Let the spring be fastened at one end O and a 
weight W suspended at rest vertically by it; then the length 
x 0 of the spring is given by • 

IF = 


V A 

]c 

Pt 
w 

Fio. 154. 


X being the weight which would stretch the spring to twice 
its natural length, if i^ were sufficiently elastic to permit of 
this. * 

Now suppose the weight W to be set vibrating vertically, 
and let x be the further extension of the spring *at any 
instant, so that the Jcngth of the spring is x 0 + x. The 
forces acting on the weight are the tension of the spring 

T 16 
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upwards and W downwards, so that the resultant force 
tending to make .r less is 

a ' ' a 

Similar^ if W is above its equilibrium position A, saj 
at P', we find that the resultant force tending towards A if 
Xx/a. 

Consequently the* motion of W is a simple harmonic 
motion in a vertical line with A, the equilibrium positiox 
of W, as the centre of the motion. 

If T is the period of the vibrations we have seen thai 
the resultant force towards A must be 

4tt u 

,, 47T 8 X 

Hen co Ti 

The period T is given by 

t 

199. The Simple Pendulum. 

We shall consider now a case of simple harmonic motioi 
in a curved path, 

A weight W is suspended by a light inextensible string 
of length l, and oscillates under gravity in a vertical plane 
Let 0 be the angle the string makes with the vertical at anj 
instant 

The bob P moves in an are of a circle, and the tension o 
the string is always perpendicular to the path of P. Henc< 
the component force on the bob in t&e direction of tin 
tangent is If sin 6, or W . PKjL Now if the oscillationi 
are yery small the straight line PN may be taken ulti 
inately* equal to the* curved arc CP; thus the force on i 
is .in the direction <Jf the arc towards**? and is directly pro 
portional to CP , Hence the motion in the arc is simph 



SIMPLE HARMONIC MOTION 


827 


harmonic; or it is very approximately so when the oscilla- 
tions are small enough. If then T is the period of the 
vibrations we have 

Force on bob along the arc — . CP m , CP. 

Hence T = 2tt a f - . 

V 9 



We can write down the velocity of the bob at- P from 
the equation of work. Let v , tv, be the velocities at P, C 
respectively ; then since the tension T does no work we 
have 

(v 0 2 — v *) = mgCN , 
v s — v<? — 2gl ( 1 — cos 6). 

We see that the period of the pendulum does nett depend 
on the amplitude of the swings provided these are small 
enough ; further the period varies with the length l and 
the value of g at the place, so that the simple pendulum 
may be used for determining g. 

The time of a “ fieeflb ” is half a complete period ; thus the 
length l of a pendulum «which beats seconds is given by 

1 == 7T */(l/g)> ^ 

Taking g as 32, tins gives l as 3'3 feet approximately. 

* 
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EXAMPLES. XhVIl. 

1 . A clock which gains 15 seconds a day has to ho sot right, find 
the alteration in the pendulum which should beat seconds. 

2. The weight of 29*905 cubic inches of mercury in London is 
equal to that of 29*898 cubic inches in Manchester. How many 
seconds will a pendulum clock gain in a year in Manchester if properly 
regulated for London 'l 

3. A pendulum whose length is l makes m oscillations in 24 hours. 
When its length is slightly altered it makes m -t ?? oscillations in 24 hours. 

2w 

Show that the diminution of the length is l nearly. 

m * 

4. Taking the values of </ at the Equator and at the pole to he 

32'09 and 32*25 respectively, find how much a clock regulated by a 
pendulum which would beat true seconds at the pole will lose in an 
hour at t.ho Equator. % 

• * 

5. A mass of 5 lbs. hangs by a light spiral spring and makes three 
complete vertical oscillations of amplitude 2 inches in a second. Find 
the kinetic energy which it has when passing through its mean position. 

• 

6. A light elastic string is suspended from one end, when a heavy 
particle is gently attached to the lower end. Find how far the weight 
will descend and when it will iirst return to its original position. 

• 

7. An elastic string is st reached to double its natural length 
between two fixed points, and a particle of mass m fastened to its 
middle point. The particle is dra^n a«id^ towards one of the fixed 
points and then let go; fmd the time of a complete oscillation and also 
the greatest velocity acquired. 

8. If, Jlti s.n.M., c is the initial distance, o the initial velocity, and 
2ir/n the period, show that the time of reaching the centre is 

1 . . m 1 / , cn\ 

-tan -1 - , or - rr-tan -1 - ). 
n <» n \ v / 



CHAPTER XIII. 

$ 

IMPULSIVE FORCES AM) IMPACT. 


200. Impulse. 

Given a mass m moving in a straight line uniter a 
constant force of F absolute units, n its velocity at the 
beginning, v its velocity at tint end of an interval of linn* L 
wo knpw that * 

mv — inn — Ft , 

or the momentum gained equals the total impulse of the 
force. If the change in velocity is observed to occur 
suddenly so that t is extremely small, then F must be 
very large, and it is impossible to measure either t or F 
separately; but the total effect i.^ determined by the pro- 
duct of the two quantities, and is called an Impulse. 
Consequently an impulse is measured by the change of 
momentum produced. The unit of impulse is the same as 
the unit of momentum. 

The effect car be illustrated by plotting i curve showing 
the change of momentum with the time ; the interval of 
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lime between P and Q is supposed very small, hence PQ 
must be very steep — the slope being a measure of the acting 
force F. 

Ex* 1. A body whoso weight is 12 lbs. is made to increase its 
velocity from 30 to 40 miles an hour. Find the impulse. 

\\ ff 

/« impute = 12 (58$ - 44) = 176 - units. * 

Ex. 2. A particle, of Vnass 1 oz., is moving due E. at the rate of 
3 ft. per sec. ; what is the magnitude and direction of the blow that 
will cause it to move due N. at the same rate? 

• /— 

3 v2 

Am. units of impulse, N.W. 

201. Impact of Sphere on Fixed Wall. 

Consider the case of a sphere impinging on a fixed 
‘smooth wall. * 



Fig, 157. 


Firstly , let the sphere be moving directly towards the 
wall with velocity u. It has been found by experiment 
that it will rebound with a velocity v equal to eu, where e 
is a number less than unity called Hhe coefficient of resti- 
tution ; e does not depend upon u, but only on the materials 
of jvhich the sphere and wall are composed. 

v By the impact •momentum mu h destroyed and mo- 
mentum emu is generated in the op$>osite direction, hence 
hfcpulse is measured by mu (1 + e). 
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Secondly , let the velocity u before impact make an angle 
a with the pormal to the wall, and let v, 8 be the corre- 
sponding quantities just after the impact. Then since the 
surfaces are smooth there can be no action parallel to the 
face of the wall; lienee 

v sin 8 = u sin a. 

The component velocity at right angles to the wall is altered 
the same way as before, thus 

* i 

v cos 6 — eu cos a. 

Hence we have tan 0 = -*tan a. 

e 


202 . Geometrical construction for the Path after * 
Impact. 



Let the centre of the sphere move towards the wall 
along the line AB, B being its position when it strikes 
the wall. Draw BO parallel and AO A' perpendicular to 
the wall, where 

OA' = eOA. 


Then 

tana 


OB 

ISA* 


tan OA'B 


OB _ 1 0B_ 
OA'~e OA’ 


Therefore OA’B is*the angle 0 of the last Article, and 
thus the ball will after impact move > along A'B produced. 

If the sphere bq a particle the {joint 0 will lie upon 
the wall. 
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Iu the foregoing we have supposed the motion to take 

place in a horizontal plane, but 
the result is easily seen to apply 
also in a vertical plane?, giving 
the following result: 

If a particle be projected 
from a point A with given hori- 
zontal and vertical components 
of velocity u and ?/, it will after 
impart at a smooth vertical wall 
describe the parabola which it 
would have described if it* had been projected from A' with 
the velocities — eu and v, where A f 0 , A ' are points in the 
same horizontal line and such that 

OA'^c.OA. 

* 203. In the direct impact of a sphere with a fixed wall 

there will be nil instant at which the sphere is momentarily 
at rest; this will be the instant of greatest compression. 
L<U /, be the impulse of the elastic forces which have acted 
timing the period of compression ; then I x equals mu. After 
t his instant the shape of the materials is being restored and 
the sphere finally leaves (jhe wall with velocity eu; thus L ?i , 
the impels" of the forces acting during the period of resti- 
tution, is equal to men. Hence the coefficient e is the ratio 
of the impulses of the forces acting during restitution and 
compression. 

204. 9 Energy lost. 

The loss of kinetic energy of the sphere is £/n(l — e z )u\ 
This is only zero, if e~ 1, that is, for perfect elasticity; with 
imperfectly clastic substances some of the energy is dissi- 
pated in heating and other effects. 

t> * 

205. Impact of a Stream of Particles. 

Suppose we have a stream whose area of cross section is S, 
composed of a very large number of small particles moving 
up. to a fixed wall with velocity u. Let m be the mass of 
each particle, A 7 the number of particles in unit volume of 
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the stream. If e is the coefficient of restitution, wo have 
secin^ that the impulse on the wall clue to an impact of a 
particle is mu {l 4 - c\ Now in time t there are SNut such 

rv-. 



Fio. 100. 


impacts, hence the total impulse on the wall in time t is 
mNSnH (1 4- e). Let F be the average steady pressure per 
unit area on the wall whose total impulse Ft iw the time t 
would equal that due to the impacts of the particles ; thou * 

F = mNu? (1 -f e). 

Thus we may regard the stream as exerting on the wall a 
steady pressure proportional to the square of the velocity, 
and to the density of the stream (since mJSf equals mass per 
unit volume). • 

206. According to the kinetic theory of gases, the 
pressure of a gas is duo to the impacts on the walls of the 
vessel of the extremely large number of small particles of 
which a gas is supposed to consist. Suppose the gas is of 
density p and that the particles are moving about in all 
directions with an average velocity n ; it can be shown that 
the pressure is proportional to the density p and to ui 
When the temperature is raised the average velocity u 
increases and hence the pressure becomes rapidly greater. 

Ex. 1. A ball whose mass is 2 ozs. falls from a height of 04 foot and 
rebounds to a height of 25rfect, Kind the value of e, and the impulse. 

Jne. % ; IB lh>-ffc./sec. 

Ex. % A stream of water 1 inch in diarueter is projected against a 
fixed wall with a velocity of 90 feet per second. If e » J , and a cubic 
foot of water weighs lOOOozs. find the pressure on the wait 

An*. 129-4 lbs. wt. approx. 
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207. Impact of Two Spheres. 

Let two spheres of masses m, m moving in the line of 
their centres come into collision ; let u, u' be their velocities 
before impact, v , v' the values after impact, all measured in 


Fig. 161. 

the same direction. By the laws of motion, the forces which 
act between. them at impact act equally but in opposite direc- 
tions on tha two spheres. Hence tlv* total momentum of the 
tlvo spheres remains unaltered by the impact, rememlJering 
that momentum is a vector quantity, so that direction must 
be taken into account. Thus we can write down 

mv -f mV = mu + m it (1). 

In order to find v and v' we need another equation, this is 
given tfy the experimental fact discovered by Newton that 

the relative velocity of the spheres after impact is — e 
tunes their relative velocity before impact , or 

v' — v = — e (u' — u) (2). 

Solving these equations we obtain 

(m — em') u + m' (1 + e) u 

- — ^ 

m - 4 - m 

, — m (I +e)u + (fri — em) u' 
m + m' 

Ex. 1. A ball whose mass is 4 ll>s. moving with a velocity of 6 ft. 
per sec. impinges on a ball whose mass is 3 lbs. which is at rest Find 
their velocities after impact, the coefficients of elasticity being equal 
to h - 9 • * 

„ In the present caws equations (1) and (2) are 

4*+3r'«20, 

x 5, 

twm*, «* ich 
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Ex. % Two balls whoso masses are 5 and 6 lbs. respectively, 
directly meet each other. Before inq>aet each is moving with a 
velocity of 2 ft. j>er sec. The coefficient of elasticity is J, find their 
velocities after impact. 

Here m=5, ?n f —Q, <i—2, ?/'= -2, 

lienee 5i> + — 10 - 1 2 = - 2, 

v f — V »= J (2 + 2)— 

from which v ~ { • v ‘ = { » • 

Thus the velocity of each ball is reversed ifi direction. 


208. Kinetic Energy Is, lost by Impact. 

The fact that kinetic energy is lost in the impact of two 
spheres may be shown as follows; let E and E x be the totaV 
kinetic energy before and after impact respectively, then 

since by elementary algebra 

• * 

( m +W) (mu 1 + mu'*) = (mu + mu'f — 2mm' a u + mm' («• + u •), 
therefore 

2 (m + m') E = (mu + m'u'Y + mm' (u — uf (&). 


Similarly 

2 (m 4- in') E x = (mv + m'v'f + mni (v~v'f . . . .(4). 
By subtracting and using (1), wo have 

2 (m + m') (E — E x ) = mm' {(u - u'f — (v — v'f\. 


Hence if u~u' is numerically greater than — v\ E is 
greater than E x * 

By use of (2) we see that 
mm 


E-E x = { 


-(u-uy(l-e>), 


2 (m + m') 

and since e is less than unity E — E x is a positive quantity. 

4 • 

The kinetic energy which is apparently lost reappears in the form 
of vibrations of the molecules of the spheres. 


209. Let I t be the impulse between the spheres* up to 
the instant of greatest compression, and I 2 the impulse«m>m 
that time until contact ceases. 
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At the instant of greatest compression the spheres are 
both moving with the same velocity which we may denote 
by V. Then since through I x the respective momenta of 
the bodies are changed from vm and mV to mV and 4a V, 

1 1 = ?//, (u — V ) -- m ( V — //'). 

Similarly J M = m ( l r — v) — ' (V — l r ). 


Hence 


/, 


< 1 




therefore 


/ 9 _ m # — y 
I, a — a 7 


Ex. Two iii m kills p* - -00;, musses . f > and 4 Iks., meet directly 
with opposite velocities of 7 and !) ft. per see. res] actively. Find the 
loss of kinetic energy. Ana. 5 ft. -lbs. approx. 

• • 

, * 

210. Oblique Impact of Spheres. 


When the spheres arc not moving at impact in the 
direction of the line joining their centres, their respective 
velocities perpendicular to the line of centres are not 
altered by impact if the spheres are smooth, aud their 
velocities resolved in the direction of the line of centres 
satisfy the two equations of Article 207. 

Let u, v ' he the velocities before impact., in directions 
making angles a, a' respectively with the line of centres. 

Let v , v' f ft ft be corresponding quantities after the 
impact ; to determine these, we have the four equations 

u sin a — v sin ft ; u' sin a' = v' sin ft' ; 
mu cos a + mV cos a = mv cos ft + mV cos ft ' ; 
v cos ft — v cos ft = — c ( u f cos a ' — u cos a). 


211. Consider as another example bf impact the action 
of a hammer or a pile-driver. Let M be the mass of the 
ram of# the pile-driver and let it fall through a "height H 
upon *a pile whose niiias is m. Suppose that the materials 
tire inelastic, so that the ram remains in contact with the 
$»ile, while the latter is driven a distance h into the ground. 
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The velocity v of the hammer before impact is \/(2(/ff); 
if v is the common velocity of the hammer and pile im- 
mediately after the blow, the principle of conservation of 
momeatum gives 

Mu = ( At -}- i/i ) t\ 


v 


M 

M f m 


M 

M 4 Hi 


\2gfl. 


For driving in the pile, we wish to have v ns large a 
fraction of v as possible, so that it is advantageous to have 
M large compared with v>. (Usually wo neglect the mass 
of the pile compared with Iliad of the ram, and we have v 
equal to u.) 

The average resistance of the ground can now bo cal-* 
culated ; let. F be its measure in absolute units. During 
the motion, the ram and^pilc are acted upon by their weight 
do \v wards and by F vertically upwards; their initial ve- 
locity v downwards is destroyed m a distance h . Hence we 
have 

F~(M + w )J --- (M 4 n / ) ^ , 



M y tr 

71 / 4 - uij §/• 


{M 4- in) '/. 


EXAMPLES. XLV1II. 

1. A sphere impinges directly on another sphere of double its 
mass moving with half its velocity. Show that if the coefficient of 
elasticity be the striking sphere will after the itupaoff move with 
half its original velocity, and find the velocity of the other sphere. 

2. A ball of mass M moving with velocity V impinges directly on 
a ball of mass m moving with a certain velocity, (\j in the same direc- 
tion as if, (ii) in the opposi to direction ; if the coefficient of elasticity 
is ij and the subseqttenfr velocity of m is four times as great in the 
former case as in the latter ; show that the original momenta of the 
balls were ip the ratio 

• 

3. A ball 5 ozs, in weight falls from a heighl^of 20 feet upon a fixed 
horizontal plane, and oij rebounding readies a height of Uf feet > find 
the coefficient of elasticity and the measure of the impulse. 
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4. A cannon-ball strikes a smooth sea at an inclination of l in 100 
and rebounds from the water at an equal inclination. Compare the, 
blow with which it strikes the water with that required to stop it. 

6. An elastic sphere let. fall from a height of 16 feet above a fixed 
horizontal table will come to rest in 8 seconds after describing 65 feet, 
supposing the sphere to keep rebounding from the table with a co- 
efficient of elasticity J . 

6. A series of equal perfectly elastic balls are arranged in a straight 
line, one of them impinges directly on the next, and so on ; prove that 
if their masses form a G.i\ A’ which r is the common ratio the velocities 
with which they successively impinge will form a g.p. of which the 
* . 2 

common ratio is — . « 

1 + r 

« 7. A ball A of mass m impinges directly on another ball B of mass 

m' which is at rest. After the impact B impinges directly on a third 
ball C of mass m" which is also at rest. If C has imparted to it the 

same velocity as A had at first, and all the balls are perfectly elastic 

■ € 

• (m + m') (m f + m”) — 4mm'. * 

8. Two equal marbles A and B lie in a smooth horizontal circular 
groove at opposite ends of a diameter. A is projected along the groove 
and after a time t impinges on B , .show that a second impact will occur 

2 / 

after a time - . 

. 0 

9. A series of spherical balls of elasticity e are projected from a 
point and suffer reflexion at a smooth plane wall ; show that their 
directions after reflexion pass through the same point. 

10. A bail is projected vertically upwards with a volocity of 160 
feet per second, and when it has reached its greatest height it is met 
in direct impact by another equal ball which has fallen through 
64 feet ; find the times from the instant of impact to that in which 
flic balls reach tho ground, their coefficient of elasticity being $• 

11. A number of balls aro dropped simultaneously from tlie heights 

m\ n* &a feet above a perfectly clastic plane, where m, n Ac. are whole 
numbers. Taking g as 32 prove that they will all be in their original 
positions after i M seconds, where if is the of m, n, &c. 

12. A ball projected with velocity v at an inclination a will keep 

ricocheUing from a smooth horizontal plane for a time and will 

, . c 2 sin2a * 

havea ' m, « e >(!-?• 
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1 3. The velocity of a sphere moving on a smooth horizontal ]>lane is 
reversed in direction after impinging successively on two fixed smooth 
vertical planes of the same material at right angles to each other, 

14. A hall is projected from a point in a horizontal piano and 
makes one rebound, show that if tins second range is equal to the 
greatest height which the l>all attains, the angle of projection is 
tan “Me. 


15. The diameters of each of two equal balls arc two inches in 
length and the balls are moving in opposite directions each with 
velocity v with their centres on two parallel lines one moh apart. 
The coefficient of clast icity is J ; find the velocity and direction of 
motion of each ball after impact. % 

16. A l»all is projected from a point in the floor of a room of height® 
k with velocity v and elevation 0 m a vertical plane pcrjicndiciilar to 

one of the walls so that sin \/ !i ■ After meeting one wall, the 

ceiling and the opposite wail it returns again to the floor. If UTc 
coefficient of elasticity lx? e, the distance between the walls a and the 
distance of the point of projection from the first wall d, prove that the 
distance from the second wall at which tins ball meets the floor is « 

r 2 ft d) 

where R is the horizontal rMige of a body projected with velocity i» at 
an angle i). t 


17. There are two cqmd perfectly elastic balls, one is at rest and 
struck obliquely by the other, show that after impa< t tlioir directions 
of motion aro at right angles. 

18. A mass of 5 cwt. falls 25 feet upon a pile weighing] J cwfc. mid 
drives it 16 inches into the ground. Determine the resistance of the 
ground, supposed uniform. 

10. Two inelastic spheric, m and are in contact, and m receives 
a blow through its centre m a direction making an angles with the 
line of centres. Show tfcut the kinetic energy generated is less than if 
to' had been absent in the rstio w+w'sinM to m -H)*'. 

* 

20. A jot of water is directed from a circular nozzle 3 4 inch in 
diameter with a velocity which would carry it vertically 100 feet, so as 
to strike horizontally a, wall at a height 50 n. above the nozzle ; prove 
that the jireaeure on the wall is that of about 48*4 lbs. wi. 
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21. AJSOJ) is a square formed by four smooth rods fixed on a 
smooth horizontal table. A particle is projected along the table from 

C ^ , 

A (it an angle with A ft, e being the coefficient of *rosti- 


tution between the ]>article and each rod. Prove that the particle will, 
after impinging on ISO, CD and DA, .strike the corner B. 


22. Two equal .small spheres of stool are suspended by fine strings 
and constrained to swing in the same vertical plane as simple pon- 
dulurns of equal length. Tn equilibrium they arc just in contact. 
They are pulled apart in opposite directions until their centres are 
each 20 cm. from their equilibrium positions and are then simul- 
taneously released. After the hundredth impact each is observed to 
swing so that its centre is 10 cm. from its equilibrium position. 
Calculate tbo coefficient of restitution for steel. 



CHAPTER XIV. 

GRAPHICAL STATICS. STHKSSKS IX HODS. 

% 

212. We have* seen already how to solve graphically a 
simple problem in statics, namely when three forces acting • 
at a point are in equilibrium. For we have only to draw a 
triangle such that the forces are parallel to its Hides taken in 
order; then the three fences are in the same ratio as the 
lengths of the corresponding sides. We shall consider now 
the graphical solution of more complicated problems. 

• 

213. Construction for the Line of Action of the 
Resultant. 



Fig. 162* « Fig. 165. 


Let F, (?, H, K be four forces acting in given lines in 
one plane on a rigid body ; we require to find in magnitude, 
direction and position, the resultant of these given forces. • 


16 
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Draw a line 12 representing the force F in magnitude 
and direction, having chosen a suitable scale ; similarly draw 
23, 34, 45 representing G , H \ K respectively. 

Case i. Suppose the point 5 so obtained does not 
coincide with the starting point 1, that is, the force polygon 
is unclosed. Then we know that the line 15 required to 
close the polygon represents the single resultant in size and 
direction. We have now to find the line of action of the 
resultant in the body, •'and for this it is sufficient to deter- 
mine a single point on the line. 

In fig. 1C3, take any pAint 0, which we call the pole of 
the diagram, and join 0 to the points 1, 2, 3, 4, 5. Take 
any point L on the line of action of F in fig. 162, and draw 
LT y LM parallel to 01, 02 respectively; let M be the inter- 
section of the latter line with the line of action of G . 

* Similarly draw MN parallel io 03, meeting H «in N\ 
draw NR parallel to 04, and finally RT parallel to 05. We 
shall show that the point T determined by the intersection 
of the first and last lines is on the lino of action of the 
resultant force. 

T.> figure LMNliT is called a funicular polygon for the 
system of forces. The triangles of fig. 163 are triangles of 
force for the corners of the funicular polygon ; hence we can 
replace 

F by a force 10 in TL -fa force 02 in LM, 

G 20 in LM -f 03 in MN t 

«£T 30 in MN + 04 in NR, 

K 40 in NR -f 05 in RT. 

Hence the four given forces are equivalent to a force 10 
in TL together with a force 05 in RT; hence T is a point 
on the line of action of the resultant forpe, which is given in 
direction and magnitude by the line 15, 

Case ii. Force polygon, closed . Let there be five given 
forces F, G t H, K y P, where JP is a force which is equal and 
. opposite to the resultant of the other /our and in a parallel 
line ; then clearly the five forces are equivalent to A couple. 
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We proceed to draw the force polygon for the five forces ; 
it will be as in fig. 103, and 

will in this case be a closed , 

figure, <he final point coinciding K V 

with the initial point. ys / 

We next diaw a funicular j 

polygon as before, with LT par- I ^ 

ullel to 01, LM to 02, UT' / C ^F 

parallel to 05, and finally T'X • v / 

to 01. Replacing the given v v / 

forces by forces in the sides of % 
the funicular polygon we set* \ 

that we arc h ft with a force 
10 in TL and a force 01 in In*. 1(>4. 


T'X ; these are equal and oppo- 
site parallel forces. Hence if T' does not coincide with T, 
that is, if the funicular polygon is unclosed, the system in 
equivalent to a couple. If bolh the force polygon and the 
funicular polygon are closed, tin* system is in equilibrium. 

Observe the notation adopted in the above. For instance 
in figs. 102 and 103, if in the plain 1 of the funicular polygon 
we attach numbers to the portions of the* plane between the 
forces, the force F may be denoted by 12: it is given, by the 
line 12 on the force diagram SiAuluily when F is resolved 
into forces along TL and LM, they are denoted by 01 and 02 
in both figures. 


214. Parallel Forces. 

The same method cau be used when the forces are all 
parallel, as in the figures given below. We see* that the 
force polygon in this case is the straight line 12345. 



Flu. 165. 


16 — 2 
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216. Frameworks. 

When a number of rigid bars are joined together at .their 
ends by smooth pins they are said to form a frame. We 
shall suppose for the present that the weights of tte bars 
may be neglected. 

T P | O T 

, Fiu. 106. 

The following is au important proposition: 

« 

The action of a bar on a pin at its end acts along the bar \ 

For consider -the bar PQ t) it is in equilibrium under the 
actions of the pins at P and Q upon it, hence these actions 
must be equal and opposite and must therefore each act 
jilong PQ/let the magnitude of eabh of them be 1\ tl^is the 
action of the pin P on the bar PQ is T , and hence the 
action of PQ on the pin P is a force equal and opposite 
tQi 1\ i. e. a force along the bar. 

These two equal ami opposite forces of magnitude T 
acting on the bar are said to form the stress in the bar. 

216. Examples. 

We shall use the method® which have been described to 
investigate some simple cases. 

I. A jointed frame PQR in the form of an equilateral 
triangle has a weight W attached to the joint P and the 
ends of its base, which is horizontal, rest upon fixed supports. 
Find the forces along the bars. . 

Letters are attached to the spaces divided from each 
other by the different forces, as explained in Art. 213. 

Thus the weight W at P is denoted by AB , the upward 
force at Q which is equal to W by BC> the force with which 

the.b&r QR acts on the pin Q by CJ>, and so on. 

f « 

Observe that in the case of any pin we take the forces acting on it 
in the contra-clockwise direction. 
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The force polygon consists here of a vertical lino in which 
ab is of length W, be and ca each of length £ W. 




Through a and b draw ad and Id parallel respectively 
to the bars PR and PQ , join dc. 

pin P is in equilibrium under the action of th% 
forces AB, BD and DA , but the sides of the triangle abd 
are parallel to these forces and ab is equal to the force AB, 
hence bd and da are equal respectively to the forces RJ) 
and DA. 

The pin Q is in equilibrium under the forces DB, BO and 
CD, but the sides db and be of jho triangle dbc represent, 
in magnitude and direction DB and BO, hence the side cd 
represents the force CD in magnitude and direction. 

Hence cd must be parallel to the bar QR . 

Wo saw that the action of the bar QP on the pin P 
is represented by bd, hence db is the action of tfye pin on 
the bar, that is the bar is subjected to a compression, such a 
bar is called a strut. The action of the bar QR on Q is 
represented by cd, and therefore dc represents the action 
of the pin on the bar, thus the bar is subjected to a tension , 

such a bar is called a tie. 

• • 

II. A frame PQRS has a weight W attached to the 
pin R and rests on twb supports at P and $. 

The supporting forces BG and GA dit P and S are only 
given in direction, not iu magnitude, we shall now find their 
magnitudes. Draw ab to represent W on some scale, the 
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forces BC and CA - are represented . by be and ca but the 
position of c is not as yet known. Take any pole 0 and 
join Oa and 06, we have to find the dire&tion of the lin£ Og. 



To do this we construct the funicular polygon, i.e . take 
any point K ou the line of action of BC and draw KL 
parallel to 06, through Zed raw LM parallel to Oa, we shall 
show that Oc is parallel to KM whose direction has been 
found. 

By observing the force polygon we see that 

W{~ub) may be resolved into a force along KL(—0b ) and 
* a force along ML (= aO), 

BC(~bc) may be resolved into a force along LK(**bO) and 

a force in direction parallel to Oc, 

CA (— ca) may be resolved into a force along LM(= Oa) and 

a force in ruction parallel to cO. 

The forces B r , £0, CA are in equilibrium and their com* 
poneijts along KL and ML destroy each other, hence the 
forces reduce to two, one through K and one through M , , 
those two forces must be equal and opposite and therefore 
act along KM, md since we have seen that these forces are 
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each parallel to 0c> therefore Oc is parallel to KM \ Hence 
o is found by drawing through 0 a line parallel to KM, and 
the forces BG and CA are represented by be and ca. 

Tb8 pin R is in equilibrium under the forces AB r BE 
and EA. Then by the same reasoning as irt Ex. T. if we 
draw ae and be parallel to the bars ItS and RQ we tiud 
that be and ea represent the forces BE and EA. 

The pin Q is in equilibrium under the forces Eli , BD 
and 1)E , but EB being represented* by eh through b and e 
draw bd and ed parallel to the bars QR and QS, then as 
before we see that bd and d# represent the forces BD 
and DE. 

The forces which keep P in equilibrium are DB, BG and* 
CD, join cd. then db and be having been shown to represent 
DB and BG cd must represent CD ; thus cd is horizontal. 

The pin S is in equilibrium under the forces AE, EQ, 
DC and CA which we have seen to be represented by ae, 
ed, de and ca. The stresses in all the bars have now been 
found*. # 

Particular attention should be paid to the fact that the 
force denoted by any two of the large letters, e.y . BD, will 
be found in the other diagram by looking for th& corre- 
sponding small letters, viz. in Inis case bd. 

To find whether any particular bar, say Q8 , is a tie or a 
strut we proceed as follows : 

Take one of its pins, say Q , the force on Q along QS is 
DE, now comparing with the lino de in rlie other diagram 
we see that the force on the pin Q is from Q towards S, 
or the bar pulls the pin in, hence the pin pulls the bar out, 
thus QS is a tie. 

III. A framework of five bars PQR8 has two opposite 
sides horizontal andt to the pins at P and Q weights W 
and W' are attached, the frame resting upon fixed supports. 

The lines ab and be are drawn to represent W and W f 

respectively. , 

* * 

* That is, we can find their magnitudes by actually measuring thd lines 
m, be Ac. These lines represent the forces in the scale in which ah repre- 
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Any pole 0 is taken and joined to a, b and c ; KL, LM 
and MN are drawn parallel to 0c f Ob and Oa, then as before, 
a line Od drawn parallel to KN will meet ab in d so that cd 
and da represent the forces Cl) and DA * 



Via. KJy. 


- Through a and 6, of and hf are drawn parallel £o the 
forces AF and BF \ and tlic forces on the pin P will be re- 
presented bv ah, hf and fa. We then find the other forces 
as ‘before. 


IV. A symmetrical framework of the form shown in 
the figure is loaded at its highest point with a weight W 
and rests upon smooth supports. The diagram giving the 
forces is shown, the student will easily be able to follow 
the steps of the construction. 




y. A system of *bars consisting of two horizontal bars 
joined by cross bars equally inclined to the vertical is called 
Warren girder. Equal weights are attached to the lowest^ 
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pins of such a girder and the system is supported at each 
end.. 

Web find the forces on the pins in the order 1, 2, 8, 4, 5 
as indicated in the figure. The forces NP, PC, CD at the 



pin 5 are represented by np, pc and cd\ in order to get the 
iorce JilN we have to draw through d a line dm parallel to 
DM and through n a line mu parallel to MN, but these lin<& 
intersect in n , showing that n and m coincide, hence the force 
MN is zero and there is no stress in the corresponding bar. 

217. Frameworks consisting of heavy jointed bars can 
be treated in a similar manner. Up to the present we have 
supposed the weights of the bar$ to be negligible cofti pared 
with the loads supported by the framework; however we 
can take account approximately of the weight of the bars by 
supposing the weight of each bar to act in two equal parts 
at the ends of the bar. 

218. Bending Moment and Shearing Force. 

We wish to consider now more particularly the state of 
stress in a loaded beam. 

Let A B be a light horizontal beam fixed at A and loaded 
at B with a weight W . Suppose the beam to be cut across 
at P t and consider the system of forces which must be 
supplied at P in order to maintain the part PB in equi- 
librium with W acting at B. Clearly, we must supply not 
only an upward force W at P but a douple 0 whose mofnent 
is equal to W.BP. But, when the fcfeam is not cut at P, 
& and W must be the equivalent of the forces transmitted 
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across the section P of the beam ; for the beam is slightly 
extended above and compressed beneath, so that the elastic 
forces tending to restoie the natural state supply the syfetem 
0 and W at each section « 


w 



FjO 1 72* 


Consideicd now as acting on the part AP of the beam 
the force W at light angles to the beam is called the 
Shciuing Force, while tlu couple (r equal to W. PB is 
called the 'Bending Moment. • f 


219. In general, for a beam AB in equilibrium undei 
any given foices we can detine the components of the action 
nciOAb any section P as follows: 

(l) Pull or tin ust in beam, equal to component along 
A B of* the forces acting on either part of the rod, say the 
pa it BP. 

(ii) Shearing Force, equal to the component of the 
same forces perpeudicular to AB. 

(in) Bending Moment, equal to the moment of the 
forces on BP about the. point P. 


220. Beam freely Supported and Loaded at One 
Point. 

Let AB be the beam loaded at C with a weight W, where 

d(7 = a, BC = b. 

ft* ConHidfer the benefingmo- 


F* ' -A 

'£===* 
- « -«*£ — 


- 4* 


W4 


x v, uuBiuer uie uemuog mo* 

ment %L P, between A and Cj 
b & it is equal to J?j r, that is 

hWr/(a + b) 

Thus the B.M. iuena&jes 


Fro 178. 
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fbrmly from zero at A up to abW /(a -f b) at C, and similarly 

it decreases unifonnly do \m to zero at B . 

• 

If we draw CD to represent the value at G t then the two 
straiglit lines AD t DB make up the B.M. diagram for the 
beam. 

The Shearing force is numerically equal to bWj(a + b) in 
the part AO and to aW/(a + b) in the part OB. 

221. Heavy Beam, Unloaded. 

Let AB be a heavy beam of length 21 and of weight w 
per unit length. Consider a section P at a distance x from 



Fig. 174 . 


the middle point of the beam. The s.F. is clearly equal to 
wl-w(l-x), or wx ; thus it varies uniformly from 4* wl at 
one end up to — wl at the other end, passing through zero 
at the centre of the beam. The B.M. at P is equal to 
— or — x 2 ). 

Thus the B.M. increases from zero at each end up to its 
greatest value %wl 2 at 0. The diagram ol* bending moment 
is a parabolic arc, and can bo plotted along the beam as in 
ADB. 


. ' \ EXAMPLES. XLJX. 

•j&S? X R equilateral framework A BC formed of light, jointed bars, is 
Upended by meana of two vertical strings attached to A and B so 
hafy. AB is horizontal. # A weight of 16 lbs. bangs from 0; find the 
* ur.in the bars of tjjo frame. 

A horizontal beam AB, 18 ft. long, has loads 6, 11, 18 at 
is of 6, 10, 15 feet from A . Find tl|e supporting forces the 
id the shearing force and bending moment at sections of the, 
#•«£ 12 feet from A. 
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3. A uniform bar A B (weight T> lbs., length 10 in.) is free to turn 
about the end A and is supported in horizontal position by a cord 
BO attached to the end B and to a point V vertically over A, so»that 
AC is 7 inches ; and the bar carries a weight 5 lbs. at a point D such 
that Bf) is 3 inches. Draw a force diagram showing the tensioh of the 
cord BO and the reaction of the hinge at A, and prove that tho latter 
reaction is aliout 9*4 lbs. wt. 

4. Two heavy uniform rods AO, BO, of respective lengths 12 in. 
and 5 in. and masses 9 lbs. and 4 lbs., are freely hinged to one another 
at O and have their other ends attached to two smooth hinges fixed at 
points A and B , which are a vertical straight line and 13 in. apart. 
Prove that tho direction of the reaction of the hinge at O divides AB 
in the ratio 9:4; and draw a diagram for determining the reactions at 
A , B and C, 



CHAPTER XV. 


ENERGY" OF ROTATING BODIES. 

222. Moment of Inertia. 

Suppose a rigid bod^ is rotating about a fixc^d axis with 
angufer velocity o> at any in- 
stant. Let the axis of rotation 
be through 0 at right angles to 
the plane of the figure; consider 
the motion of a small particle of 
the body of mass m at any point 
P whose perpendicular dis- 
tance from the axis is r. By 
supposition the particle m is 
describing a circle of radius r 
with angular velocity co, hence 
its velocity is rco , and its kinetic 
energy is Jmr 3 or. Now the kinetic energy of the whole body 
is the sum of the energies of all the particles of which it is 
composed ; thus we denote the whole kinetic energy of the 
rotating body 'by 

S(£mrV), 

where the sign 2*m$ans the summation of this expression 
for all the particles o£ the body. Now the angular velocity 
© is the same for all the particles (since they makp up a 
rigid body), hence we can write # 

Kinetic energy - 
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The factor 2tm* does not depend upon the velocity of 
rotation, thus it is a constant for a given body for a given* 
axis of rotation ; it is called the moment of inertia of" the 
body for the given axis. Let M be the total masstof the 
body, them it is usual to write the moment of inertia I as 

I = Mk\ 

where k is a length, and is called the radius of gyration ; it 
is in fact the radius of tho circle round which the whole 
mass might be supposed to be distributed in order to give 
the same energy of rotation as it actually possesses. We 
have then the result # 

Kinetic energy of rotation = = ^Mk*co* t 

223. Determination of Moment of Inertia. 

f Moment's of inertia may be Vound experimentally in 
certain simple cases in the following way. Suppose a wheel 
is mounted so as to revolve on a horizontal axis, and a string 
is wound on the axle carryiug a weight at its other end ; the 
wheel is set in motion by allowing the weight to fall a certain 
distance before the string leaves the axle. If we can deter- 
mine the angular velocity co at this instant, the energy of 
the wheel is %Ico‘ 2 \ and if* ct is the radius of the axle, the 
kinetic energy of the falling mass is £maW. This energy 
has been generated by tho fall of ?n through a height A; 
then, neglecting friction, we have 

1 1 o>* + \ma*co* = 7ngh. 

Thus I can be determined. 

In general, if the form of the body is known, I can be 
determined by calculation with the help of the. Integral 
Calculus. We shall give here some of the more important 
results. 

' 224. This table gives the moment for inertia in certain 
cases for axes through fche centre of inertia of the body; by 
the /fallowing theorem* we can obtain the moment of inertia 
about any parallel axis. 
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Table for A’ Moment of Tuotui - Ml* 


Thin rod of length 21 about an <i\is thiough its) 
centre pei pendic uUr to the 1 od J 


l* 

3 


Tlnn rect itigulai ])1 itt of sides 2a 2 b 

i 

(l) Axis through < ont> « m plane At l return ^ t J 
at light angl< s to the side 2a J j 3 

(n) Au* through centn ]>upuidi< tihit 1 > it | t -f 
pi in< 5 

He ctai gular blot k of sides 2a, 2/>, 2< i\is Oil ougli \ ^ / y h' 


i. 


t 


tne ccntrt p< rp( ndi»ul ii to the nid< 2 1 2/ 

i 

Thm cm ulir disc of t xdms < 

( 1 ) Avis a diirm ter 

(u) Axu through untie perpend icuht f 

1>1 AllO 

Solid sphere ab nit a di unite i 

Solid cylindoi, r ^dius a, 1< ngth 2/ 

(l) About its axis * 

(u) About a line through its centic i>orjKn | + 

dicular to the axis of the ijlmdc i J 1 


4* r 
o 


r 
2 

a . n 
3 


225. The moment* of inertia about any asris is equal to 
the moment of mertia about a parallel am# through the centre 
of gravity G together with the moment of inertia of Hie wfwle 
mass placed at G about the original am# 
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Let 0 be the centre of gravity of the body ; let the axis 

of rotation be through 0 per- 
pendicular to the plane of. tl*e 
paper. Suppose the body di- 
vided into thin rods parallel 
to the axis of rotation; let 
one of them cut the plane of 
the figure at P and let m be 
its mass. Then since every 
part of the rod is at the same 
distance OP from the axis, its 
moment of inertia is mOP 2 , 
and summing up for the 
whole body we have the moment of inertia about axis 
f through O = 2m 01* = 2m (Off 2 + ffP 2 - 2 Off . 0N) t where 
PN = pcrp. from P on Off. 

Now 0 and ff are points fixed in the body ; hence 

2 mO(P = 0ff s 2 m — M . Off 3 . 



Fig. 17(i. 


r Also ff is the centie of gravity of the body, hence 

2m Off . GN r Off 2mffA = 0. 

Hence 2m 01* = 2m GI* + M . Off 3 , 
which proves the theorem. * 


EXAMPLES. L. 

1. The moment of inertia of a rod of length 21 about axis through 
one end perpendicular to its length --=^ + 

2. The m.i. of a solid sphere of radius a about an axis at a distance 
c from the centre * m . i . about a parallel diameter + (Mass) c- 

= M (fu-+c 2 ). 

3. Calculate the kinetic energy of a fly wheel of 5 tons mass making 
100 revolutions per minute (i) assuming the mass collected in a rim of 
6 feet mean diameter, (ii) if the wheel is a disS or 6 feet diameter. 

(i) The mass i» all at the same dbtan£e from the axis, lienee the 
moment of inertia=(5 x 2240 x 3-) lb.-l't. 2 units. 

Angular velocity in radians per second = 2w (revs, per sec.) 

=6-28 x VP* W- 
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Kinetic energy « ^ /a>2 *. £ (5 x 22 40 x 9) un 1 1 s 

5 x 2240 x 9x0282 _ *" 

r — 32 2 x 2 x 60 2 fo°t-lbs.^l<M<jO foot lbs, approx. 


(ii) Moment of inertia«=-i (marts) v radius} £ , hence the kmntu energy 
is one-half of tho amount 111 tlic pre\ ions case. 


226. Compound Pendulum. 


If a heavy rigid body is swinging body about a fixed 
horizontal axis, it is said to constitute 
a compound pendulum. • 

Lot the axis of suspension pass 
through G and let G be tho centre of 
gravity of the body. 

Let a) be the angular velocity of the 
body when CG makes an angle 0 with . 
the vertical, and put GG = h. 

Then if ilk* is the moaagnt of in- 
ertia about a parallel axis*Wirough G t 
the moment of inertia about G is 

M(p + h*). 

Then the kinetic energy is equal to 



iil(h* + k*) ft) 2 . 

The only force which is doing work is the weight ol the 
body, thus if <w 0 is the angular velocity when G is at its 
lowest point, tho equation of woik is • 

iM(h* 4- k*) W - l M(lv + k*) a) 2 - Mgh (1 - cos 0). 


We compare this with the energy equation of a simple 
pendulum of length / with a bob of mass il, namely 

\ = Mgl (1 — cos 0). 

We see that the twb energy equations are of the same 
form and are identical if we put * - 

, A 2 + # 
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Consequently the heavy body swings back and forward 
like a simple pendulum of length (Zt a + k?)jh ; and if the 
oscillations are small the period is independent of the 
amplitude and is given by _ 

227. Atwood’s Machine. 

We shall consider what effect the inertia of the pulley 
has upon the motion of the masses in 
Atwood’s machine. 

Let the pulley be of mass M and 
let its moment of inertia about the 
axis of rotation be and let its 

outer radius^ be a. 

Then if at any instant u *is the 
upward velocity of m', u will be the 
downward velocity of m ; further, as 
we suppose the string not to slip on 
the pulley, the angular velocity w of 
the pulley at the same time is given 
by c u = ao ) . 

Hence we have 

Total kinetic energy = ^ma 2 '+ ^m'u 2 4- 

1/ , Mk 2 \ . 

= 7 2 {™ + ™'+ a y) “ 2 - 

If the machine starts from rest, and if the mass m has 
descended a distance w, the mass m' has risen the same 
distance and the work done by gravity is on the whole 

mgee — rnfgx = (m — vi) gw. 

But, assuming the bearings to be frictionless, gravity is 
the only force which does work or*against which work is 

done.* Hence the equation of work and energy gives 
* 

+ + w a - (nt - *»') gx. 
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If we write 

0»j = m + JJ/ — ; m a *«m / + 13f” lf 
this equation becomes 

J (/«! 4- m-;) ?/ 2 = (mi — vi} ) g ./ . 

But this is the equation of energy for a simple Atwoods 
machine with masses m, and m a and a mansless pulley. 
Hence the motion of the actual nfachino is the same as 
for a simple machine with the two masses increased each 
by the amount %ML A Ja\ The •acceleration / of either of 
the masses m and m is given by 


/= 


m-L — m 7 

q 

m x 4- 


m 4- hi 4 jV 


9- 


EXAMPLES. LI. 

L A fly-wheel of 8 tons mass is running at 9o revolutions a 
minute. If the mass is supposed concentrated in the rim, whose inner 
and outer radii are 5 and 7 feet respectively, find the energy hi foot- 
pounds. * 

2. A wheel is made to rotate by means of a weight of G lbs. 
hanging from a cord round the shaft which is 2 inches diameter. If 
the weight starts from rest and falls JO feet in Ij minutes, cat ulate 
the moment of inertia of the wheel. 

3. In an Atwood's machine, the weights are 200 grains and 
230 grams, and the mass of the pulley is f»0 grams. Find the ac- 
celeration if the pulley is a ring with spokes of negligible mass. 

4. Find the time of a small oscillation of a rod 3 feet long sus- 
pended from one end. 

5. Find the periojj of a square plate, one foot side, swinging in its 
own plane about a corner. 

6. Show that the acceleration of a solid sphere rolling down a 
rough inclined piano of angle a without slipping is f</ sin cl * . 

n 

7. If a supply of energy is worth one penny per horse power-hpur, 
what is the value of the kinetic energy' of a wheel of mass 25,000 lbs. 
of mean radius 5 fL, when rotating at 100 revolutions per minute 1 

17*48 
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MTSCKLLANEOrs EXAMPLES. 

,1. Two' trains, whose lengths were respectively 130 and 110 feet, 
moving in opposite direction* on parallel rails were ohservM to be 
4 secs, in completely passing each other, the velocity of the longer 
train being double that of the other. Find the rate of each train. 

2. A ship sailing N.F through a current running 4 miles an hour 
after 2 hours' sailing has made good 4 miles S. E. Find the velocity of 
the ship and tho direction of the current. 

3 . If the resistance of the air is always \ of tho weight of a body 
in vacuo, find how high a body will go if shot up vertically with a 
velocity of 1)00 ft. -secs. Prove xhat the body will again reach the 
point of projection after 02*f> secs, 

4. A carriage is slipped from a train moving 40 miles per hour. 
How far will it travel before coining to rest, reckoning the resistance 
of the rails of the weight ? 

• • 

• 5, When two unequal weights are connected by a string passing 

over a rough peg which has the effect of presenting motion until the 
tension of the string at one end he greater than that at tho other by 

^tlT part of the latter tension, prove that the effect on the acceleration 

will be tho same as if the pep were smooth and the smaller weight 

increased by * th part of itself. . 

'* • 

0. There are n forces acting at 0 represented by 0A\ S OA^ ... 0A n . 
Tho middle point of A j A* is joined to /j ; ,, the middle point of <7A S , the 
middle point of the line thus drawn is Juilivd tw /!,, ft point on (M 
such that OIL 1 OA 4, and so on. Prove that if P bo the middle }>oint 
of the last of all the hues thus drawn the resultant of all the forces is 
represented in magnitude and direction by 2 n_1 OP. 

« 

7. A number of smooth rods meet iu n point A and rings slide 
down the rods starting from A. Pro\e that atter a time t the rings 
arc all on the surface of a sphevo of radius \<jtK 

8. A body of mass M hanging vertically draws a body of mass M f 

up a smooth inclined plane by means of a string passing over a smooth 
pulley at the top of the plane. If Af startsefrofn the top of the plane, 
which is 1-1 feet from the ground, determine the velocity of Jr just 
before JI strikes the ground c 

« , 

ft. A DC f> i * any quadrilateral and 0 is tho intersection of two 
straight lines bisecting the opposite sides of the quadrilateral Prove 
that forces acting at 0 represented by QA } OB, 00 and OB are in 
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v 10. lie sides AB, BC y CD and DA of the quadrilateral A BCD are 
bisected at E, F, O and ll respectively. Prove that the resultant of 
theltwo forces represented by EG and HF is represented in magnitude 
and direction by A C, , F 

* * f 

11. A ball weighing 12 lbs. leaves the mouth of a cannon hori- 
zontally with a velocity of 1000 feet per second ; the gun and carriage, 
together weighing 12ewt., slide on a smooth piano whose inclination to 
the horizon is 30 J . Find the space of recoil up the piano, having given 
that the pressure caused by the explosion on the ball and on the end of 
the bore of the cannon is tho same, 

12. Four forces P, Q, ll and 8, no t\vo # of which are parallel, act in 
one plane. The resultant of P and Q meets that of ll and 8 in A > the 
resultant of P and It meets that oE Q anti S in 7i, that of P and S 
meets that of Q and R in C\ prove that A, B, C ho in one straight 
line. 

13. In the triangle ABC the line D K is drawn parallel to the side 
BC and meeting the other sides in D and 77, tho lengths of DE and BO 
are b and a respectively. If A be the lino drawn from A to bisect Bt\ 
prove^that the distance of thfc c.o. of the jigurc BCEl) frf>m A is 

« 2 -m6-W> 2 
* 1 a -H b) 

14. A heavy triangular plate lies on the ground. If a vertical 

force applied at the vertex A is just^reat enough to begin to lift that 
vertex off the ground, show that the same force will suffice if applied at 
B or C, the other vertices. , 

15. A fly-wheel is brought to rest*after n revolutions by a constant 
frictional force applied tangentially to the circumference. If l' be the 
kinetic energy of tho whfH.il before the friction is applied and r its 
radius show that the force is kj : 2irnr. 

16. If equal triangles be cut from the corners of a given triangle 
by lines parallel to the respective opposite sides, the c.o. of the re- 
maining portion will coincide with that of the triangle. • 

17. Forces P, Q, 1L S act in the sides AB, BC, CD Mid DA of a 
rectangle A BCD, Find the necessary and sufficient conditions that 
they should, be equivalent to a single force acting at A . 

18. A BCD is a square, E the middle point of AB is joined to C 

and BD is drawn. Fortes of 4 and 6 lbs.-wt. act respectively in A B 
and BC, and forces of 8 aud 2 lbs.-wt. in A D. DC respectively, forces 
of sf2 and 5 V 5 lbs.-wt. act in BD and CE respectively, prove £y taking 
moments atone that the system is in equilibrium. « 

, 19. 4BCDEJ? is a regular hejtagon, and^ve forces each eqtud to P 
agt'. along the straight lines joining A to the other vertices ■S|ovi* : twat'''; 
their restdlaiit is P (2+V3>- - * 
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20. Two bodies connected by means of a string passing over a 
smooth pog touch one another at one |x>int, show that the stress 
between them cannot be horizontal unless their weights arc equal. 

• 21. A man sits in a chair which is suspended from the ande of a 
pulley; this pulley rides on a rope which is lixed to a horizontal beam 
above and passes over a second pulley lixed to the same beam down 
again to the mail's hand. 

If the man’s weight together with the tackle is 150 lbs. what force 
must he exert to just support himself, the three portions of the string 
lining parallel ? 

22. A quadrilateral A BCD is capable of having a circle inscribed 
in it, and forces represented by BA , DA, DC , HC act on a rigid body; 
show that the resultant acts akfug the straight line passing through 
the centre of tho circle and the middle points of the diagonals. 


• 23. A uniform rod A B rests inclined at an angle a to the horizon 

with the end A on a rough horizontal plane and just about to slip, and 
with the end B supported by a string inclined at an angle to the 
horizon. Prove that tho coefficient of friction is l/(tau 2 tan a). 

* 24. A cannon-ball of mass m is shot from a gun of mass J/^ which 
is free to recoil in a horizontal direction) so that its muzzle-velocity 

pa 

relative to the ground is V. Show that its greatest range is , and is 


obtained by giving the gun an elevation of tan 


■K> 


9 


25. 'A stone is thrown fropa a given point with horizontal and 
vertical velocities n and v respectively ; at the instant it reaches the 
highest point a second stone is thrown from tho same point with 
horizontal velocity 3 u so as to hit the first. Find what must be the 
vertical velocity of the second stono. 

26. A light string has masses I * and Q attached to its ends and is 
put over two fixed pulleys, tho portion between them supporting a 
moveable pulley of mass A\ Find the acceleration of P, all the por- 
tions of the string being vertical. 

27. Two masses P and Q lie on a smooth horizontal table near 
each other and are connected by a string on which is threaded a ring 
of mass It. The ring hangs over tho edge of the table, prove that it 
falls with an acceleration 

K(I*+Q) „ 

ll{i r +Q)+±P<i 9 '* 

2Ji ‘On a smooth wire bent into a circle and placed in a vertical 
plane slide two rings whose weights are as 1 to v '3, the rings being 
connected by a light straight roa which subtends a right angle at the 
^ centre. Determine the positions of equilibrium. 
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29. A bullet weighing I oz. strikes a block of wood at rest with a 
velocity of 2400 ft.-secs. and remains imbedded in it, if the resultant 
velocity of the block and bullet is Hi ft. -sees, find the weight of the 
wood and the loss of kinetic energy. 

• • 

30. A particle is sliding down the smooth face of a wedge whose 
other smooth face is in contact with a table on which it is free to 
move. If the angle of the wedge is 60° and its mass 4 tunes that of 

the particle show that its acceleration is ■ 


31. A fly-wheel whose mass of 66 lbs. # is practically concentrated 
round a circle of 6 feet circumference is so mounted as lo drive a 
machine that requires exactly A of a n.r. to keep it going. The 
wheel is started with a speed of 40 Evolutions a second. Assuming 
that the whole energy is absorbed at a uniform rate by the machine, 
find how long it will work. 


32. A blow with an inelastic hammer-head of mass £ lb. drives a 
nail one and a half inches of its length into a board, the hammer-head 
being reduced to rest. If tl*i velocity of the hammer head when it 
first touched the nail was 15 ft. -sees., find the average resistance rrf 
the board to the nail’s motion. 


33. A 50-ton engine moving at the rate of 10 miles an hour 
impinges on a truck at rest weighing 10 tons and they l>oth move? on 
together, find their velocity and calculate the h.-^H of kinetic energy. 


34. Two equal heavy rods .477, BC arc freely jointed at IS and have 
their middle points connected by an inelastic string of half the length of 
either rod; if the system b<f suspended by a string attached to the end 

A , prove that the inclination of A B to the vertical will l ms tan " 1 x p y . 

3 

Show also that the tension of the? string will l>c - If', and the stress 

v * 

2 

at B will be equal to W y whore W is the weight of a rod.^ 


35. A locomotive is pulling a train of 10 carriages, each weighing 
4 tons, up an incline of 1 in 100, the tension of the coupling between 
the two middle carriages is equal to 1000 lbs. wt., and the resistance 
due to friction, &c. is 16 lbs. wt. per ton. Find the acceleration of the 
train and the pull cxejjtec^ on the first carriage by the engine. 

36. The system of pulleys described as Case n. is modified by 
making the string which* passes over each pulley A f pass round a 
small pulley attadied to the weight, and the string is then fastened 
to the pulley A , the strings being all parallel. Show that il the 
weights of the pulleys be neglected and the*number of strings be n, 
the mechanical advantage is 3 n - 1. 
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37. From the lower end of the block of a pulley A is hung a 
weight fF, and the upjicr end ia supported by a string which after 
j Missing over a fixed pulley B supports a pulley C\ another weight P 
is hung by a string which after passing over 6 v aud under A is tied to a 
fitfed point. Find the condition of equilibrium, the pulleys tfeing un- 
equally heavy and the strings all parallel. 

38. Two equal masses connectod by au inextenaiblc weightless 
thread that passes over a light pulley hang in equilibrium. Show 

that the tension of the thread is unaltered when *thof its mass is 

n 

added to one and - ^ -~th of its masses is removed from the other. 
n + 2 

30. Two marksmen, using gnus with the same muzzle velocity, 
lire at the same moment and simultaneously hit the same mark. 

► The one, who fires horizontally, is at the top of a tower of height h , 
and the other is on the ground. How far off from the tower is the 
latter, if the horizontal distance of the mark from the tower is dl 

40. A nfjiss of ^ lb. falls from a liefght of 18 inches upon dough, 
^hioh it penetrates to the depth of 3 inches; what is the average 
resistance exerted by the dough ? 

A 1- A weight IV hangs by a string over a pulley. A monkey takes 
hold of the other end, and at an instant when W is at rest begins to 
climb and climbs a height, h in /‘seconds without disturbing TF. l)eter- 
"miho his motion and find his weight. 

If at the end of the t seconds he ceases to climb, how much farther 
will he ascend m the next / seconds ? 

42. A shot whose inasy is h a t*»n is* d]V*harg“d from a gun whose 
mass is 1 10 tons, the guns backward motion is checked by a constant 
pressure equal to the weight of 10 tons, and the recoil is observed to be 
() j'h feet.. Show that the muzzle- velocity of the shot is 1320 feet per 
second. 

« 

43. A man starts at right angles to the bank of a river at the 
uniform rate ul miles per hour to swim across; the current for part 
of the way is flowing uniformly at the rate of 1 mile per hour, ana for 
l ho remainder of the way ut double that rate. He finds when he has 
reached the other side that he has drifted down the stream a distance 
equal to tho breadth of the river. At wh$t joint did the current 
change J 

44. A heavy board in the form of a right-angled triangle ABC is 
suspended at tho right angle C If two equal particles starting simul- 

i_ A. IK T! J- J .. ir _ J J mi ..L iL.j. tL.-. i'll 




pmdk A y B at the same moment, and that the morion will not <usfcutb 
ity* equilibrium of the triangle. 
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45. A table with a heavy rectangular top A BCD rents upon 
4 equal and equally heavy lege placed at .1, B, &\ F where E ana F 
are the middle nomts of BC and CD, Show that the table will be 
upset bv a weight placed upon it at C just greater than the weight of 
the whoie table, ana find tho greatest weight that may bo placed ai % Z? 
without upsetting tho tuhle. 

46. An cndloss string without woight of length l hangs in two 

loops over two smooth pegs in tho same horizontal lino at a distance 
a apart, and on ouch loop is placed a small smooth ring, one of woight 
W and the other of woight IF'. Find an equation giving the tension 
of the string. $ 

47. By tho principle of work show that tho pull of a locomotive 
engine is pdP!,D lbs., for a mean effective pressure p lbs. on the square 
inch, where d is the diameter of each of the cylmacrs, / the length of 
the stroke, D the diameter of the driving-wheel of the engine. 

48. Show that the mechanical advantage of the pulley in the cases 

I. and XL (p. 175) are reduced to (1 + 7/n n and (1 + m j H - 1, when it i« 
found that tho friction of the roj>t\s causes the tension to l>o reduced 
to m limes its value in pasting round a pulley. # 


*±9. Two equal rods A C, BC, each of weight IF, are hinged together 
at <7 and placed to stand with A, B on a rough horizontal nlane. If 
AB*= 2c/ and Z>=height of 0 above the pUne, pro\e that it thoy«aro 

just in equilibrium • 


Also if p exceed this value show that a weight -= W 
placed at C without slipping taking place at A or //. 


2 fJi - ci 
a - fdi 


might be 


50. An elastic ball of mass m moving on a smooth horizontal plane 

impinges on a ball of equal size but of different mass m* which is at 
rest on the plane. If just Wore impact the line of motion of the 
impinging ball be inclined at the angle a to tho line joining the centres 
of the balls, prove that the direction iff the unpingmg ball will be turned 
through a right n nglo if m - on! (e cos 3 o - sin 2 a ). 9 

51. Two elastic spheres equal in all re«i>octs are moving towards 
each other with equal velocities, their centres being on two ]>araUel 
lines whose distance apart is d u Prove that after impact they will 
move away from each other with equal velocities, so that their centres 
are on two parallel lines yhoao distance apart d % is given by 

where d is the diameter of either sphere. • 

• 

58 . Two equal ivory bails are suspended in contact bv two equal 
twnlU atrinM so that the line joining the eentraa of the haH ia herb 
■ratal and 2 foot below tho points of attachment of the threads. Find 
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the coefficient of elasticity when it is found that allowing one ball to 
start from the position when its thread makes an angle of 60° with the 
vertical causes the other ball after impact to come to rest in a position 
where its centre is 1 foot 8 inches from its original position of equi- 
libfium. * 

53. A particle whoso mass is 3 ozs. revolves on a smooth horizontal 
tabic, being attached to a fixed point by a light string of length 10 feet. 
If the greatest tension the string can bear is equal to 1 cwt., find the 
velocity of revolution required to break the string. 

64. If an elastic ball be reflected in succession by each of two 
smooth vertical planes at right angles in a horizontal plane, show that 
its directions before the first impact and after the second are the same. 

55. If the unit of time is 1 Sninute, the unit of length 1 mile and 
the unit of inass the mass of a ton, what unit of force is implied in 

^the equation F~ ma ? 

56. The unit of work is the work done in raising 50 tons through 

20 feet, the unit of acceleration is 16 ft. secs, per second, the unit of 
density that pf a substance of which a cubic yard weighs 2 cwt. Find 
tfye units of length, time, mass and forco. f «. 

57. If an hour be the unit of time and 4000 miles tho unit of 
length, find the value of g. 

*8. If in a frictionless wlioel and axle a forco of 10 lbs. wt. supports 
a load of 1 20 lbs. wt., find tho acceleration of tho load when 10 lbs. wt. 
is taken from it and added to th£ force. 


59. ,A truck whose mass is m tons is drawn from rest by a horse 
through it feet and is then mofing at tho rate of b feet per second. 
If the resistances are equivalent to c lbs. wt. per ton, show that the 
work done by the liorse is 35?>?/ 3 + wac foot-lbs. 


60. A ball of mass «?• strikes a ball of mass w? 2 , which is at rest, 
with velocity u. Roth balls are free to move inside a smooth hori- 
zontal circular tulxi, prove that after n impacts the k. e. of the system 

is ^ > where e is the coefficient of elasticity. 


61 . A uniform rod of length 2a sin a rests within a rough vertical 
circle of radius a, show that the greatest possible inclination of the rod 

to the horizon is tan ~ 1 f ? t l ~ . y - ) . 

NCOS'* « - jtx“ snri aj 

62. A picture-frame rectangular in shapd* rests against a smooth 
vertical wall from two points in which it fr is suspended by parallel 
strings attached to two points in the upper edge of the back of the 
frame* the length of each string being* the height of the frame. 

Sfrow that the picture will rest Against the wail at an angle tan - 1 ^ , 

Where a is the height of the frame, and h its thickness. 
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63. A smooth wedge of angle a is five to slide along a smooth 
horizontal table m a duoction porj>endn ulnr to the edge of the wrxlgc 
On tjio surface of the wedge move t wo put tides of masse h m and m 
connected by a line mcxtcnsiblis string xxhuh p/uscs round a smooth 
peg drivtn into the wedge The two straight portions of the string fie 
along lines of greatest slope. If M is the nnss of the wedge, prove 
that the tension of the .slung is 

^Mtn r ( J/4 m t* in 1 *t sin ii 
M* t \ Xmm ^ sin a\n m ) 

04. If a pendulum tits loosely on ,i hoif*/onLd axis of iad us a and 
is found to make a const .lit lnclnidion 0 to tin* hon/on when the axle 
is kept rotating, the .High of iiution%</j between tie* nibblin' suitues 

is given by sm <j f>= *in 8 , where b is the dist in« e of the (,(. of the 

jiendulum from the point of suspension 

65. Show that a lailxxa) ( miigc miiniii' round a curxt of radius 

r will upset if the vehx d) is greater ih.m ^ wheie a is tin* 

distance between the lailti, and h the height oi the (. u. >f the carriage 
above the rails. 

• 

66. The sides of a fmngiil ») fi an lowork ,ir»* 13, 20 and 21 indu s 

long, the longest side rests on a horizontal smooth table and » weight 
of 63 lbs. is suspended from 1 lit oppose angle Find the wti(«^ in the 
side on the table. • 

67. If four forces in one plane lie m equilibrium and toe linen of 
action of all bo given lmt the magnitude of mil) oric, show how the 
magnitudes of the other thiee may bo deteimimd by the graphical 
method. Four heavy lods eqml in all respnts an fled) punted 
together at their extremities wo as to foim the rhombus AltCiK If 
this rhombus be euibpendcd by two sfungs nttnlnd to Vie middle 
points of AB and AD, each string b< mg inclined at an angle 8 to the 
vertical, the angles of the rhombus will be 2d and n — 2d. 

68. Two equal heavy rods AC, BC are jomted together at f * and 
have their other extremities A and B punted to fixed jw»g * m the same 
vertical line. l'xove t^at ilie direction of the si less at C is hon/.oiital 
and determine by a geometrical construction the stresses at A and B. 

If a weight which is equal to that of either rod be attached to the 
centre of the lower rod, show that if a ih the inclination of eaoh*rqd to 
the vertical and 8 the inclination to the vertical of the strew at (' 
tan 0=3 tan a, and that this stress is to the weight of either rod in *the 

ratio Vl+SI tan 2 « : h 
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69. Three equal uniform rods, each of weighs W, are joined td 
form an equilateral triangle. If the system be suspended by the 

middle point of one of the rods the stress at the lowest angle is 

* . € 2v& 

/X3 

and that at each of the upper angles is £ W ^ -- . 


70. Throe uniform rods whose weights are proportional to their 
lengths are freely jointed together to form a triangle ABC which is 
placed with its piano vertical and its side BC on a horizontal plane. 
Show that 6, the inclination of the strcvss at A to the horizon, is given 
by the equation 

tan B sin (B—6) - tan C sin (C+0). 



ANSWERS TO THE EXAMPLES 


Ex. 1. Page 4. 

1, 88. 2. i min. 3. 53 miles per minute. 

4. 26,400 feet. 5. 40. 6. 8*15 raiuuU a nearly. 7. 2 miles. 

E» II. Page 7. 

1. a=8. 2. 4 secs. 3. »• 

4. v * 180. 5. 11 seen. 6. 1* feet per second. 

Ex. III. Page 12. 

1, 1600 ft., 320 ft. per sec. 3. 6 ft. per sec. 4. 10 secs. 

5. 100 secs., 10,000 cms. 6. •! min. 

Ex. IV. Page 33. 

1. 440 ft. 2. 27 ft. -sec. units. 3. 1 see., 16 ft. 

4. tt = 15, a* - J. 

Ex. V. Page 18 

1, 80 ft. -sec. unite. 2. 610 ft., 2430 ft. 

3. The distanoes are as 11 : 23. 4. u = 10, a =2. 5. ® secs., 4J ft. 

Ex. VI. Page 23. 

1, 266 ft., 64 ft, per sec. 2. 32 ft. 3. 224 ft. 

4 . 405 ft. nearly, 177 ft, • 6. 136 ft. per sea , 88 ft. 0. 00 ft, 

7 , 144ft. 0. 4080ft. 10. 86i ft., 464 fh perse* 

11 , 1200 ft. per sec. 12 . 85J ft.-secs. • 15 * 11,000 Ml* 

10. 20 miles pet hr. 80. 0«*es. 

21. Yet of tmin : ysL of particle a* 8 2:1 nearly. 
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Ex. VII. Page 35. 

1. 28 poundals. 2. 16 ft. 3. 234 £ secs. 4. 36,000 ft! 

SK 141 ft. -secs. 6. 1010 lbs, wt. 7. 3200 units of mofeaentum. 

8. 200 puundals, ft. -see. units. 9. *617 nearly, 855-5 secs. 

10, *0086* 11, 5 lbs. 12, 36J cm. per sec., 18 \ cm. 

Ex. VIII. Page 39. 

1. 980 iii o.u.s. units. « 2. 52 ft., in 6 \ sec. 3, i sec., 1 foot. 

4. 36 feet. 

Ex. IX* Page 42. 


1. 

aV of o- ton weight. 

2. 6 ft. -sec. units. 

3. 

(i) owt. ; (ii) U cwl. 

4. (i) 40 lbs. wt. ; (ii) 50 lbs. wt. 

5. 

55ero. 

6. 5 sec., 80 ft.-sec. 

7. 

Acceleration = 4 ft. -sec. units, 
5j oz. wt. 

tension— # wl. of V oz. ; pressures =4J and 

• 

t 

8. 

The forces are equal. 

9. (i) 4*7; (ii) 234*4 nearly. 

10. 

3348 tous wt. nearly. 

11. -0174 roc. nearly. 

12.* 

True weight = 8-9 lbs. 

13. 3-7 sec., 17 ft.-secs. 

16. 

24/+23/'=0. 

18. 6-5 ft.-secs., 7-3 ft.-secs. 

21. 

R-ZPQ/{P+<iQ). 

9 22. 17 ’3 ft. ueaily. 


Ex. >?. Page 5L 

1, (i) 2*9; (ii) 5-5; (iii) 14*2; (iv) 19* J . approx. 

3, 50 ft./sce. 4. 17*3 nearly. 5. 30° E. of S. 

0, Vol. — 88/15^/3 ft. per sec*., width of decks 40*6 ft. 

8. (i) 15*5 lbs. wt. approx. ; (ii) 1*5 lbs. wt. approx. ; (iii) 3 lbs. wt. ; 
(iv) 3*‘2 # lbs. wt. approx. 

10. 1 lb. wt. # sjl lbs. wt. U, 2 lbs. wt. 

12. 2 f and 2- v '31bs. wt. 13. 18 lbs. nearly. 14. 5:3. 

15. Q~ 17. 6*8 lbs. making an angle of 30° with the vertical. 

18, x/2 : 1. 19. 12^2 lbs., 12 lbs. 21. -p. 

22. Vlba., vVBHm. 24. «. 

Ex. XI. Page 57. 

« 

1, 4 lbs. 2. A force represented by >JS. 

8. Tensions =6 and Bibs* wt. 5, 120°. 6, 

7, 3 ( v ; 2 - 1) lbs. wt. due ‘feast. 10, 20 and 10^3 lbs. wt* 

lh h th 12* , *‘46 and 4-7 tons wt/ 
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Ex. XII. Page 64 . 

1. ,18^/3 ffc-seos., 16 ft.-seos. 2. 28-3 ft.-secs. nearly. 4, 100 ft. 
5. 9,&7‘4, approx. 6. C'5 ft. per min. nearly. 

7. 5 and S-i ft.-secs. 8. 138 ft. -secs, nearly. % 

Ex. XIII. Page 67. 

1, 4-8 lbs. wt. 2. 4 lbs. wt. North. 3. s/3/ 1 ’. 4. 4 poundals. 

5. 8 '29 lbs. 10. The resultant is rep. by AH. 13. ('A. 

15. *Ji ri + Q' i +W+ -S' 2 - 2t‘It -‘2QS. . 

16 . 17. K tz : 1 : a. 

18. 135°, 135°, 90°. 19. 3 lbs., 120", 80°, 

20. a 8j yJ? with 4. 2 ^ with 3. 21. 30°. 


Ex. XIV. Page C9. 

1, 25 miles per hour. 2,» 35 miles. 3. 94 ft.-socs/nearly. 

4. 3^) miles per hour. 5. 10 miles per hr. from N.W* 7. i } cot S. 

8. If a is’ the angle its direction makes with the line of wickets, tan a — g £ . 

9. He walks in a direction making an angle sin 1 £ with his rank, in 

secs. 10. 12 secs. H. 9 minutes ; ^/5 nftles. 

Ex. XV. Page 72. 

1. lib. wt. 

3. If A is the angle through whi/h the force is turned, the resultant makes 
an angle 90° - \A with the direction of this force produced. 

4. 14*1 tons wt. nearly. 5. 50 ft. /sec. nearly. 7. ton wt. 

10, The shorter. 11. 17 lb*, wt. 12. 1«P. 

16. If P is the given force, each component is P. 17. 


Ex. XVI. Page 78. 

1. 5040. 3, 79fi ft. -lbs. 4. 50«t ft.-poundals. 5. 22,400 ft.-ib». 

Ex. XVII. Page 82. 

1, 75 miles per hour? • 2. *>isV 3. 50 72. 4. 130 A* 

Ex! XVIII. Page 84 . 

L l*f feet. % 48,020,000 ergs ; 12,005,0^0 ergs; 0. 3. W ***** 

4 # 18 X 10 10 ergs. 6, 150 and 7500 poundals. 6. 11 '6x10* joul^a. 
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Ex XIX. Page 88. 

L •Mft.-Uw. 2. 3-7 ft.-Ibs. 4. 26 ergs. 

' Ex. XX. Page 91. 

1, 1200. 2. Vi Q • 3* Unit of length = | feet, unit of time =fs©o. 

4. S 3 x 20*. 5. *00007, *0000024 approx. 0. 2240 lbs., 

800ft., 5 sco. 7. TflVoir foot-secs. 10. 3332^ lbs. 

Ex. XXL Page 92. 

1. 179*2 h.p. 2. 2*52 ft.-lbs. 6. x/3 lbs. 7. 4320. 

9. 30 ii. p. 12. 1*8 seosj approx. 13. 2 secs. 

15. 9*6 inches. 16. 40 ft. per Bee. 

Ex. XXlf. Page 104. 

1. (i) 35 lbs. wt. distant 84 inches from the greater force; 

(ii) 5 00 4 

♦2. 4 inches. 3. 22£ , lbs. weight. 4. 40 lbs., 110 lbs. 

5. 4ft . 6. The distances are as ft t a - ft. 

7. If IPis the weight of the bundle, and «, a*, the distances df the bundle 
f and hie hand from his shoulder, the pressure is ir^l + ^ . 

8. 164 inches, 13J inches. 9 

* Ex. XX jll. Page 107. 

1, 15 inches 2. 16 lbs., 48 lbs. wt. 3. Where the force 9 acts. 
4. 8 inches from the middle point. 5. In the middle. 

9. 50 ^ g lbs. wt., where ? is the length of the rod in inches. 

Ex. XX IV. Page 111. 

• 

1. 6ft feet from the boy. 2. As 1 : 5. 3. 4J, 7f feet ' 

4. The required distance is equal to the radius of the inscribed oirole of 
the triangle. 

7. 40 lbs. weight, parallel to JR C and distant 3 feet from BC. 

1L It is represented by CD, where D is a point in AB such that 
ADiDB s;7:5. ♦ * 

15. The other forces are in the directions CD* CD, AB. 

* * Ex, XXV. Pag® 120. 

€ 

1. .A foroe 2*/i in one of diikgcsiAU. % A fore. 8 Ito, & • lta» 

pmlMl to th* UlMowo <03 #*u»t l| tUM* the iriSe ot Utt 
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Ex. XXYIL Page 127. 

1m The c.g. is 6 and 30 inohes from the respective ends. 

2. Ift inches from the point of contact. 3, 18 inches, 2 y/H iuqjies. 
4, T fr inch from the centre of the rod. 

5t (i) 1 1 inch from the centre. 

(ii) S-jV inches from the centre of tlm larger plate. 

(iii) H inch from the centre of the square, 

(iv) \ inch from the centre of tho rod. 


Ex. XXVII J. Page 128 . 


1, The midpoint of the middle weights. 

2, 3£ inches from the midpoint. 

3, 2 yt, inches. 4. 3^ feet. 5. 9 lbs. Q. in* 

A 

Ex. XXIX. Page 131. 


1. The o.o. is distant from tho sides which meet where the 

weight 2 is placed, a being a side uf the square. 

2. , if a is a side. 3. ^ from the middle side. 

rjo O 

4. The o.o. lies on the production of the line joining the centre to the 
vertex at which there is no particle hud at a distance jr, where t is the 

9 /3 

radius of the circumscribing circle.^ 5. — y- « from the first «id&. 


6. 2 f^j 2 a ^ rom vertex, where a in a side. 


7. 2 inches. 


8. ^ inches from the bottom. 


Ex. XXX. Page 120. 


L from the centre of the square, if « is a side. r» 1 4 -^/ 2 . 

3, The o.a. is distant t T, a, A a jFvom the through the first vertex. 


4. The centre of the inscribed circle. 

3. O is the o.g. of the triangle. 6. Vc *»• from the angle* 

8. If 5, y are the distances of the c. g. from the middle point of one side 
2ay~$xK * e 10, 7H in., 8 f in., from two edges. 

13* 6i inches. 15. The c,a. bisects the rod, which weighs 12 lbs. 

ftrt M* + r*+Br 8J* 

On the base of the triangle. 22. — # ' +f r mm f . T' 

960,000 ft-Ibs- ; 80 a.r. 24. 10-? 28. ?■**»■ 

47. - **»«* i of tb* volume. 29. . 
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Ex. XXXI. Page 152. 


1 . 

# 

2 . 

6 . 

8 . 

9 . 

13. 

23. 

28. 


The diagonal through the point is inclined to the vertical at an arifele a 
such that tan a ss £ . . * 

Tensions lOlbs.wt., pressure =6 lbs. wt. 3. Bequired weight =6*6 lbs. 

Each is a force of 3 lbs. wt. 7. Thrust cot ~ . 


To a point in the same horizontal plane as the centre. 


Pressure^ W. 10. Two ozs. 


tan ' 


•( 


sm a 
sin a + 2 cos 


.)■ 


17. 15a. 


The angle between the stringsf is 2 cos- 1 L 
620 lbs.; 730 lbs. 


11 . w 


r 


Ex. XXXII. Page ICO. 

1. If lbs. \\t. 2. 5 ft, and 2 ft. from the ends. 

*3. Fulcrum is 2* ft. from the centre. 4. 170 lbs. wt. * 

5. 9$ lbs. wt. 6. The arms are as 0 : 11. 

7. Shorter wire is inclined to horizon at the angle cot -1 2y/S. 

8. * 13* feet, 15 lbs. 9. 62* lbs. wt. 

10 . 50 lbs. wt., neglecting weigh J of lover. 


Ex. XXXIII. Page 163. 

1. 26J lbs. 2. 56 ozs. 3. 2:1,8 lbs. 

7, He loses £19 x — - ^ . 

ab 

• Ex. XXXIV. Tage 166. 

1, 44 inches. 2* 2* inches. 

4. If O' be the now zero of graduation CO f CO. 

5. One inch from one end. 6. IS lbs. 

< « 

Ex. XXXV. Page 108. 

t 

1. 8 ozs* 2. 20 inches. 3. V* * 4. 2 inches. 

5« Fix on a weight so that the c. o. and the mass are both the same 
• Its before. 
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1. * lbs. weight. 
4, 31$lf lbs. wt. 

8. 300 lbs. wt. 


Ex. XXXVI. Page 171. 


2 . 

5. 


0 . 


120 lbs. wt. 
3^3 inches. 

32 1 lbs. wt., 


14x14 
3 x 550 


3, 12, 36 lbs. wt. 
b. 2 jf lbs. wt. 


H.r. 


Ex. XXXVII. Page 175. 

1. 12 lbs. wt. 2. 4P. 3. 2 lbs. wt., 7 pulleys. 

4. 207 lbs. wt. 5. Hi °I the man’s weight. 

7. 9 stone weight, neglecting the weight of the pulleys. 

8, The radii oi the wheels in the %pper block arc in the proportion 
2:4:6 &o., and those in the lower block in the proportion 1:3:5 4sc. 


Ex. XXXVIII. Page 180, 


1. 14 lbs. wt. 2. 15$ lbs. wt. 

4. 1 lb. wt. 6.« 4 lbs. wt. 

8. lbs. wt. , 1 lb. wt. 9. 70 lbs. wt. 

12. 14|lbs. wt. 13. 02 lbs. -,vt. 

16. The distance from the point of action of T, is 


3. 290 lbs. wt. 

7. IMity. 

10. 711 lbs. wt. ' 
14. 902. 

7 ^{2°ir + l°«, 1 + «^}. 


1. 12 feet. 

4. 12 lbs. wt. 

8. 60°. 


Ex. XXXIX. *agk 184. 

2. 1 cwt. # 3. 9 lbs. wt., 1* lbs. wt. 

5. 5. 7. lbs. wt. 

9. 84 lbs. wt. 


- Ex. XL. Page 186. 

1. 20^3. 2. 60°, 120° with the plane. 3. cos~*J r 2P. 

5. 120° with inclined plane. • 


1. 2f&lb*. wt. 


Ex. XL1. Page 190. 

2. 13 A lbs. wt. 3. A* 


1. *066. 


• tx. XLIL Pag* 199. 

5 . It makes the angle tan** 1 V with the horizon. 

7 # 3808 ft. lbs. 

10* At the middle point of the edge vertically above the one which moves 
oi! the floor. 


6 . 
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Ex. XLII1. Paiie 202. 

1. ^ 8in (“-<•) 10. 3, 097, COO sin \ foot-lbs. 

It sui (oft) 

15? 37*4 lbs. approx. 

• Ex. XIJV. Paoic 200. 

1. 800ft., 465ft. 2 . 10,000f1.; 20,000 ft. 3 . 96ft. 

4, 12,100 yds. 6. 2700 yds. ; 14,400 yds. 

KxaXLV J’a«e 2J2. 

1. 45 , 40 v Tift. secs. , 2 . 173 ft.-sers. nearly. 

3 . 30,/fO ft.-»eos. 15. rrr'/y 2 sq. feet. 

* E.\. XL VI. l’AUf. 220. 

8 28 4 

1. nearly. 2. r — • 3. Wlicn the radius makes an angle 

sir »>i> ^ sir 9 

• cos -1 3 with the veitieal. 4. 8 v ^r, where r ~ radius of circle. 

5. 2 A owt * 9. Momentum of each = 12 a x 112 units ; 

k. a. of cannon ~ 3024 ft. -lbs. ; k. e of ball = 9 a 112 a ft.-lbs. 

10.* -107 lbs. wt. 14. \ f (n//aooso). 16. 1*17 approx. 

IS, The paiticle loaves ciicle at an angular distance cofe-* $ from the 
highest point of circle, and joins it again at an angular distance 
Sc^s' 1 f. 19. 7*4w, 9 9m lbs. wt. approx. 

Ex. XLVII. Page 22S. 

1. Pendulum must be leapt he ned 2/1 5*- inch - *014 inch nearly. 

2. 3092 neaily. 4. 9 secs, neaily. 5. 5^/04 ffc.-lbst, or 

•77 ft.-lbs. approx. 6. Instance =21 FVi/X ; time = 2 t */( Wajg \ ), 

7, If 2f assistance between fixed points, and a - distance through whioh 
paiticle is displaced, period = ir x /(»i//\), and greatest velocity 
- 2 a v (X/wii). 

Ex. XL VI II. Page 237. 

1. J«, where u is the vel. of the striking sphere. « 

3. ! ; impulse- * * . 4, 1 : 50. 

10. **e>. 46 woo. ue*rly ; 15. The vel. of each ball Is e, sttd 

•gjftWssu Angle a rritfc'theHae joining their eentres where tmuxiiftJS. 

At» t oe^814cvM, 22*. <='998. 
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Ex. XLIX. Page 251. 

1. * 6 *J$, 5 s/3 and $ s/3 lbs. wfc. 

8. Supporting forces ^ 11 jf tons, 22} tons ; shearing forces m 11}, 6J,and 
• ^4J tons ; bending moments =56$ , 86, and 82| tons-feet. ** 

Ex. LI. Page 259. 

1, Moment of inertia = J M (r z 4 - r a 4 )/(r 1 a - r s 5 ) » J M ( r, s + r a a ) ; hence kinetic 
energy— 10*8 x 10* ft.-lbs. approx. 2. 548 '3 lb. -ft. 8 units, approx. 
3- 0/16. 4. *78 sec. approx. • 5. 1*41 secs, approx. 

7. *54 of a penny. 
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1. 27& miles per hour. 2. # v /3 m * Ies per hour > 16“ W. of S. 

4 . U of a mile. 8 . {» 1 ■ 11 . ^ 49 feet. 

17. Q.AB+R.AD=l. 21. 50 lbs. f 25. Vertical velocity *c. 

jp . Ji - 8 O . f? + 4P . <? 

26. Acceleration of P— +i|>Q “ * 

23. 9*3125 lbs. , 99$ per cent. k. e. is lost. 31. 18 minutes. 

32, 450 poundals. 33. 8$ miles p*r hour ; \ of the k.k. Is lost. 

35. 2000 lbs. 37. *J>=W+A-C. 3&.*dvJiP~T&, 

Wg hgt 2 

40, 8J lbs. wt. 41. J^2hj t 3 ’ 2fi*fh’ 

43, Three-quarters distance across. 45. i*- 


58, 7 revolutions per second nearly. 

t SSWOOx jfpwmdale. 


52. *• 


55 , 102 } lbs. 
67. Wr 



